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Section 1.1 Introduction to Course: Course Material

Course Material

Overview

This is a course on electrodynamics. It will review the basic material you learned in
Phlbc but will go beyond in both content as well as in mathematical sophistication.

The intended learning outcome of both Ph106b and Ph106c is for students to acquire
the ability to calculate electric and magnetic potentials, fields, energies, and forces in
a variety of basic physical configurations combined with an understanding of the
underlying physical principles and calculation techniques. This outcome requires both
an understanding of principles as well as the ability to apply them to do calculations!

The course will primarily use and follow Introduction to Electrodynamics by Griffiths
(fourth edition). Supplementary material is drawn from Jackson and from Heald &
Marion, both on electronic and physical reserve from the library. The material
presented here will be self-contained, but past students have found it useful to obtain
a copy of Jackson. It is certainly a book you will want if you continue in physics or a
related field.

Section 1.1.1 QOverview Page 10



Section 1.1 Introduction to Course: Course Material

Prerequisites

Physics:

» Electricity and Magnetism: While Phlbc is a formal prerequisite for the course,
we will develop the material from scratch. However, review material will be
covered quickly and a basic familiarity with the concepts will be assumed.

» Classical mechanics: Generally, mechanics at the level of Phla is sufficient for
this course, though some optional material at the end of Ph106c will make use
of Ph106a material.

Section 1.1.2 Prerequisites Page 11



Section 1.1 Introduction to Course: Course Material
Mathematics:

» Chapter 1 of Griffiths except for Sections 1.1.5 (“How Vectors Transform”) and
1.5 (“The Dirac Delta Function"). We will review some prerequisite material as
needed.

> Solutions to second-order linear ordinary differential equations with constant
coefficients (i.e., simple harmonic oscillator).

» Orthonormal functions/bases.

» Over the course, we will develop the following more sophisticated concepts:

> Dirac Delta function.

> Separation of variables to reduce second-order linear partial differential
equations to ordinary differential equations.

> Various specific types of orthonormal functions, specifically sinusoids,
Legendre polynomials, and spherical harmonics.

> Tensor formalism for relativity.

» Key point: Mathematics is the language of physics. You must be competent in
the above basic mathematics to understand and use the material in this course.
Intuition is crucial, but it must be formalized mathematically.

However, mathematics is not just symbolic manipulation or brute force
calculation. Make sure you understand the meaning of every mathematical
expression — i.e., carry along the intuition with the symbols! Only do algebra
and explicit differentiation and integration as a last resort! We will demonstrate
this approach regularly.

Section 1.1.2 Prerequisites Page 12



Section 1.1 Introduction to Course: Course Material

Topics to be Covered

New topics for Ph106b not covered in Phlbc
New topics for Ph106c not covered in Phlbc

>

>

Section 1.1.3

Review of basic electrostatics — Coulomb’s Law; Gauss's Law; electric field,
potential, and potential energy; conductors, capacitors, and capacitance matrix.

Advanced electrostatics — boundary value problems (BVP) for determining

potentials and fields; Green Functions for BVP; multipole expansion of potential.

Electrostatics in Matter — polarization, susceptibility, permittivity of matter;
BVP with polarizable materials, energy and forces in matter.

Magnetostatics — Lorentz force; Biot-Savart Law; Ampére's Law; vector
potential; boundary conditions; multipole expansion of potential.

Magnetostatics in Matter — magnetization, susceptibility, and permeability of
matter; boundary conditions; ferromagnetism; BVP with magnetizable materials.
Electrodynamics — electromotive force and electromagnetic induction;
inductance and energy in magnetic fields; Maxwell's equations in vacuum and in
matter; boundary conditions for Maxwell's equations.

Conservation Laws — Continuity equation; Poynting's Theorem; electrodynamic
momentum and energy.

Electromagnetic Waves — in vacuum, in polarizable/magnetizable matter, in
conductors, in transmission lines and waveguides.

Topics to be Covered
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Section 1.1 Introduction to Course: Course Material

>

>

Section 1.1.3

Potentials and Radiation — potential formulation; fields and potentials of
moving point charges; radiated electromagnetic waves; antennas.

Relativity and Electrodynamics — review of special relativity including
relativistic kinematics and collisions, relativistic tensor notation, transformation
of fields, transformation of field tensor, relativistic potentials, relativistic
formulation of Maxwell's Equations, relativistic dynamics with EM fields,
relativistic conservation theorems.

Topics to be Covered
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Section 1.2 Introduction to Course: Notation; including Deviations from Griffiths

Notation; including Deviations from Griffiths

>

We will use standard black text for material that is covered in lecture, while
magenta text will be used for material that is skipped during lecture for which
you remain responsible. We will skip material generally when it consists of
computation or calculation that is tedious to do on the chalkboard, summarizing
the results as necessary. You will need to be able to apply the skipped material
as well as the techniques developed in this skipped material.

Green text will be used to indicate supplementary material for which you will
not be responsible.

Griffiths uses boldface notation to indicate vectors and a script 7 to indicate the
difference vector ¥ — 7. In order to better match what can be written by hand,
we use ~ rather than boldface for vectors and we use R for the difference vector.

Griffiths uses F to refer to the position of the test charge Q and 7’ to refer to
the position of the source charge g. This seems unnecessarily confusing. We
instead use q and 7 for the test charge and g’ and 7’ for the source charge.

Griffiths uses §3(F) to refer to the delta function in three spatial dimension. We
use §(F) for this for reasons that are explained after Equation 2.9.

Page 15



Section 2
Review of Basics of Electrostatics
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Section 2.1 Review of Basics of Electrostatics: Study Guidelines

Study Guidelines

You have seen all the material in this section before in Phlb. However, the derivations
done there were not as rigorous as they could be because you were simultaneously
learning vector calculus. Our goal in this section is to do more rigorous derivations to
give you some practice in using the mathematical tools. We won’t do any examples in
lecture or the notes because they duplicate Phlb. But you should make sure you are
comfortable with the examples in Griffiths Chapter 2.
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Section 2.2 Review of Basics of Electrostatics: The Assumed Conditions for Electrostatics

The Assumed Conditions for Electrostatics

Electrostatics is the study of electric fields, potentials, and forces under two
assumptions:

> All electric charges sourcing the electric field are stationary and have been so for
a sufficiently long time that all fields are static and thus the electric field can be
written in terms of the source charges’ current positions.

» The source charges are held fixed and cannot react to the fields from any test
charges that may be stationary or moving relative to the source charges.

We will see later that, when charges are moving, it takes time for the information
about the position to propagate and thus the fields at a given point depend on the
configuration of the charges at earlier times.
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Section 2.3 Review of Basics of Electrostatics: Coulomb's Law and the Electric Field

Coulomb’s Law and the Electric Field

Coulomb’s Law, Electrostatic Forces, and Superposition
We begin with two empirical facts:

» Coulomb’s Law: the empirical fact that the force on a test charge g at position

F due to a source charge g’ at 7’ is given by Coulomb’s Law:
- 1 g ~ —
F= 99g with R=7—F (2.1)
4me, R2

where €, = 8.85 x 10712 C2 N~ m—2 is the permittivity of free space. The
force points along the line from q’ to q as indicated by the sign of the definition
of R. The electric charge is in the units of Coulombs (C), which is a
fundamental unit that cannot be written in terms of other fundamental units.

Recall that: we use ~rather than boldface to indicate vectors; R where Griffiths
uses a script r; and a different convention from Griffiths for the symbols for the
two charges and their position vectors.

» Superposition: the empirical fact that Coulomb’s Law obeys the principle of
superposition: the force on a test charge g at 7 due to N charges {ql/} at
positions {7} is obtained by summing the individual vector forces:

N /
- = 1 gaq5 B o =
F:Z ’:.247% ”?,-2 R; with R =rF—F' (2.2)

Section 2.3.1 Coulomb’s Law, Electrostatic Forces, and Superposition Page 19



Section 2.3 Review of Basics of Electrostatics: Coulomb's Law and the Electric Field

The Electric Field

Given that any test charge g placed at the position 7 feels the same force per unit
charge, we are motivated to abstract away the test charge and define what we call the

electric field at that position 7

/o~
E(R) = F_ e R , for a single source charge ¢’ at 7’
q >N, 47360 % R;  for N source charges {q/} at positions {7}
!
(2.3)

The electric field has units of N/C.

Section 2.3.2

The Electric Field
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Section 2.3 Review of Basics of Electrostatics: Coulomb's Law and the Electric Field

Coulomb’s Law for Continuous Charge Distributions

If a charge distribution is continuous, then the natural extension of Coulomb’s Law is
to integrate the electric field or force over the contributions from the infinitesimal
charge elements dq at 7’:

= 1 1 Y =/
EN= [ R e R a6 (24)

)]

where ﬁ(?, F') = F— F’ varies with the location 7’ of dq as the integral is performed.
dq is admittedly undefined here. However, before worrying about that, let us note that
the integrand is a vector and so this integral requires some care: we must break up R
into its components and individually integrate each component. For example, if we use
Cartesian coordinates, then R=%x <I3 . )?) +y (ﬁ . )7) +z (ﬁ . 2), and, since the
Cartesian unit vectors do not depend on the location of the infinitesimal charge
dq(7”"), we may write the integral out as follows (eliding the dependence of R on 7
and 7’ for brevity):

£ = (2.5)
e 7w (R9) da+7 [ 25 (R-5) dar)+2 [ 25 (R-2) o)

which is sum of three integrals with scalar integrands.

