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Bayesian Inference

Likelihood x Prior
p(X 16, M) p(61 M)
p(X I M)

Evidence

Posterior

p@l X, M) =

The evidence for our

model M is also called p(X |M) — jp(X | 6, M) p(&’ | M) dé
“Marginal Likelihood’



Hierarchical Model
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Non-Hierarchical Model
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Parametric Inference

Posterior Likelihood x Prior

p(l1X) o< p(X16) p(@)
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Parametric Distributions

Basic building blocks: p(x|0)

Need to “determine” 8 given {xi,...,Xy}

Representation: ¢ or p(g) ?

Va\

- point estimate 6@

- distribution p(60)



Parametric Predictions

Model : p(x|0) Data: {xi,...,Xn}

Frequentist Prediction :

PX o X X5, Xy ) = p(Xyyq 1Oy (X, X5, X )

Bayesian Prediction :

P(Xyyy X, Xy, X ) = IP(XN+1 10) p(O1x,,X,,---X ) dO

\ J
|

posterior
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Posterior Point Estimation : 0

* Pick an appropriate location summary of p(6|D)

— The mode is easiest to compute (no integration) but often
not representative of the “middle” portion of distribution

— The mean has the opposite property, tending to chase
heavy tails (also not easy due to integration of moment)

— The median is often best compromise, but is harder to

compute given that it’s the boundary solution to

A

[" poID)dB = 0.5
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Posterior Point Estimation : 0

Median

symmetric
distribution

Frequency

Mode Mean

Score (normal)

_ Median
asymmetrlc

(skewed)
distribution

Mode

Frequency

Mean

Score (skewed)



Point Estimation & Decision Theory

e Same as minimizing posterior expected “loss”
6 = argmin [1(0,0') p(61D)d6

, 0 if 0=0
e mode minimizes “0-1” loss L(0,0") = { 1 ,
1 otherwise

* mean minimizes quadraticloss  1.(0,0") = 110 - 0'Il*

e median minimizes absolute loss L(0,0') =10 - 0'|



Why Separate Inference & Decision?

0 = argmin _[L(0,0') p(01D)d6

“decision” inference

* Loss functions may change

classification

* May want a reject option
problems

 Unbalanced class priors
 Need to combine models

e Optimality



Basic Parametric Bayesian Models

* Bayesian Inference for:

— Bernoulli - Beta

— Multi ial - Dirichlet Leali i
ultinomial - Dirichle - likelihood - prior

— @Gaussian - Gaussian - Gamma

— Gaussian - Gaussian - Wishart

* Conjugate Models

 Exponential Families

* Non-informative Priors



Bernoulli Variables

Coin flipping : Heads=1, Tails=0

p(a = 1|p) = p

Bernoulli Distribution
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Binomial Variables

N coin flips:  p(m heads|N, )

Binomial Distribution = sum of N Bernoulli

Bin(m|N, 1) = (f,,f ) (1~ N

Elm| = Z mBin(m|N,u) = Nu

m=0

varm| = Z (m — E[m))” Bin(m|N, ) = Nu(1 — w)

m=0



Binomial Distribution

Bin(m|10, 0.25)




Parameter Estimation (1)

ML for Bernoulli
Given: D ={x1,...,zn}, m heads (1), N —m tails (0)

Inp(Dlp) = > np(ealp) = > {annp+ (1 —z,) In(1 — )}
N




Parameter Estimation (2)

3
Example: D ={1,1,1} — punmy, = 5 = 1

Prediction : all future tosses will be heads!

