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Hubble-Reynolds law

Another empirical law was popularized by Hubble.  
It is due to Reynolds (1931)

( )
( )2/1 o

o

rr
IrI

+
=

ro is the structure length.  Surface bright falls to 1/4 
of its central value. For best fits to the same galaxy:

ro ~ re/11

Hubble’s law often fits as well at as de Vaucouleurs 
law!  Note that the integral of Hubble’s law diverges 
for large radii.
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Symmetry in Galaxies

What determines the shapes of galaxies?
Is it a result of present equilibrium conditions or initial (or 
early) conditions?
Unfortunately the answer is never really clear cut.

Galaxies display symmetries
Symmetry levels

Spherical: globular clusters, E0 (projected)
Axial: basic shape of most galaxies –

a natural result of rotation
Triaxial: results in strongly anisotropic velocity

distribution
How are dynamics related to the symmetry levels?
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Observable Properties of Ellipticals

Observable parameter for ellipticals include
I(r) = surface brightness profile (Σ(r) also used)
n = ellipticity index or degree of flattening
vrot(r) = rotational velocity
σr(r) = velocity dispersion

Only about 15% of ellipticals rotate fast 
enough that rotation plays a significant role in 
the structure of the galaxy
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Masses of Ellipticals
We can make a rough estimate of the masses of ellipticals by 
application of the Virial Theorem, 2T + Ω = 0.
The gravitational P.E. is

K.E. = rotational + random

For ellipticals Trot is generally small
Assuming a Gaussian velocity dispersion with σ2, the distribution 
function of velocities is
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α = const that depends on type, etc
m = galaxy mass
R = characteristic radius

<v2> = average of v2 w.r.t. center
of the galaxy
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Masses of Ellipticals

Only the radial (line-of-sight) σ, σr, is observed.  If σx = σy = σz
then σ2 = 3σr. 
Thus

For a typical giant E0
α = 1
R = 50 kpc
σr = 400 km/s

We get m = 5.7x1012 Msun
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Stellar Dynamics
Modeling of stellar systems

Globular clusters, galaxies, clusters of galaxies
Statistical theory

Define the phase space density or distribution function, f(r,v,t)
f(r,v,t) dr dv = number of stars in a spatial volume dr

whose velocities lie in the range (v,v+dv) 
at time t.

Must be a self-consistent between the density and potential
A stellar distribution function can be defined for each stellar 
type or population (or both)

For simplicity we will assume all stars have identical masses
Then f is a scalar function with six independent coordinates r and v
so that the dynamical state of a star is completely specified if it 
position and velocity at a time t are given.
=> dynamical models trace out trajectories r and v through t.
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Constraints
Not all phase space is permitted

Must conserve energy and angular momentum

Systems are finite and f ≥ 0

Gravitational equation applies with assumptions
Relativistic effects are unimportant (or small)
Mass distribution changes slow
Gravitational force can be derived from a time-independent 
potential Φ(r).  Use Poisson Equation to determine
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Real world quantities

From the definition of f we can compute
the total number of particles, 

the total stellar mass density (identical mass stars), 

the total number of stars
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Boltzmann equation

Consider the time rate of change of the distribution function is

For a system of masses, 

So that

Relating acceleration to the potential gives
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Vlasov and Fokker-Planck Equations

If there are no interactions (collisions) between stars then there is 
conservation in phase space

This probably applies to ellipticals.

If collisions are included then the phase space density of a star 
changes with time.  We can model this with a collision term Γ.  Taking

We now have

Applies to globular clusters

01
=

∂
∂

+
∂
∂

∂
Φ∂

−
∂
∂

t
f

v
f

xmx
fv

iii
i

Collisionless Boltzmann 
Eqn or Vlasov Eqn

fdtdf Γ=

⇒

f
t
f

v
f

xmx
fv

iii
i Γ=

∂
∂

+
∂
∂

∂
Φ∂

−
∂
∂ 1

0=dtdf

Fokker-Planck Eqn

See Binney & Tremaine
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Special cases
When there are frequent encounters stars are scattered into and out of 
a volume of phase space
This randomizes all v in a given dV

If <vx
2> = <vy

2> = <vz
2> then we have a Maxwellian distribution.  