Section 2.3.3 Coulomb’s Law for Continuous Charge Distributions Page 21



Section 2.3 Review of Basics of Electrostatics: Coulomb's Law and the Electric Field

Now, consider some specific charge distributions:

» volume charge distribution:

with p(7’) having units of C m~3,
oy . S
. 1 dr' o(F!) ~ r’ running over all points in the
E(F) = 7/ Lgr) R volume distribution V, and d7’ (2.6)
v R being the differential volume

element at 7’ for V

» surface charge distribution:

with o(7") having units of C m—2,

~ . S
N 1 da’'o(F!) ~ r’ running over all points in the
E(F) = / # R surface distribution S, and da’ (2.7)
dmeo Js R being the differential area element
at 7/ for S

Section 2.3.3 Coulomb’s Law for Continuous Charge Distributions Page 22



Section 2.3 Review of Basics of Electrostatics: Coulomb's Law and the Electric Field

» line charge distribution:

with A(F’) having units of C m~1,
1 / dOA(F') ~ P’ running over all points in the
— [ ——R
C

E(A) = > line distribution C, and d¢’ being (2.8)
4meo R the differential length element
at 7/ for C

Using the Dirac delta function we will define below, one can write the first two as
special cases of the latter by using delta functions in the dimensions in which the
charge distribution has no extent.

Section 2.3.3 Coulomb’s Law for Continuous Charge Distributions Page 23



Section 2.3 Review of Basics of Electrostatics: Coulomb's Law and the Electric Field

Aside: The Dirac Delta Function

Relating Equation 2.6 to Equation 2.3 offers us both the opportunity to rigorously

connect them as well as a chance to introduce the Dirac delta function.
(Mathematically, it is a distribution, not a function, but we will use the standard

nomenclature.) The Dirac delta function at 7,, §(F— 7,), is defined by what it does

when it is multiplied against an arbitrary function f(7) and integrated: For any
function f(7) and any volume V containing the point 7, it holds that

[ e - ryar = { f(7)

In particular, if £(7) is unity, then the right side of the above integral is unity for

eV
gV

i v

(2.9)

fo € V: the integral of a delta function over the volume containing its 7, is 1, and,

conversely, the integral of a delta function over any volume not containing its 7,
vanishes.

Section 2.3.4 Aside: The Dirac Delta Function
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Section 2.3 Review of Basics of Electrostatics: Coulomb's Law and the Electric Field

Two notes on dimensions and notation:

» In order for the units in the above equation to work out, the delta function
above must have units of m—3. The general rule is that the delta function’s
units are the inverse of those of the differential that its argument says it should
be integrated with. In this case, the argument is a vector in 3D space and the
differential is the differential volume element d7, and so the delta function has
units of m—3. The units can be subtle, though. If one considers a delta function
that picks out a 2D surface in 3D space (e.g., for collapsing an integral of a
volume charge density to one of a surface charge density), its argument will be a
3D vector, but it should have units of m~1 since it eliminates only one of the
three dimensions. (This would be obvious if the surface were a sphere of radius
a centered at 7, because then one could instead use §(|F — 7| — a), implying
units of m~1. Other surfaces may not be so easily defined.)

> Griffiths refers to the above delta function as §3(7 — 7). He does this because
one can think of this delta function in terms of 1D delta functions

F=xX+yy+zz

322y _ _ —
0 (F— 1) = 8(x — %0)d(y — ¥0)d(z — z0) where P = xRt Yo7 + 205

(2.10)

We drop the 3 because it is unnecessary: the dimension of the delta function is
implied by its argument, the fact that it picks a single point out of 3D space.
Moreover, the 3 notation is misleading and confusing because it suggests that §3
is the cube of something that has ¥ — 7, as its argument. It is not!

Section 2.3.4 Aside: The Dirac Delta Function Page 25



Section 2.3 Review of Basics of Electrostatics: Coulomb's Law and the Electric Field

With the above, if we define the charge distribution for a set of point charges {q/}

positions {F} to be
N
o) =3 (7 7)) (211)
i=1

then, when we do the integral in Equation 2.6 over any volume V containing all N
charges, we recover the discrete version of the expression for the electric field

Equation 2.3:

de’q’é(*’ff;’) F—r'
P12 F_ 7

N - -,

1 r—r'
= dr'ql 6(F — 7)) ~——L
4mes ;/v i 9 ") F—r3

N —7 N oo
z; T 27 R; (2.12)

471'60 .

E@) =

47reo

Section 2.3.4 Aside: The Dirac Delta Function
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Section 2.4 Review of Basics of Electrostatics: Gauss's Law

Gauss's Law

Statement of Gauss's Law

The flux of the electric field through a surface is the integral of the component of the
electric field normal to the surface over the surface:

R:LEﬂn@ (2.13)

where F lies on the surface S and n(F) is the surface normal at that point 7. Note that
the flux has a sign based on the choice of the orientation of 7.

Gauss's Law relates the flux of the electric field through any closed surface to the total
charge enclosed by that surface:

E . _1 T p(F
R:éEmmwf%A@dMﬁ (2.14)

where V(S) is the surface enclosed by S and § indicates the integral over a closed
surface. Our derivation below will take the surface normal direction to be outward
from the closed volume.

Section 2.4.1 Statement of Gauss's Law Page 27



Section 2.4 Review of Basics of Electrostatics: Gauss's Law

Utility of Gauss's Law

Gauss's Law has three uses:

» For charge distributions having some amount of geometrical symmetry, it
provides a way to calculate the electric field that is much easier than brute-force
integration of Coulomb’s Law.

P> We will see that it will enable us to relate the electric field's boundary
conditions at an interface between two volumes (the conditions relating the
electric field components on the two sides of the interface) to the amount of
charge at that interface.

» We can obtain a differential version of it, relating spatial derivatives of the
electric field to the charge density locally. Doing so directly from Coulomb’s
Law is difficult (though not impossible, given what we will prove about the
divergence of Coulomb’s Law!).

Section 2.4.2 Utility of Gauss's Law Page 28



Section 2.4 Review of Basics of Electrostatics: Gauss's Law

Proof of Gauss's Law
The proof offered in Griffiths' is unnecessarily unrigorous; we follow Jackson §1.3.

First, consider a charge distribution
p(F) that lies completely inside an
arbitrarily shaped closed surface S.
What is the infinitesimal flux through
an infinitesimal portion da of S at
a point 7 due to the infinitesimal
amount of charge in the infinitesimal
volume d7’ at the location 7’7 It is

© 1999 Jackson, Classical Electrodynamics

1 dr'p(F")

d>Fs(7,7') = =TE (F—7') - A(F) da (2.15)

dme, |F—

The left side is a double differential because the right side is. If one considers the
geometry (see diagram above), one sees that the quantity (F— 7’) - A(F) da/|F — F'| is
the projected area of the area element da normal to the unit vector (F— r’) /|F — 7’|
from 7’ to 7. Since |F— F’|? is the square of the distance from 7’ to 7, then the
quantity (F— 7’) - A(7) da/|F — 7’| is the solid angle dQ(F, 7") subtended by da at 7'
as viewed from 7’

Section 2.4.3 Proof of Gauss's Law Page 29



Section 2.4 Review of Basics of Electrostatics: Gauss's Law

The corresponding mathematical formula is
2 = =/ 1 ! = =/
d“Fs(F,F') = —— d7'p(F") dQ(F, F") (2.16)
47e,

We know that if we integrate the solid angle over the entire closed surface S
surrounding our source charge point 7/, we recover 4, so:

dFs(F') =

%S dt'p(F')dQ(F, F') = é dr’'p(F") (2.17)

47eo
That is, for any infinitesimal volume element d7’ at 7/, Coulomb’s Law implies that

the flux of the electric field due to that element through any surface S enclosing it is
equal to the charge in that infinitesimal volume divided by ¢,.

Section 2.4.3 Proof of Gauss's Law Page 30



Section 2.4 Review of Basics of Electrostatics: Gauss's Law

We expect that, due to superposition, if the above is true for the flux due to an
infinitesimal volume of charge, then it holds for the whole distribution of charge
enclosed by S. We can prove this by calculating the flux through S due to the entire
charge distribution, using the fact that the distribution is fully contained inside S (one
of our starting assumptions):

Fo=f B anrda= i f [ STEC) (7 ) A 0

dreo y [F— 7|3

1 1
= ?é/ d’r’p(?’)dﬂ(?, ?/): ?{/ d2}—5(7, F/) (2.18)
dmes Js V(S) dmeo Js V(S)

where Es(F) is the electric field at 7 due to all the charge contained by S. Note that

we implicitly used superposition in the above via the formula relating ES(F) to the
charge distribution. Exchanging the order of integration,

! / ?{dZIS(F,r'):i/ de(F’)=i/ dr'p(7') (2.19)
Ameo Jy(s)Js € JV(S) €0 JV(S)

which is Gauss's Law.