We are “overfitting” the ML estimate to this

particular (small) observed dataset D



Beta Distribution

Distribution over € |0, 1] ‘probability of

a probability”
['(a + b) _ _
BEta(!‘-‘t‘ﬂ&b) — ( )F(b) 1 (]- o Ju’)b 1
Beta;ljnction
e}
Elu] = a+b mode[ ] a+b—1
ab a+b-2




Beta Distribution

3 3
a=1 a=2
2 51
1 1
0 L 0 .
0 0.5 u 1 0 0.5 L 1
3 - 3
a=2=§ a—0.1
b=41 b—10.1
2 2
1 1
0 0
0 0.5 1 0 0.5 1



Bayesian Bernoull

p(IJJ|a’07b07D) X p(D|lu)p(/Jf|af03bO)
N
_ (H o (1~ m”n) Beta(ulag. bo)
n=1

m—l—a,g—l(l AN N=m)+bo—1

u i)
x Beta(u|lan,bn)

<

anN = apg +m bn =bg+ (N —m)

Beta is the conjugate prior for Bernoulli likelihood



Prior - Likelihood o Posterior

Beta(2,2) H=1 T=0 Beta(3,2)

2 - 2 - 2

prior likelihood function posterior

1} | 1/ 1}

0 ' 0 ' 0

0 0.5 1 0 0.5 1 0 0.5 1

o u o

mean = 0.50 mean = 0.60
mode = 0.50 mode = 0.66

std dev = 0.22 std dev = 0.20



Prior - Likelihood o Posterior

Beta(20,20) H=1 T=0 Beta(21,20)
prior likelihood function posterior
1/
0 X
0 0.5 17 0.5 | 0 0.5 1
Lt Ll
v
mean = 0.50 mean = 0.5122
mode = 0.50 mode = 0.5128

0.0771

std dev = 0.0781 std dev



Properties of the Posterior

As the size of the data set, [V, increases

anN — m

by — N —m




Prediction under the Posterior

Probability that the next coin toss will be heads ?

1
p(ﬂ? — ].‘CLO,bO,D) — / p(x — 1|u)p(u\a0,bo,D) d/””
0

1
/ up(plao, bo, D) du
0

— E[l’da()ab()aD}

ay+ b, a, + b, + N



Categorical Variables

K
(x|pe) H Mﬁk VE:ur =20 and Zuk =1
k=1 k=1



ML Parameter Estimation

N K K (5 o) K
plp) = T ] ue = [ o™ = [T g
n=1 k=1 k=1 k1

Ensure ), ur = 1, use a Lagrange multiplier, .

K K
kalnuk + A (Zuk — 1)
k=1 k=1

g

pe = —me/N | = ~




Multinomial Distribution

Sum of N categorical variables of dimension K

N
_ (1)
m, = Z X

1 =1

N K
MUIt(m17m27°"amK|u?N) — ( m ) HM’ZLk
oMK

varfmg] = Npe(l — px)

covimymeg| = —Npgpuy



Dirichlet Distribution

[lao) 19
0 o —1
Dir(ploa) = &
K
Qg = Z ey H2a
k=1
Conjugate prior for the _
multinomial distribution. M1

H3



Dirichlet Prior

101 ap = 1071

K — 100 893



Bayesian Multinomial

Posterior distribution

p(p|D, o) x p(D|p)p(p|a) Hﬂak—l-mk |
k=1

p(pu|D,a) = Dir(pjar +m)

_ F(Q{O + N H uak+mk 1
F(Ozl + ml) F OZK + mK




Gaussian Distribution

4
N(z|u,0?)

N(X“,L, Z) —

1 1

(2m)P7 B2

N




Central Limit Theorem

The distribution of the sum (or average) of IV

i.i.d. random variables becomes more and
more Gaussian as /N grows.

Example : mean of N uniform |0,1] variables




Geometry of the I\/Iultlvarlate Gau55|an

D 1 A us
1= ~wut

Z )\7, o u

=1

D 5 Y2
AQ _ Z y_z Y1

i=1 "¢ )\%/2

)\1/2
yi = uy (x — p) 1
i




I\/Ioments of the I\/Iultlvarlate Gau55|an




Partltloned Gau55|an Dlstrlbutlons



Partltloned Condltlonals and I\/Iargmals

2a|b — A_l = Ylga — Eabz&lzba
Holp = 23CL|b {Aaaua T Aab(xb - “’b)}

Marginal :  p(x,) = /p(Xa,Xb)de



Partltloned Condltlonals and I\/Iargmals

Tp o ;_;_‘
Ty = 0.7 ) p($a|ﬂ3b — 0-7) (\

F g A P RRT W
il " B da
S S - ol
7 A P
Vi A F i 4y
0 B & 4 4 A A ] B
5 S S g A
F A B 4 7’ 7
" A / ‘i
2 & * i

p(xa,a xb)