Which is good for at least the inner regions of clusters.

Other examples:
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Collision Time
How likely is it that stars collide?  The “collision time” is

For a dense galactic center
<n> ~ 104 */pc3,  <v> ~ 200 km/s, σ = πR 2 ⇒ τcoll ~ 3x1014 years
So systems are collisionless even in dense regions.

“Strong encounters” don’t require a direct hit.
A strong perturbation will occur when the potential energy change is at 
least as large as its starting K.E., e.g.  
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which for the G.C. gives τs ~3x1011 yr -> still a long time!
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Stellar scattering
We can estimate the importance of stellar encounters by applying the 
techniques used for Coulomb scattering 
Note however that gravity doesn’t have screening
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Let v∞ be the relative velocity of 
the two stars at large separation, 
then the deflection angle θ due to 
gravitational scattering is:

( )
bv

Gmm BA
22

tan
∞

+
=

θ

A590-9 Stellar Dynamics 16

Dynamical relaxation

For the Milky Way (near the sun)
b ~ 1 pc, v∞ ~ 20 km/s,  mA = mB = 1 Msun

For the small angle approximation

The sum of θ2 for each stellar encounter is a measure of the effect on 
an individual star.  Define the dynamical relaxation time as the time 
when

if the stellar density (n) ~ constant and encounters primarily change 
the stars’ velocity but not its speed. 
This is the same result as our previous one for τs.
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Relaxation & Mixing Times
The “relaxation time” is an estimate of the time needed fro a system to attain 
statistical equilibrium. 
Define a deflection time by analogy with Coulomb scattering and the Coulomb 
logarithm (the stars perpendicular velocity deflections are comparable to its 
original velocity - c.f. Binney and Tremaine, p. 188-190 or Sparke and Gallagher 
p 109-111).  Taking 

where a rough estimate for ln() ~ 18 – 22.  So the weak deflections are more 
important than close encounters.  Can use a smoothed-out potential.
The “mixing time” or “crossing time” is

The stellar population will have thoroughly mixes in a crossing time.
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Timescales

Typical timescales for dynamical evolution >> τrel.

Mixed but not relaxed.  Stellar 
encounters not important.

1014108-109Elliptical galaxies

Mixed & relaxed.  Can follow for a 
while but eventually need to worry 
about stellar encounters.

108106Globular clusters

All but youngest mixed, relaxed but in 
10 orbits weak scattering can change 
orbit. Must accurately follow orbits.

107106Open clusters

CommentτrelτmixSystem
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Isothermal sphere
de Vaucouleurs and Hubble-Reynolds expressions are empirical.  The I(r) and 
σ(r) information can be approached from a more physical viewpoint.
King (1966) made models for globular clusters – contains some physics 

Started from a correspondence between gaseous and stellar dynamical isothermal 
spheres

For an isothermal sphere we can solve Poisson’s equation.

But this is singular at r = 0!
To avoid this problem King introduced a self-consistent truncated density 
distribution.

(Maxwellian)
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King Models – I
King’s truncated the isothermal sphere so that the velocity distribution is 
truncated at the escape velocity.  Define two dimensionless variables
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Poisson’s equation is now
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King Models – II
Escape velocity

Finite mass

King’s method was to integrate the distribution function over v to get n(r) as a 
function of Φ(r) and then to solve Poisson’s equation to get a self-consistent 
potential.

at r >> rc

So the distribution must be truncated at rt.

or else mass diverges

with Io = 2norc
b = projected radius
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King Models

Dynamical models of self-
gravitating systems.  
Three parameters –

Σe central surface brightness
rc core radius
c log of ratio of tidal radius,

rt, to rc

Fits well globular clusters 
and dwarf ellipticals
Doesn’t follow R1/4 law

After Fig 5-9 of Mihalas and Binney
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King Models & Ellipticals

King models fit some giant ellipticals 
(After Fig 5-11 of Mihalas and Binney)

But they don’t follow de Vaucouleurs law 
(After Fig 5-13 of Mihalas and Binney)
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Model comparisons

After Fig 5-14 of Mihalas and Binney

Note differences in 
behavior at r = 0 and 
large r.  