Fs =

Note how the proof depended on the 1/r? dependence and superposition property of
Coulomb’s Law. The proof could be done in the opposite direction: Gauss’s Law
implies Coulomb’s Law. In general, for any force, there is a simple Gauss's Law if and
only if the force has a 1/r? dependence. Another example is gravity, as you learned in
Phla and Ph106a.
Section 2.4.3 Proof of Gauss's Law Page 31



Section 2.4 Review of Basics of Electrostatics: Gauss's Law

But we are not quite done yet, as we assumed at the start that the charge distribution
vanishes outside of S. Does the result generalize to the case where there is some
charge outside of S so that Egs receives contributions from that charge? Yes, it does.

Returning to d?Fs(F, F') (Equation 2.16), suppose we consider a source charge at a
point 7/ that lies outside of S. (See diagram below.) Then, for a given point Fon S
and the solid angle it subtends dQ2(F, 7’) as viewed from the source charge point 7/,
there will be second point on S that has the same unit vector to the source charge
point 7/ and subtends the same solid angle. But, because the direction of A(F) enters
the expression for d2Fs(F, 7’), and the two points subtending the same solid angle
will have opposite signs of n, their two contributions cancel. Thus, the integral over S
that yields dFs(F’) vanishes for F’ outside of S, and, therefore, the charge
distribution at points outside of S do not contribute to the flux through S, and so our
derivation remains valid.

q outside S _—
n

qeo—

© 1999 Jackson, Classical Electrodynamics
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Section 2.4 Review of Basics of Electrostatics: Gauss's Law

The Divergence of E and the Differential Version of Gauss's Law

You learned about the divergence theorem (Gauss's theorem) in Malabc. Applied to
E, the divergence theorem says

/ V. E(7) dr = ]{ E(7) - A(F) da (2.20)
V(S) S
Gauss's Law tells us

1 = —~

;/V(S) dr p(F) :725(?).,1(?) da (2.21)

Combining the two, we have

/ ﬁf(r*)dfzi/ d7 p(F) (2.22)
V(S) €0 JV(S)

Since the above holds for any volume V), the integrands must be equal, giving us the
differential version of Gauss's Law:

ER = 2 o() (2.23)

The differential version states that a particular combination of the spatial derivatives
of the electric field at a point is related to the charge density at that point. We will
frequently employ this technique of using an equality between two integrals over an

arbitrary volume or surface to conclude their integrands are equal.

Section 2.4.4 The Divergence of E and the Differential Version of Gauss's Law Page 33



Section 2.4 Review of Basics of Electrostatics: Gauss's Law

Direct Proof of Differential Version of Gauss's Law

We can prove the above differential version by simply calculating the divergence of E
using Coulomb’s Law, also. This is of course not independent of Gauss's Law because
Gauss's Law is proven using Coulomb’s Law, but it provides some exercise in vector
calculus and leads us to the Dirac delta function. We take the divergence of
Coulomb’s Law for E, noting explicitly that the divergence is a set of derivatives in 7

! 44
1 ™) (7 7) (2.24)

Ve B0 =V [

Vv dme, |F—F/3

The integral is over 7/ over the volume V', but the divergence is calculated in the 7
coordinate, so we can bring the divergence inside the integral. Note that it does not
act on p because p is a function of 7/, not 7. Thus, we have

Ve B = o [ o) Ve D (2.25)
dmeo Jyr |F—F'3

One could calculate the above divergence explicitly in any particular coordinate

system. But it is both more rigorous and more instructive to do it using the

divergence theorem, which requires us to apply a nonintuitive technique: we integrate

both sides of the above equation in order to evaluate it.
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Section 2.4 Review of Basics of Electrostatics: Gauss's Law

We can calculate the integral of the above divergence over some arbitrary volume V
(with surface S, with neither V nor S necessarily related to V' and S’), as we need to
do for Gauss's Law, by exchanging the order of integration (no prohibition on doing so
because we don't move ﬁ,« around) and converting the volume integral over 7 to an
easier-to-do surface integral using the divergence theorem:

- 1 PP
drVy-E(F)= [ dr dr'p(F) Ve ——=
v v |F— 73

4dmeo Jyr

1 F—r'
= d drvy. —— 1
47reo/ 7' o(F )/ T |F—rF'3

r
1 r—r'
= / d7'p(F") 7{ dan(r) - j : (2.26)
v/ |F—r;?

471eo

We can apply to the surface integral the same argument about solid angles that we
used in proving Gauss's Law. The integrand above is just the solid angle subtended by
the area element da at 7 as viewed from /. As before, if 7/ is inside V, then the
above integral yields the total solid angle, 4. If 7/ is not inside of V), then, for every
area element da at r, there is an area element with an equal and opposite
contribution, making the integral vanish. That is, as in the proof of Gauss's Law,

N F—r' 47 if 7' is inside V
}‘{S(V) dan(7) - |7— 73 - { 0 if 7' is outside V (2.27)
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Section 2.4 Review of Basics of Electrostatics: Gauss's Law

The above statement says that the integral over V vanishes if 7/ is not inside V and
yields 4 7 if it is inside V. This turns the double integral over V and V' into a single
integral over VY N V':

. — 1 1
/dTV;vE(F’): / dr' 4 p(F) = 7/ dr'p()  (2.28)
v 47eo Jynyr €0 Jynyr

Now, consider points in V but outside V N V’. Because V' is the entire volume
containing charge (by Coulomb’s Law), the charge density vanishes in V — VNV’ We
can thus add the volume V — V NV’ without changing the integral of the charge
density because the contribution from the added volume vanishes. This changes the
volume of integration from V NV’ to V. Therefore,

/VdTﬁ;.Em: é/vdT’p(F’) (2.29)

The volume V is arbitrary, so the integrands must be equal:

Ve E(R) = (D) (230)

€
which is again the differential version of Gauss's Law.

Note the use of two nonintuitive techniques: Using the equality of integrals over an
arbitrary volume to show their integrands are equal, and integrating an expression to
determine what it is equal to.
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Section 2.4 Review of Basics of Electrostatics: Gauss's Law
Aside: Relation of the Dirac Delta Function to a Divergence, Invariance under
Inversion of its Argument

Let’s return to a geometric theorem we proved during the above manipulations to
prove a property of the Dirac delta function. We showed above that:

= =7 ~ r—r 4m if 7 is inside V
/V IV TR T fiw) da (") G = { 0 if 7 is outside V(231

The far right side is proportional to the integral of the Dirac delta function, yielding

= F—r
/ drVy ——— = 47r/ dr§(F—F") (2.32)
v |F— 7|3 v
(Note the ordering of 7 and 7’ in the argument of the delta function! 7’ is the
equivalent of 7, in Equation 2.9.) Since these integrals are equal for an arbitrary
volume V), the integrands are equal:

P

=476(F—7) (2.33)

=
P
NEEEE

The delta function is the divergence of the 1/r? law. We will find this very useful!

Since the delta function picks out the point where its argument vanishes, it doesn't
matter what the sign of the argument is. One can prove this explicitly using change of
variables: when the sign of the argument changes, the sign of the differential and of
the limits of integration change also. Those two sign flips cancel each other. Thus

§(F—F") = o(F" —F) (2.34)
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Section 2.4 Review of Basics of Electrostatics: Gauss's Law

In order to introduce a new technique we will use soon, let's show this more explicitly:

-~ o
—F - F'—F =
\Y% =—Vp-

7 P 2
PR VT T
7= |7 =71 |7 =71

o = 4m(F =) (235)

The last equality is not obviously true because it is not just a symbolic replacement of
Equation 2.33. We can prove it by making a few more steps, though:

B o7 B} N
va-izva_ﬂ,.7:<—va,_~)~ LT V=9 D (236
r e = Ve = () () =Y e @)

We used the following: 1) the divergence with respect to 7 — 7’ is the same as the
divergence with respect to 7 because 7 — r”’ just offsets 7} 2) when we flip the sign on
F— r’, we can get the argument of the divergence to match this sign flip by flipping
the sign on the divergence overall (the 1D analogue would be to flip the sign on d/dx
when mirroring through the origin, x — —x); and, 3) F acts like an offset for 7/, and
so the divergence with respect to 7/ — F is the same as with respect to 7’. Therefore:
= = Pr—F

— -, = r
4ﬂ6(rfr’)=Vr-m REE

=47 §(F —F) (2.37)

Note this technique of applying an offset; we will use it again.
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Section 2.4 Review of Basics of Electrostatics: Gauss's Law

The above derivation is a situation in which it is very important to remember what
coordinate V is acting on/with respect to. If we had not subscripted V in the
manipulation above, we would have written:

oL e > Fr—F N o
4w d(F— r):V.|F7F”|3:V.7\F”*F‘]3:7V 7 7ﬂ3:747r5(r —F  (2.38)

Rather than just yielding a last equality that was not obviously true, we have obtained
an equality that seems to contradict the symmetry property! From the more detailed
derivation on the previous page, we see that the seeming contradiction vanishes when
we take care with the meaning of symbols by explicitly subscripting V. Errors of the
above type are easy to make and not self-evident! Mathematics in physics is not just
symbol manipulation: there is meaning that must be understood in order to be sure
those manipulations are justified.
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Section 2.5 Review of Basics of Electrostatics: The Electric Field has Vanishing Curl

The Electric Field has Vanishing Curl
Calculating the Curl of the Electric Field

The curl of E can be shown to vanish simply by calculating it for an arbitrary charge

distribution:
. . 1 . 77
VxER =V x [ drp(F) s
47 e v |F—F'3
1 PR F—r
= dr'p(F')V X ——— (2.39)
dmeo Jy |F—rF'|3