Maximum Likelihood for the Gaussian (1)

Given i.i.d. data X = (xy,...,xxy)", log-likelihood
function is given by

N
ND N 1 _
Inp(X|pe, B) = — == In(2m) — I [] = 5 > (x0 — 1) =7 (x0 — 1)
n=1

Sufficient statistics :

N N
E X, E XX -



Maximum Likelihood for the Gaussian (2)

Set derivative of the log likelihood function to zero

G,
%lnp X|p, % Zz =

solve to obtain

;o
HymL = an-

N
1
ML = N Z — pa) (X0 — i)

n=1




Maximum Likelihood for the Gaussian (3)

Under the true distribution

E[PJML: = M

E[XuL] = ~ 3.  biased!
Hence define
N
= Z — o) #ML)T



Baye5|an Inference for Gau55|an (1)

Assume o° is known. Given i.i.d. data
x ={z1,...,zn}, then the likelihood for w is

p(x|p) = H p(Tn|p) = (27T0'12)N/2 €Xp {_% nz::l(xn - IUJ)Q} '

n=1

This has a Gaussian shape as a function of u
(but it is not a distribution over p).



Baye5|an Inference for Gau55|an (2)

Combined with a Gaussian prior over p,

p() = N (ulpo, o3)

this gives the posterior

p(pe|x) o< p(x|p)p(ps)-

Completing the square over i, we see that

p(plx) =N (plpn, o)



Baye5|an Inference for Gau55|an (3a)

Posterior mean

2 2
i, = (;uo/o-o) + (ﬂML/O-ML) My = in /| N
N 2 2 2 2
(O + 0,) ! (04, O)) 62 = 6/N
2 2
. . O O,
Posterior variance o, = — M0
Oyi + O
. . | 1 1
Posterior precision — = — + —
Oy O, O



Baye5|an Inference for Gau55|an (3b)

“shrinkage” factor A :
Uy :ﬂﬂo T (1_ﬂ)ﬂML 2
1 = OmL
Oy + O,
2 2 2
oy = Ao, =(1-A) o
A € (0,1
Note: N=0 N-ox
HN Lo HUML
0]2\, 08 0
A 1 0




Baye5|an Inference for Gau55|an (4)

Ex: p(u|x) =N (plun, o) for N=0, 1, 2 and 10.

5




I\/Iultlvarlate Normal I\/Iodel *

Prior  p(x) = N (x “’vA_l)
Likelihood p(y|x) = N(Y AX+va_1)

Posterior of x

p(xly) = NZE{A'L(y —b)+Ap}, %)

where X = (A + A'LA)™!

Marginal of y
ply) = N(y[Ap+b, L' +AAT'AY)



Baye5|an Inference for Gau55|an (5)

Sequential Estimation
p(ulx) o p(u)p(x|p)

= |p(w) || p@nle)| plan|p)

x N (plpn-1,0%_1) plxn|n)

posterior obtained after observing N — 1 data points
becomes the prior from observing the Nt data point.



Baye5|an Inference for Gau55|an (6)

Now assume s is known (fixed constant).

The likelihood function for A = 1/0” is

N \ N
p(X|A) = [ M@l A1) oc AV exp {5 > (wn — u)z} -
n=1 n=1

This has a Gamma shape as a function of A.



Baye5|an Inference for Gau55|an (7)

The Gamma distribution

1

Gam(\|a,b) = X0 b\~ L exp(—bA)
a a
EP\] — g V&I’P\} = b_2



Baye5|an Inference for Gau55|an (8)

Now we combine a Gamma prior, Gam()\\ao, bo)
with the likelihood function for A to obtain

N
A
an—1y\N/2 iy A 2
p(A|x) oc A A exp{ bo A ; E (n ,u)}

n=1

which we recognize as Gam(\|ay, by) With

N
anN — an —|— 5
N
1 N
bN — b() + 5 nEZI(.I'n — M)Q — bo + EO%/IL.