We could brute-force calculate the curl in the integrand in Cartesian or spherical
coordinates, but that would be painful because the function on which the curl is
acting has no symmetry in the 7 coordinate system.
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Section 2.5 Review of Basics of Electrostatics: The Electric Field has Vanishing Curl

Let's take a simpler, more geometric, and more intuitive approach. As we saw above,
F’ is just an offset to r, thus

=

r-r (2.40)
|F— 73 '
Note that, in doing this offset, the curl will be expressed in terms of the components
of ¥— 7. This does not change the bounds of integration, but it may make the
expression look complicated because the variable of integration is still 7/. Since we
will show this expression, the integrand, vanishes, this bookkeeping complication is not

important. If we define §= 7 — F’, then we have

Vi x =Vrpr X

F—r
=7

(2.41)

Now, the function on which the curl is acting has symmetry in the coordinate system
in which the curl is acting, and hence the calculation will be simplified. You can
probably see intuitively that the above curl vanishes, but let's prove it. (Note also that
the change of variables would require a change to the limits of integration, but, again,
because we will prove the integrand will vanish, this bookkeeping complication will not
be important.)
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Section 2.5 Review of Basics of Electrostatics: The Electric Field has Vanishing Curl

With the above form, we can trivially apply the formula for the curl in spherical
coordinates, which is listed in Griffiths. For the sake of being explicit, that formula is
(with r replaced by s as the radial coordinate to avoid confusion)

- ., 11 o . ovgl . 1 1 Ovs 0 ~
== — 0) — — - - — 0
VXV ssinf [86 (v¢sm ) [0} } st s Line (o0} Js (s V¢)
1[0 Ovs | ~
-1 = — 2.42
+s [85 (svo) Be}d) ( )

In the case considered here, s is the radial variable and the radial component of §/s3
is 1/52. Thus, V has only a radial component and that radial component depends only
on the radial distance from the origin. All the derivatives involving the 8 and ¢
components of V vanish because the components themselves vanish, and the
derivatives involving the radial component vanish because those derivatives are with
respect to 6 and ¢. (Don't be confused: V itself depends on 6 and ¢ because the
direction of V depends on them; but the curl formula takes care of that dependence.)

Thus, we have Vz x (5/s3) = 0 and the integrand in Equation 2.39 vanishes. So:

vV x E(P)

(2.43)
Note again that we did not brute-force differentiate, but rather we thought about how
to simplify the calculational aspect (via origin offset) and then saw that made the

result both geometrically/intuitively obvious and easier to demonstrate via calculation.

Section 2.5.1 Calculating the Curl of the Electric Field
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Section 2.5 Review of Basics of Electrostatics: The Electric Field has Vanishing Curl

The Line Integral of the Electric Field

Stokes' Theorem (a mathematical theorem we will not prove here but that you saw in
Malabc) then tells us that, for any surface S with boundary C(S),

7%:(5) a7 E(F) = /S dan(7) - [V x E(A)] =0 (2.44)
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Section 2.6 Review of Basics of Electrostatics: The Electric Potential

The Electric Potential
Electric Potential Definition using Line Integral

c I We used above the fact that the line integral of the electric field
2 around any closed loop C vanishes. If we consider two points along
the loop 7 and 7, C defines two paths along the loop from A to
7, C1 and Cy. Let's difference the line integrals along these two
o C1 paths, using the vanishing of the line integral around the loop to
n . .
see that the difference vanishes:

B B B AL
/ dZ~E(F)—/ di-E(F) = di- E(7) + di’- E(7)
C C

1,7 2,1 C1,A Ca,1

= ]{ di-E(F)=0 (2.45)
C

(Be careful about the endpoint ordering and signs of the two terms! The differential

dZin a line integral has no intrinsic polarity; the polarity is set by the ordering of the
endpoints. The sign of d¢ and of the endpoint ordering do not multiply; they are
redundant.) Therefore,

/FZ di- E(F) = ? di- E(F) (2.46)
C

1,7 Ca, A
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Section 2.6 Review of Basics of Electrostatics: The Electric Potential

The above relation tells us that the value of the above line integral depends only on
the location of its endpoints, not on the path taken. Thus, we can construct a
function, the electric potential, V/(F), defining it via its differences between points:

wm—wmz_fﬁzaa (2.47)

1

The fundamental theorem of calculus for line integrals in multiple dimensions implies

V(@) - V(i) = [l V() (2.48)

n

where V V/(F) is the gradient of the electric potential. The above two formulae hold
regardless of choice of endpoints and path, so the integrands are equal and we have

E(F)=-VV(P (2.49)

which can be viewed as an alternate definition of the potential. The offset of V(F) is

not defined because it has no influence on l::(F), which is the quantity we began with
from Coulomb's Law.
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Section 2.6 Review of Basics of Electrostatics: The Electric Potential

The electric potential has units of (N m/C) = (J/C), which we call the volt, V. (The
appearance of J will be important when we discuss electric potential energy.) The
electric field is frequently written in units of V/m instead of N/C.

It will be useful in homework to remember the mathematical definition of a gradient
(another case of keeping present in your mind what the mathematical symbols mean):

lim V(F+6F)— V() = lim VV(F) 6F=— lim E(F)-6F 2.50
im (F+or) = V(F) hm (F)-or hm (F)-or (2.50)

The above expression also serves to remind you of how to do a Taylor expansion in
multiple dimensions: the dot product of the gradient and the vector differential
replaces the product of the one-dimensional derivative and the scalar differential.
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Section 2.6 Review of Basics of Electrostatics: The Electric Potential

Relation of the Electric Potential to the Charge Distribution

We know two things now:

E() =

and  V(B)— V(R) = 7/:2 di- E(R)

47reo

We can use these to obtain an explicit expression for the potential in terms of the
charge distribution. In practice, trying to do the line integral explicitly using the
definition of E is tedious and not illuminating.

Instead, let us use our understanding of the meaning of the mathematical expression

E(F) = —VV(F) to make an Ansatz. If we have a point charge at the origin, then the
electric field points radially outward and falls off as 1/r?. What function’s derivative
gives that dependence? V/(F) = 1/r. This suggests to us

4/
= “’I (2.51)

V() =

We may then prove explicitly this form is correct by taking the gradient.
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Section 2.6 Review of Basics of Electrostatics: The Electric Potential

First, pass V inside the integral because it is @p while the variable of integration is 7”:

SV = -t /\jd#,;(?/)ﬁ,»(ﬁ) (2.52)

As we did earlier when calculating vV x E we change variables to §= 7 — 7’ to
evaluate the gradient:

- 1 - 1 -1 s F—r'
Vi— )=V [—— =Wt TT 253
()= () =¥ =5 =—mrp @)

where we used the formula for the gradient in spherical coordinates from Griffiths
(again, with r replaced by s as the radial coordinate to avoid confusion):

. oT . 10T~ 1 1 ~
:T(8) = — - —04+ - 2.54
VsT(s) Js §+ s 00 Jr55|m‘) [0} ¢ (2.54)

We see that our form for V/(F) yields the correct electric field (dropping the F subscript
onV because, on the left-hand side, it is obvious what coordinate V acts on):

—/

V() = /VdT,p(F/)‘:_ﬁ E(7) (2.55)

47eo
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Section 2.6 Review of Basics of Electrostatics: The Electric Potential

Comments on the Electric Potential

» The electric potential obeys superposition

Section 2.6.3

This is trivial consequence of superposition for the electric field: because the
electric potential is a linear function of the electric field, and integration is a
linear operation, superposition for the electric field transfers to superposition for
the electric potential. One can also see it from Equation 2.51, where the
potential is a linear function of the charge density.

Definition of potential offset

There are two typical choices. When the charge distribution is confined to a
finite volume, the electric field vanishes at infinity, which suggests one should
define the electric potential to vanish at infinity too. When the charge
distribution is not confined (e.g., a uniform electric field over all of space), it is
typical to choose the origin to be the point at which the potential vanishes. Any
other point would work, too, but will generally make the explicit functional form
of V/(F) unnecessarily complicated if one is interested in using the above integral
expression. There will be situations, however, where such a choice is the most
convenient.

Utility of the electric potential

The electric potential is scalar, not a vector, function, and thus applying
superposition to calculate the potential due to a charge distribution, followed by
taking the gradient to find the electric field, is usually much simpler than
explicitly calculating the electric field.

Comments on the Electric Potential
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Section 2.7 Review of Basics of Electrostatics: Aside on Techniques
Aside on Techniques

It is important to recognize how we almost uniformly avoided brute-force calculations
of divergences, curls, and gradients so far. The only times we did those calculations
explicitly were when we had rendered the calculations trivial. A key part of doing
E&M successfully and with minimal pain is avoiding algebra and calculus whenever
possible and instead making use of clever arguments of the type we used above. Only
do algebra and calculus as a last resort! There are two reasons for this.

First, the kinds of arguments we used are more physical and help you develop
intuition. For example, in proving the differential version of Gauss's Law, at no point
did we explicitly take derivatives of E1 Incredible, right? Instead, we proved that the
divergence of the 1/r? law is the delta function (again, not explicitly, but by referring
to the geometric proof we made for the integral version of Gauss’s Law) and used that
fact. We could have done the brute-force calculation in Cartesian coordinates, and it
would have given the same result. But you would have derived no intuition from it.

Second, brute-force calculations are prone to oversights — like the one about the sign
flip on V in the delta-function symmetry derivation — as well as bookkeeping
mistakes — algebraic sign flips, misapplications of the product and chain rules, etc.
Doing brute-force calculations does not help you understand physics, or even
mathematics. Of course, sometimes brute-force calculations are needed, but try to
avoid them, and keep your wits and intuition about you as you do them!

It takes time to learn how to work this way, but we do derivations (rather than just
quote results) so you can learn these techniques.
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Section 2.8 Review of Basics of Electrostatics: Boundary Conditions on the Electric Field and Potential

Boundary Conditions on the Electric Field and Potential

While Gauss's Law makes it possible to determine the electric field for charge
distributions with sufficient symmetry, the more important application of Gauss's Law
and the vanishing of V x E is to obtain generic information on the behavior of the
electric field and potential across an interface between two regions.
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Section 2.8 Review of Basics of Electrostatics: Boundary Conditions on the Electric Field and Potential

Boundary Condition on the Normal Component of the Electric Field

. Construct a Gaussian cylinder of infinitesimal height
f\:\\\/ / dz whose axis is normal to the interface under ques-

tion at the point of interest. Let n be the surface
m normal at 7, with orientation from region 1 to region
|

2. Let's calculate the flux through the cylinder's
(non-infinitesimal) faces S; and Sa:

WE

092 | F= [ da(=A(7)-E(P)
@© 1999 Jackson, Classical Elec- S1

trodynamics + / da ;)\(17) . EQ(F) (256)
Sz

where E is evaluated over the two faces. We neglect the flux through the cylindrical
wall because we will let dz vanish in the end and so its area will vanish and it will
contribute no flux. We momentarily make the assumption that there is no charge
density that is singular in the direction parallel to the interface — i.e., point charges or
a line charge density — so that we don’t have to worry about possible singularities in
the electric field that might complicate the flux calculation. We allow only a surface
charge density, which is delta-function singular in the z dimension but not in the
dimensions parallel to the interface.
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Section 2.8 Review of Basics of Electrostatics: Boundary Conditions on the Electric Field and Potential

For Gauss's Law, the volume integral of the charge density enclosed has two
contributions: from the non-delta-function-like volume charge density in the
half-cylinders and from any delta-function-like surface charge density on the surface.
The contribution of the former will vanish as we let dz — 0. The latter converts the
volume integral to a surface integral:

= é/vd'ré(?—S)a(F): é/sdaa(F) (2.57)

where & is the area at the interface intersected by the cylinder. (Note that this is a
case where the delta function’s argument requires some interpretation to understand
the delta function’s units. It is the S in the argument that implies the function has
units of m~1 rather than m=3: it is picking out a surface rather than a point and thus
changing the units by one power of distance, not three.) Equating the two expressions

for F, letting dz — 0, and seeing that S1,S> — S as dz — 0 in the flux integral yields

/dan (7 - Eg(?) El(F) /daa )] (2.58)

This holds for any choice of cylinder and thus any S, so the integrands must be equal:

A7) (B0 - ()] = = o) (2.59)

That is, the change in the normal component of the electric field across the interface
is proportional to the surface charge density at the interface. If there is no surface
charge at the interface, this component of the electric field must be continuous.
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Section 2.8 Review of Basics of Electrostatics: Boundary Conditions on the Electric Field and Potential

Let's now reconsider the condition we placed at the start of the derivation, that there
be no charge density at the intersection of the cylinder and interface that is singular in
the dimension parallel to the interface, which could consist of a set of point charges
and/or a line charge density.

If that charge density is not at the contour C consisting of the intersection of the
cylinder’s wall and the interface, then the flux of its field remains entirely calculable. It
may cause o(F) to have a delta-function singularity in one or two dimensions parallel
to the interface, but no part of the derivation fails. We simply allow that type of o(F)
in Equation 2.59.

If the parallel-dimension-singular charge density is on C, then things are bit more
complicated. If we consider the flux through the cylindrical wall anywhere but on the
charge density, that flux vanishes because the field of the charge density is always
parallel to the cylindrical wall as dz — 0. What about on the charge density?
Answering this question in a mathematically explicit fashion — i.e., by calculation —
is difficult, as the field not only becomes singular at this point but the direction of the
singular field depends on the direction from which one approaches the charge. One
can, however, conclude from this indeterminancy that there cannot be a contribution
to the flux, as it would imply that the field direction is not indeterminate so that n- E
can be nonzero. This is a mathematically valid proof by contradiction. Thus, such
charge distributions do not affect the derivation and Equation 2.59 continues to hold.

We will see the above expectation confirmed in practice when we compare the
potential for the point charge near the grounded sphere derived by method of images
(which does not rely on Equation 2.59 in the case of such a singular charge
distribution) and by separation of variables (which does).
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Boundary Condition on the Tangential Component of the Electric Field

.
A\

Construct a rectangular loop C with two legs normal
to the interface of interest (i.e., along n(F) at posi-
tions 7 and Fp) having infinitesimal length dz and
two (non-infinitesimal) legs parallel to the interface
C1 and Cp. Let (7) denote the normal to the loop
area (so A(F) - t(F) = 0). t will set the orientation
of the line integral we will do around the loop fol-
lowing the right-hand rule. The loop legs C; and
\ C, parallel to the interface are parallel to the vector
// 5(F) = t(F) x A(F). Let’s calculate the line integral

@© 1999 Jackson, Classical Electrody-

D

of E along this loop (referencing the diagram: 7; at

namics the lower right, 7}, at the upper left):
. B-AN% R BHAR % .
fd@- E(F) = Ei(F)-dt+ Ex(F) - de (2.60)
c Cr,7—A(F) % Co Pyt A(F) &

where we neglect the contributions from the infinitesimal legs because they will vanish
as dz — 0. (We may apply arguments similar those just used in the derivation of the
normal field boundary condition to show that these legs contribute nothing even in the
case of a charge density at the interface with a delta-function singularity in the
dimension parallel to the interface.)

Section 2.8.2 Boundary Condition on the Tangential Component of the Electric Field
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Section 2.8 Review of Basics of Electrostatics: Boundary Conditions on the Electric Field and Potential

Be careful about the signs of the integrals: d? for an open contour acquires its
orientiation from the the ordering of the endpoints; it has no intrinsic orientation until
this ordering is specified. Therefore, the sign of d? and of the endpoint ordering do
not multiply; they are redundant. Specifically, in this case, the endpoints imply that
d? points along +5 for the second term and —5 for the first term and thus that the
integrands have opposite sign. Do not then think that the opposite polarity of the
endpoint ordering of the two terms implies another relative sign between the two
integrals, with the two relative signs canceling!
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The vanishing of the curl of the electric field implies the left side of the equation is
zero.

We can combine the two terms on the right side by changing the endpoint ordering on
the first term and recognizing that C; — C> as dz — 0 (remember: C; and C>
themselves have no orientation: the orientation of the line integrals is set by the
ordering of the endpoints). Thus, we have

BeRNgE AL UL > dzm0 [T 7z = 7
0= _/ CGE de+/ CIGREG d:>0/ [ - (7] - o2
c C2,75

1.7H—A" % Co, Tk A(F) &

With this ordering of the endpoints, we may identify df = 5(7) ds. Since the contour
Cy is arbitrary, the integrand must vanish, yielding

57 [E(R) - B((M] =0 (2.61)

This expression holds for any t and thus § parallel to the surface, so it tells us that the
tangential component of the electric field is continuous across any boundary
(regardless of whether there is surface charge present).
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Section 2.8 Review of Basics of Electrostatics: Boundary Conditions on the Electric Field and Potential

Boundary Conditions on the Electric Potential

From our definition of the electric potential as the line integral of the electric field, and
the corollary E = V'V, we can derive boundary conditions on the electric potential:

» Continuity of the electric potential
The electric potential is the line integral of the electric field. If we think about
calculating the discontinuity in V' by integrating E -7 d¢ across the boundary, we
recognize that, as the length of the path goes to zero, the only way to prevent
the integral from vanishing is if E-7Ais not only nonzero but delta-function
singular. The only place that can conceivably happen is at a point where a
charge density becomes singular in at least one dimension (point charge or linear
or surface charge density). In the same way as we argued in the derivation of
the normal field boundary condition, Equation 2.59, we may also argue here that

—

this quantity E - 7 still vanishes and thus V is always continuous.

We do note that, while V' could become infinite near these charge densities, it
must approach infinity from both sides of the boundary in the same way, and
thus it remains continuous. We will see this in the example of the point charge
near the grounded sphere when we do separation of variables in spherical
coordinates.
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» Change in the normal gradient
This is just a direct rewriting of the boundary condition on the normal
component of the field, Equation 2.59:

2 o) = (0 [£7) ~ E:(7)] = A7)+ [~ V() + TV ()

— | () [$Va(A) - FW(A)] =~ (7 (2.62)

€o

Note the sign!

» Continuity of the tangential gradient
Again, this follows directly from the continuity of the tangential component of
the electric field, Equation 2.61:

0=3(7) - [B(7) — Eu(R)] =5(7- [~V va(A) + V(7]

— |5 [va() - Ywa(A)] = 0 (2.63)

Section 2.8.3 Boundary Conditions on the Electric Potential
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Section 2.9 Review of Basics of Electrostatics: Poisson's and Laplace’s Equations

Poisson’s and Laplace’s Equations
It is natural to rewrite Gauss's Law in terms of the electric potential:

LA = ¥ -E(7) = -v2v(P) (2.64)

€o

Rewritten more cleanly:

V2V(7) = —é o(7) (2.65)

This is known as Poisson’s Equation.