Baye5|an Inference for Gau55|an (9)

If both 1w and A are unknown, the joint
likelihood function is given by

p(x|p, A) = E (%) 7 exp {%(mn _ M)Q}

N N N
X )\1/2exp —/\—MQ exp Auan—ézgjz :
2 n=1 2 n=1 !

We need a prior with the same functional
dependence on 1 and A.



Baye5|an Inference for Gau55|an (11)

The Gaussian-Gamma distribution

p(p, A) = N (ul o, (BX) 1) Gam(Ala, b)

A\
X exp {%(u - uo)Q} A" exp {—bA}
\ Y ) | Y J

* Quadraticin x * Gamma distribution over A
* Linearin A * Independent of u



Baye5|an Inference for Gau55|an (12)

The Gaussian-Gamma distribution

2
0 1
—2 0 2



Baye5|an Inference for Gau55|an (10)

Multlvarlate conjugate priors

* p unknown, A known : p(u) Gaussian

* A unknown, pu known : p(A) Wishart

1
W(AIW,v) = B|A|¥ =P~/ 2 exp <§Tr(W_1A)) .

* A and g unknown : p(u,A) Gaussian-Wishart

p(p, Alpg. B, W, v) = N(p|po, (BA) ™) W(A|W, v)



I\/letures of Gau55|ans (1)

Old Faithful data set

100 ———————————— 100
80 | 80 |
60 | 60 |
ol 40
1 2 3 4 5 6 1 2 3 4 5 6

Single Gaussian Mixture of two Gaussians



I\/letures of Gau55|ans (2)

Combine simple models into a complex model:

p(z)

k=1
Component

Mixing coefficient

=3



I\/letures of Gau55|ans (3)




I\/letures of Gau55|ans (4)

Determining parameters u, 22, and 7 using

maximum log likelihood

\

N (K
In p(X|m, pu,3) = Z In < Zﬁk./\f(xnmk, k) ¢
n=1 \ k=1 y

I

Log of a sum; no closed form maximum.

Solutions: use standard, iterative, numeric optimization
methods or the Expectation Maximization (EM) algorithm



I\/leture of Conjugate Prlors

. Example: build a more complex prior for Bernoulli

p(@) = &, Beta(20,20) + 7, Beta(30,10)

Recall that a Beta prior’s
parameters (a,b) are

D = { 20 heads, 10 tails } additively updated by the
observed counts (n,,, N;)

to become a Beta posterior

Posterior is also a conjugate mixture

p(@1D) = w,Beta(40,30) + w, Beta(50,20)



I\/leture of Conjugate Prlors

— (0) = 7, Beta(20,20) + =z, Beta(30,10)
p(@1D) = w,Beta(40,30) + w, Beta(50,20) —

POSTERIOR
7=05 | .. w, =0.35
72,-2 — 0.5 | W2 —_ 0.65
PRIOR

0.0 0.2 0.4 0.6 0.8 1.0



The Exponentlal Famlly (1)

where 17 is the natural parameter and
o) [ hx)exp {n ()} dx =1

hence g(n) is a normalization coefficient.



The Exponentlal Famlly (2)

Bernoulli Distribution

1—x

p(zlp) = Bern(z|p) = p*(1— p)
= exp{rlnpu+ (1 —2)In(l —pu)}

_ (1u)eXP{ln(1lju> x}

Comparing with general form we see that

1

7

— ] and so — 0 .
n n(lu) p=o(n) = TR —

Logistic sigmoid



The Exponentlal Famlly (3)

The Bernoulli distribution can be written as

p(x|n) = o(—n) exp(nx)

where

gn) = 1—oa(n) =oc(-n)



The Exponentlal Famlly (4)

N = In i NOTE: The 7, parameters
o are not independent since
u(X) = X the corresponding p;, must
h(X) — 1 satisfy  ,,
> =1
9(77) = L k=1




The Exponentlal Famlly (5)

Let par =1 — 52"y . This leads to

ok eXP(%)
me = In — and i = .
(12?/[11:“3') "|‘E —1 eXP(??;)

“Softmax” function

Here the 7, parameters are independent.