Poisson’s Equation is a partial differential equation. You know from basic calculus that
a differential equation alone is not sufficient to obtain a full solution V/(F): constants
of integration are required. For partial differential equations in multiple dimensions,
the constants of integration are given by specifying boundary conditions, conditions for
how the solution or its derivatives must behave on the boundary of the volume in
which we are specifying p(7) and would like to determine V(7).
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Our expression for the potential in terms of the charge distribution, Equation 2.51, is
the explicit solution to this equation for a particular boundary condition, V(F) — 0 as
r — oo. Section 3.11 will develop the concept of a Green Function, which is the
generic tool for solving Poisson’s Equation for arbitrary boundary conditions.

When there is no charge and the right side vanishes, Equation 2.65 is known as
Laplace’s Equation. The importance of this equation is that it implies that, in a region
where there is no charge, the second derivative vanishes everywhere, which implies
there can be no local maxima or minima (they would require a positive or negative
second derivative). We will prove this explicitly in Section 3.1.

For completeness, let's also rewrite the curl-freeness of the electric field in terms of
the electric potential. There is a mathematical theorem that the curl of a gradient
always vanishes:

Vx(-VV)=0 (2.66)

This is not surprising, as the vanishing of the curl of E is the mathematical property of
E thatﬂallowed us to define the potential as a line integral, which then allowed us to
write E as the gradient of the potential. The above must be true for self-consistency.
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Section 2.10 Review of Basics of Electrostatics: Electrostatic Energy

Electrostatic Energy
Electric Potential Energy of a Point Charge in an Electric Field

Consider moving a point charge from 7/ to 7 along a contour C. The work done on
the charge by the mechanical force pushing it in this direction is given by doing the
line integral of the negative of the electric force along the path because that is the
mechanical force that has to be exerted to move the charge against the electric force
Fe:

R L (2:67)

c.A
The force is related to the electric field, and so we have

Wi = —q [* dl £ = q [V(5) - V(R) (2:68)

C,i

That is, the work done on the charge by the mechanical force in going from 7 to 7 is
given by the charge times the change in electric potential between the two positions.
Note the sign: if the potential is higher at the end point, then the mechanical work
done was positive.
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Of course, this lets us to define the electric potential energy by

[U(R) - U(R) = a [V(5) - V()] (2.69)

That is, the electric potential energy of the charge and the electric potential of the
field are simply related. Since it was defined in terms of work done against a force,
electric potential energy obviously has units of Joules (J). That is explicit in the above
form, which is C (N m/C) = (N m) = J.

Note that the electric field can also do work on the charge. In this case, the sign in
the above line integral for the work is flipped and work is done as the charge loses
potential energy. In this case, the work done by the electric field on a charge is what
gives it the kinetic energy it has at the end: the electric potential energy is converted
to mechanical kinetic energy.

We are not going to write an expression for the potential energy of a continuous
distribution of charge quite yet because it is difficult to distinguish two pieces: the
change in potential energy that arises from moving the charge distribution in an
external potential, and the change in potential energy due simply to a reconfiguration
of the charge distribution in its own potential, and we will discuss the latter next.
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Section 2.10 Review of Basics of Electrostatics: Electrostatic Energy
Electric Potential Energy of a Charge Distribution

How much work must be done to assemble a distribution of charge? This energy is
most easily understood by first considering the assembly of a set of point charges
one-by-one by bringing them in from infinity. When the ith charge is brought in, work
must be done against the electric field of the first i — 1 charges. Put another way, the
ith charge starts with zero potential energy and ends with potential energy

i—1

1 .
U= Z qi ——— % (2.70)

st 4eo |17 — Tjl

Thus, the total potential energy is

N i—1 N
Yy Loy I (271)
47T€0 i=1 j=1 |’7_’7‘ 87r60 ,-’jzly,-#jm_m

where the factor of 1/2 was introduced to allow i and j to both run from 1 to N.
Generalizing this to a continuous charge distribution, we have

smo/ / dr ’plrf)_p;ll) (2.72)

Section 2.10.2 Electric Potential Energy of a Charge Distribution Page 66

Uf




Section 2.10 Review of Basics of Electrostatics: Electrostatic Energy

In principle, the above expression is valid for any configuration of charge and potential.
But sometimes we do not specify the charge distribution sourcing part of the potential
— e.g., a uniform electric field over all of space — and, instead, we just state what
the potential is. We can then generalize the above expression to:

87r€o

/dT/ dr BT F)pq,‘ +/ d7 p(F) Vexe (7) (2.73)

IF—

where Ve (F) is the potential sourced by charges not explicitly indicated.

One has to be a bit careful with such situations, though, for two reasons. First, the
potential energy provided is not the total electric potential energy of the system
because it does not include the energy needed to put Vex:(F) in place, only the energy
needed to put p(F) together and to put it in Ve (F). More importantly, because the
charges sourcing Vext(F) are at infinity, it is not possible to start p(F) out at infinity
with zero potential energy there and then bring it into the charge configuration. We
define the zero point for Vex:(F) for convenience, e.g., at the origin, but only changes
in the second term above are meaningful; the actual value of the second term is not.
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Electric Potential Energy in Terms of the Electric Field

We can use the relations between potential, field, and charge density (Equations 2.6,
2.51, and 2.65) and the divergence theorem (Equation 2.20) to obtain an alternate
expression for the electric potential energy in terms of the electric field as follows (now
disallowing any “external potentials” Vex(F) of the type mentioned above, requiring
us to have knowledge of all charge distributions sourcing potentials):

/dr/d 20 p(7) E/VdTp(F)V(F):f%O/VdT[V2V(F)] V()

87‘(‘60 [F— 7| 2
ibp 620 dr . [ G VV(F)] / [VV(A)|? with - integration by parts
divergence
" . -
theorem €0 dafi- [V(F) E(f)] + %’/ |VV(F)|2 (2.74)
v

s(V)

In the last line, the first term is an integral of the product of the potential and the field
at the surface of the volume. In order to get the full energy of the charge distribution,
VY must include all the charge. If we assume the charge distribution is restricted to
some finite volume, then V is naturally the volume containing the charge distribution.
But we can add volume that does not contain charge because it contributes nothing to
the initial expression for the electric potential energy. (This requirement of restriction
of p(F) to finite volume is exactly the requirement of no external potentials.)
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Therefore, we replace V with all of space and let S go to infinity:

U= i"/ dair- V(7 E()] + %"/ [V V(7)2 (2.75)

2 all space

Because the charge distribution is restricted to the finite volume V and thus looks like
a point charge as r — oo, the field and potential fall off like 1/r? and 1/r. The surface
area of S only grows as r?, so the integral goes like 1/r and thus vanishes as r — oco.
(If the charge distribution is not restricted to a finite volume, the surface term may

not vanish, requiring one to either keep the surface term or use the initial expression.)

It may seem strange that we can make this choice of S, as changing V and S affects
both integrals in the last expression. The explanation is that the choice of S changes
the two integrals but leaves their sum constant, and taking S to infinity simply zeros
out the first integral, leaving only the contribution of the second integral.

We thus find

u="% [IEDP (276)

where the integral is over all of space. Correspondingly, the quantity u = %" \EF is an
energy density. We interpret this form as indicating that the potential energy created
by assembling the charge distribution is stored in the field: less charge implies a
smaller field and therefore less potential energy.
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Superposition and Electric Potential Energy

Because the electric potential energy is a quadratic function of the charge distribution
or the electric field,

electric potential energy does not obey superposition

The energy of a sum of fields is more than just the sum of the energies of the
individual fields because there are cross terms due to the potential energy of the
charges in one another’s fields.
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Self-energy and Point Charges vs. Continuous Charge Distributions

We were slightly cavalier in going from Equation 2.71 to Equation 2.72 in that the
“self-energy” term i = j that was not included in the former did get included in the
latter. In the point-charge version, this term is infinite because the denominator
vanishes. In the continuous distribution version, p(7) p(¥’) dT — 0 as |F— 7’| = 0 as
long as p remains finite over all space, and thus there is no infinite contribution. (If p
included a delta function, as would be necessary to represent a point charge, then it
would produce an infinite contribution because the integral would yield §(0)/0.) Thus,
we must be careful and choose the appropriate formula depending on the situation.

The infinite self-energy of a point charge reflects the fact that we do not know how to
assemble a point charge. In fundamental particle physics, the existence of point
charges such as the electron is an assumption, not a consequence, of the theory. In
fact, there is scheme, called “renormalization,” by which the infinite self-energy one
calculates for such a charge from Equation 2.76 is “subtracted off” in a self-consistent
fashion across all situations. While this practice is accepted and applied carefully, it is
not understood. String theory, which postulates that all particles are actually vibrating
string-like objects with finite extent, may offer a solution, but string theory currently is
not complete — it does not offer a way to calculate the Standard Model — and there
is no explicit proof it is correct.
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Electric Conductors
Definition and Behavior of a Conductor

We now talk about electric conductors, both because they are interesting and because
they provide a first opportunity to use boundary conditions to determine properties of
the charge distribution, field, and potential. Notice that we derive these properties
without explicit calculations!

An electric conductor is defined to be a material in which charge is able to flow
completely freely in response to an external electric field. It is assumed, a priori, to
contain equal and opposite amounts of positive and negative electric charge that
perfectly cancel everywhere in the absence of an electric field (p = 0) but that can
separate in response to an electric field. One can add charge to a conductor explicitly.

Without any calculation, we know what the response of the conductor will be to an
externally applied electric field: If there is any field present in the conductor, positive
and negative charge densities will separate in response to the field. That separation
results in an additional field whose direction is opposite the applied field because of
the directions the two polarities of charge move in response to the applied field. This
movement occurs until the sum field vanishes, at which poigt there is no further force
on the charges and the system becomes static. Therefore, E = 0 inside any conductor.
Note the lack of distinction between the applied field and the field created by the
charges: each charge is only sensitive to the total field, so it is the total field that
must vanish inside the conductor. The charges arrange themselves so their
contribution to the total field cancels that of the applied field.
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Section 2.11 Review of Basics of Electrostatics: Electric Conductors

Derived Properties of a Conductor

We may derive the following conductor properties from the fact that E =0 inside a
conductor everywhere:

> p also vanishes inside a conductor

Section 2.11.2

This follows directly from Gauss's Law: because E=0 everywhere in the
interior, then V - E = p/e, also vanishes.

Another way of seeing this, at least for a conductor with no net charge, is that,
if there were a nonzero p, then there must be an equal and opposite amount of
charge elsewhere in the conductor because the conductor is neutral overall. An
electric field would_appear between the oppositely signed charge distributions,
contradicting the E = 0 condition. Alternatively, the opposite charge will be
attracted to the nonzero p by the field and move to cancel it until the field
vanishes.

Derived Properties of a Conductor
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Section 2.11 Review of Basics of Electrostatics: Electric Conductors

» Any net charge or induced charge resides on the surface

Section 2.11.2

The picture we described before, of charge separation being induced by the
external field, does imply that there may be such induced charge on the surface.
This does not violate Gauss's Law because E may be nonzero outside the
conductor and thus one has to be careful in calculating V - E at the conductor
boundary (we must resort to the boundary conditions we derived,

Equations 2.59 and 2.61).

Also, if we intentionally add charge to a conductor, it must also move to the
surface by the same Gauss's Law argument. An alternative, microscopic way of
seeing this is that, if we add charge to a neutral conductor, which has no
electric field or charge density in its interior, the added charge repels itself,
pushing itself to the exterior (as far as it can go without leaving the conductor).
Or, equivalently, the added charge attracts charge from the surface to cancel it,
leaving net charge on the surface. Regardless, the added charge that now
appears on the surface arranges itself so there is no net field in the interior.

Aside: As Griffiths notes in a footnote, this property can be interpreted to be a
consequence of the fact that the electric field obeys the Coulomb’s Law 1/r?
dependence in three dimensions (from which we derived Gauss’s Law, which we
used above in the proof). In a different number of dimensions, or with a
different dependence on r, we would not have been able to derive Gauss's Law!
There will be a homework problem considering conductors when Coulomb’s Law
is modified.

Derived Properties of a Conductor



Section 2.11 Review of Basics of Electrostatics: Electric Conductors

» A conductor has the same electric potential everywhere

Section 2.11.2

That is, a conductor is an equipotential. This occurs because E vanishes
everywhere in the conductor: any line integral of E between two points must
therefore also vanish. The conductor may have a nonzero electric potential, but
the value is the same everywhere.

One can see this using the gradient, too. If V were not constant in the
conductor, there would be a nonzero E= —VV which we said above is not
allowed.

The electric field just outside a conductor is always normal to its surface
This arises from the boundary conditions we derived, Equations 2.59 and 2.61.
Since E vanishes inside the conductor, and the tangential component of E'is
continuous across any interface, the tangential component must vanish just
outside the conductor, too. There is no such condition on the normal component
because there may be an induced or net surface charge density o on the surface.

Another way of looking at this is is that an electric field tangential to the
surface would cause charge to move along the surface until that tangential
component vanished. No such argument applies to the normal component
because the charge is no longer free to move normal to the surface when it sits
at the surface — it cannot leave the conductor.

Derived Properties of a Conductor
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Conductors with Cavities

The mental image we have so far is of a conductor that has no cavities inside of it.
What additional properties can we derive for a conductor with cavities?

» A charge q inside a cavity in a conductor results in an equal induced charge g
on the surface of the conductor

Goussian To see this, construct a SL_jrface S th:?lt lies inside th_e
surface F conductor but also contains the cavity. The electric
field vanishes on S because it is in the conductor,
so the net charge enclosed must vanish. Since a
charge q is inside the cavity, there must be a cancel-
ing charge —q inside S. Since S can be shrunk to be
arbitrarily close to the inner surface without chang-
Conductor ing this statement, the induced charge must lie on
the inner surface of the cavity.

(@© 2013 Griffiths, Introduction

to Electrodynamics

Since —q has appeared on the inner surface, we know, by neutrality of the
conductor, there must be a charge +q elsewhere on the conductor. If we now
expand S to approach the outer surface, the above statement about —q inside
S continues to hold, so the only place +q can be is on the outer surface.
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Section 2.11.3

The exact distribution of g on the surface depends on the geometry. For cases
with some symmetry, we may be able to guess the solution easily.

Consider a conductor with a spherical outer surface. Since there are no field
lines inside the conductor, there is no way the charge in the cavity or on the
inner surface of the conductor can influence the distribution of charge on the
outer surface, even if the inner cavity is non-spherical and/or the charge is not
placed at the center of the cavity. Thus, the charge must distribute itself on the
outer surface of the conductor in the same way as it would if charge 4+q were
added to a spherical conductor with no cavity. By symmetry, that distribution is
uniform with surface charge density o = q/4 7 r.

Note, however, that, in general, the charge on the inner surface of the conductor
will not be distributed uniformly. It will only be uniform if the inner surface is
spherical and the charge in the cavity is at the center of the cavity, as this
situation has symmetry. (Note that the shape of the outer surface and the inner
cavity's location with respect to the outer surface have no impact, for the same
reasons as the inner cavity does not affect the distribution of charge on the
outer surface.) In any other case, the field lines from the charge in the cavity
will exhibit no symmetry as they terminate on the cavity wall and therefore the
surface charge required to cancel those field lines in the conductor will have no
symmetry.

Conductors with Cavities
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> If there is no net charge inside a cavity in a conductor, the electric field inside
the cavity vanishes, independent of the external field applied to or net charge

Section 2.11.3

added to the conductor

(© 2013 Griffiths, Introduc-

tion to Electrodynamics

We use proof by contradiction. Assume there is a
nonzero electric field in the cavity. Since there is no
charge in the cavity, the field lines must start and end
on charges on the surface of the cavity. Therefore,
there is a path through the cavity with [d¢- E #
0. Now close the path with a segment inside the
conductor. This portion of the now-closed loop C
contributes nothing to the line integral fc d{- E over

the entire loop _because E = 0 inside the conductor.
Since fc dl¢ - E = 0, the contribution from inside
the cavity must vanish also. Contradiction. So the
assumption E # 0 in the cavity must be false.

Aside 1: Note the technique of proof by contradiction, which we will use again

in E&M.

Aside 2: This fact is used for shielding of experiments from external electric
fields (and also electromagnetic waves) and is called a Faraday cage. Note that
the conductor can have some net charge on it (and correspondingly sit at some
nonzero electric potential with respect to infinity) and this property still holds.
As we will see later, it also holds in the presence of external electromagnetic
waves, which is the more typical and important application.

Conductors with Cavities
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Surface Charge and the Force on the Surface of a Conductor

Our boundary condition for the normal component of the electric field combined with
the fact that the electric field vanishes inside a conductor tells us that the electric field
infinitesimally above the surface of the conductor is

E=Z% (2.77)

€o
where 0 points from the inside to the outside of the conductor.

There is a charge density o at this point, and an electric field above it, so is there a
force on the charge? Yes, but the calculation is subtle. The thing to recognize is that
the small element of charge o da in an infinitesimal area da cannot exert a force on
itself. The field to which this element of charge is subject is the field of the charge
distribution excluding it. We find this field by finding the field of this charge element
and subtracting it from the total field. This is an example of one of the indirect
approaches we must apply in E&M: a brute-force approach will not be successful or
generic.
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We know (Griffiths Example 2.5) that the electric field of a charge sheet in the xy
plane is E = +(0/2€0) Z where the sign applies depending on whether z > 0 or z < 0.
While the small patch we are considering is not an infinite sheet, it looks like one if we
are infinitesimally close to it. We also know E,per must be continuous at the charge
element because, in the absence of that charge element, there is no charge at the
boundary and thus no surface charge density to cause a discontinuity in the normal
component. (Note that we do not claim we know Egpe,, only that we know that it
has this continuity property!) Thus, we may write the equations

- _ o — -

g .
Eoutside = Eother + —— 1 Einside = Eother — —— 1 (2-78)
2¢o 2¢o

where l::othe, is the field due to the rest of the charge distribution excepting da and,
because of its continuity, the same expression for E,pe, appears in both equations.
(Note this technique, which you learned doing story problems in middle-school
pre-algebra, of writing down an equation in which the knowns are not segregated on
one side yet.) Using Eoptside = (o/€o0) M and/or Enside = 0, we find Epghey = (0/2€0) .
This is the field that acts on the charge o da in da. Therefore, the force per unit area
is

Q

(2.79)

3)

1?: = =0 n=

F oda Eothe, o
d. da 2¢o

N
™
o
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Writing the force per unit area in terms of the field at the surface E = (o/e,) 7

A= > E%2R (2.80)

That is, the surface of a conductor always feels an outward force. Consider what
would happen if you put charge on a balloon with a metallized surface.