M—1
Note that 0 < g <1 Zuk<1



The Exponentlal Famlly (6)

So multinomial distribution can be written as

p(x|p) = h(x)g(n) exp (n" u(x))

where
n = (m,.---,nm-1,0)
u(x) = X
hix) = 1

=

=

|
7 N

_|_

- <
M7
D
>
S
=
5
N—

L



The Exponentlal Famlly (7)

Gaussian Distribution

1 (1
2y 2
plxlp, o) = (2ﬂ02y/2exp<\ 202($ n }

1 [ 1 o b 1
= eXpq — 5T + 5T —
(2wc2)1/2 P | 207 o’ 202'u

= h(z)g(n)exp {n u(z)}



I\/IL for the Exponentlal Famlly (1)

differentiate it

Vg(n) / h(x) exp {nTu(x)} dx + g(n) / A(x) exp {nTu(x)} u(x) dx = 0

l ] | J
| |

1/g(n) Elu(x)]

to obtain

~Vlng(n) = Elu(x)|




I\/IL for the Exponentlal Famlly (2)

Give a data set, X = {x;,...,xn}, the likelihood is

N ( N 3
p(X|n) = (H h(Xn)) g exp<nT Y u(xy)
n=1 \ =1 y
Thus | N
—Ving(ny) = N ; (X )

Sufficient statistic



Exponentlal Famlly Conjugate Prlors

For any member of the EF there exists a prior
p(nlx;v) = f(x,v)g(n)” exp {vn x}.

Combining with likelihood, we get

4 N A
p(n|X, x,v) o< g(n)" T exp<n’ (Z u(Xn) + ’/X) A
\ n=1 J

Prior corresponds to I/ virtual observations of value 'y




Non Informatlve Prlors (1)

Without any information pick a non-informative prior

* Adiscrete, K-nomial: p(\) =1/K.
* \€la,b| real and bounded: p(A) =1/b—a.

* A real and unbounded: improper!

A constant prior may no longer be constant after a
change of variable; consider p(\) constant and A=17"

Pn(n) = pa(N) |d—77 = pA(n%)2n x 7



Non Informatlve Prlors (2)

Translation invariant priors. Consider

S| S

p(xlp) = flz —p) = f((z +c) = (p+c)) = Fz— ) =p(E|).

For a corresponding prior over i, we have

/ABp(u) dp = Licp(u) dp = /ABP(M o) dy

forany A and B.

Thus p(u) = p(p — ¢) and p(p) must be constant



Non Informatlve Prlors (3)

Example: For the mean of a Gaussian, u
the conjugate prior is also a Gaussian

p(u‘u()a 0-8) — N(M‘/J“Oa O-g)

2 . .
As o5 — oo, this will become constant over L.



Nonlnformatlve Prlors (4)

and make the change of variable 7 = cx

—p(2) 2= 0t () =patalo)

For a corresponding prior over o, we have

/ABp(O)dJ —/:jc/cp(a)da— /jp(%a) %da

Thus p(o) o 1/0 and so this prior is improper too. Note

dx
dz

pz(T) = pz(z)

that this also corresponds to p(Ino) being constant.



Nonlnformatlve Prlors (5)

Example: For the variance of a Gaussian, o*, we have

N (alpn, 0%) o o= exp { (& — ) /0)?}
If \=1/0% and p(o) < 1/0, then p(\) o< 1/A.
We know that the conjugate distribution for X\ is Gamma

Gam(M|ag, bo) oc A%~ ! exp(—bg)).

Noninformative prior is obtained for a, = 0 and b, = 0.



* Parametric Distributions
* Exponential Family

* Conjugate Priors

— equivalent to a previous virtual dataset
— posterior form remains the same as the prior
— parameters updated by adding sufficient statistics of data

— conjugate mixtures are very useful for greater modeling power

* Non-Informative Priors

— limit of increasingly diffuse priors (nearly flat)

— are often viewed (by some) as being “objective”



Some thmgs to remember

“Probability does not exist”

— Bruno de Finetti

“All models are wrong. But some are useful”

— George E. P. Box
(son in law of Ronald Fisher)