Note the force per unit area, which has units of energy density, is actually equal to the
energy density just above the conductor. We could have in fact used the energy
density to derive the force: the force per unit area is the gradient of the energy per
unit area, and moving the conductor surface in or out by an infinitesimal distance dz
would have changed the total energy per unit area by udz.

Note the indirect technique of proof. Again, we did no integral and we did not use
Coulomb’s Law explicitly.
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Section 2.12 Review of Basics of Electrostatics: Capacitors and Capacitance

Capacitance

Consider two conductors (of arbitrary shapes) and suppose we put equal and opposite
charges Q and —Q on them. The potential difference AV between the two is of
course given by the line integral of the electric field from any point on the surface of
one to any point on the surface of the other. How does AV scale with the charges?

The linear dependence of E on the charge density p ensures that AV is linear in Q.
Therefore, we may define the capacitance

(2.81)

Capacitance is a purely geometric quantity: it does not depend on the amount of
charge on the two conductors (as long as equal and opposite charges are given to
each, a caveat we will remove soon). It does depend on the shapes of the conductors
and their relative position and orientation because those determine the shape of the
electric field (while Q varies its normalization). The unit of capacitance is
Coulombs/volt, which we define to be the Farad, F.

One can talk about the capacitance of a single conductor with charge Q by implicitly

assuming there is another conductor at infinity that has charge —Q and is defined to
be at V = 0.
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Section 2.12 Review of Basics of Electrostatics: Capacitors and Capacitance

Now departing from Griffiths and instead following Jackson §1.11, we can generalize
capacitance to include multiple conductors by simply assuming a generalized linear
relationship between potentials, which we also call voltages, and charges as we argued
above must be true:

N
Vi=) DjQ o V=DQ (2.82)
j=1

where V and Q are N-element column matrices for the voltages and charges on the N
conductors and D is a N x N matrix that connects the two. It is explicit that any
voltage depends linearly on all the charges. The capacitance matrix is then C = DT,
with -

N
Q=> GV, o Q=CV (2.83)
j=1

This form serves to make it clear that the capacitance is not just a single quantity
between two conductors, but is more general. According to Jackson, the diagonal
element Cj; is the “capacitance” of electrode /, and the Cj; are termed the “coefficients
of induction” to convey that they indicate the charge induced on electrode i when a
voltage is placed on electrode j. We will show below that neither of these is what one
would consider the capacitance of a pair of conductors as we discussed initially.
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In all of this, there is an implicit assumption that V(r — oo) = 0. Without this
assumption, we would always need to explicitly include the electrode at co (with an
additional index in C and 2) in order to get the right offset for V.

To calculate the capacitance or the capacitance matrix, one clearly needs to determine,
given a set of charges {Q;}, what the voltages {V;} are. To do this trivially, there
typically must be a symmetry or approximation that allows one to guess the charge
distributions on the conductors (e.g., uniform as for an infinite parallel plate capacitor)
and to calculate the field using Gauss's Law and from the field the potential. For more
complex geometries, the boundary-value problem techniques we will develop may be
sufficient. The total charge on each electrode normalizes the voltage.
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For the simple case of two mirror-symmetric electrodes with equal and opposite
charges +Q and voltages +V/, we can relate the elements of the capacitance matrix to
the pair capacitance, which is what we usually call the capacitance (e.g., in Phlb).
We can assume the following form for the capacitance matrix:

. C —Cn
c= [ & ] (2.84)
Why could we assume the above form? The symmetry of the system implies

C11 = Cy2. We shall see below that all capacitance matrices are symmetric matrices,
so Cip = (1. We chose the negative sign on Cio = —Cp, with some foreknowledge of
the result, but that's a choice and doesn’t affect the value of Ci».
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The defining condition of the pair capacitance is that equal and opposite charges are
placed on the two conductors. By symmetry, we can conclude that the conductors
carry equal and opposite voltages (not true for a non-mirror-symmetric configuration).

Thus
Q=GCVi—CnhVo=GCV —Cn(—V)=(C+ Cn) V (2.85)
Q=-CaVi+CGVo=—-ChV+GC(-V)=—(C+ Cpn)V (2.86)
which yields @ = —Q; = —Q as assumed. Thus, the capacitance of the pair is

_ Q@ _(GHCmV _ CG+Ca
T AV 2V - 2

(2.87)

After we have discussed energy, we will return to this system for a more detailed
analysis of what one can say about Cs and Cp,.
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Capacitance and Field Lines

Let's also think about capacitance in terms of field lines. The diagonal element Dj;
tells us the potential of electrode i if we put charge on it and no other electrodes. That
potential is the line integral of the field from infinity to the electrode, so it is telling us
about the field lines going from the charge on that electrode to infinity (or to/from if
the charge is negative). The off-diagonal elements Dj; tell us how the potential of
electrode j changes when charge is put on electrode i. This makes sense, as that
charge on i will change the overall field configuration, also due to the addition of the
field lines that must start from or end on its charge, and that change will affect Vj.

The elements of C are interpreted differently. When we put one electrode i at a
voltage while holding the others fixed (possibly at zero), charge must be added to that
electrode. The diagonal element Cj; tells us how much charge must go onto the
electrode, and that charge sources field lines. The off-diagonal elements Cj; then tell
us how much charge must appear on the other electrodes so their voltages V; remain
fixed. This reflects the fact that some of the new field lines starting (or ending) on
electrode i due to the new charge on it must end (start) on some of the other
electrodes j, and in fact tells us how much charge must be added to those other
electrodes to terminate those new field lines.

As a corollary, an off-diagonal element of D or C can only vanish if there is no mutual
influence of the two electrodes. For simply connected electrodes (i.e., none of the
electrodes have cavities inside them), it is hard to see how this could happen unless
they are infinitely far apart!
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Electric Potential Energy of a Capacitor

In a simple two-electrode, mirror-symmetric capacitor with charges +-q on the
electrodes and a voltage difference AV = q/C between the two electrodes, the
amount of work required to change the charge from g to g + dgq is given by the
amount of work required to move a charge dq from the negative electrode (which has
charge —q and voltage —AV/(q)/2) to the positive electrode (which has charge +q
and voltage +AV/(q)/2):

dU = dq {%(C’) - (—%(q))] = AV(q)dq = % dq (2.88)

Note that AV is a function of g here: the voltage is not held fixed while the charge is
moved; rather, the voltage and charge increase together (linearly).
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We integrate this expression from 0 to the final charge Q to find

1 /9 1 Q2
U= = dg == 2.89
C/qu 5 C (2.89)

Alternatively, using Q = CAV,

_1@ 1 2
U=3 - =5C@v) (2.90)

N | =

We could have modeled the above process differently. Our transferral of dg from one
electrode to the other is the equivalent of taking charge dg from the negative voltage
electrode, carrying it out to infinity (where we set V = 0), and bringing it back and
putting it on the positive voltage electrode. The equivalence is because the voltage
difference between two points is path-independent. This process is, then, equivalent to
bringing charges dg and —dgq in from infinity and putting them on the positive and
negative voltage electrodes, respectively. And the last process is equivalent to bringing
the charges in consecutively rather than simultaneously because we proved earlier the
potential energy does not depend on the order of assembly of the charge distribution.
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The above picture is what we need for considering a multi-electrode system: we build
up the charge on each conductor by bringing in charge from infinity and calculating the
work done. Consider bringing charge dg; in from infinity and adding it to electrode i.
The change in the electric potential energy of the system due to adding this charge is

N
dU; = V; dg; = > _ Dj q; dg; (2.91)
j=1

There are two possible double-countings we must avoid: 1) This infinitesimal element
of charge dg; is moved from V = 0 at infinity to V = V; on the ith electrode, so the
voltages of the other electrodes are irrelevant during this infinitesimal charge transfer
and we should not bring them into the equation; 2) Because the charges on all the
other electrodes j # i are physically immobile as dg; is brought in, no work is done on
them, and so there are no other contributions to include (as strange as it may seem
given that their voltages change by dV; = Dj;dg;; remember, a force must be exerted
over a distance for it to do work).

Section 2.12.3 Electric Potential Energy of a Capacitor Page 91



Section 2.12 Review of Basics of Electrostatics: Capacitors and Capacitance

Now, let's integrate over dg;. We will later do a sum over i. The ordering of the two
steps does not matter because we proved earlier that the electric potential energy does
not depend on the order of assembly. But we do need to worry about the order of how
we have brought in the charges because we should not calculate cross-terms for
charges that do not yet exist. Let's assume that, if we are integrating the ith charge,
then the first i — 1 charges have already been integrated to their full values {Q;},
j=A{1,...,i—1}, and the remaining N — i electrodes j = {i +1,..., N} have no
charge on them yet. Thus, the voltage V;(gi; {Q;};<i) is given by

i—1

Vi(aii {Q}<i) Z Djj g; = Di; q; + Z Dy Q (2.92)

Jj=1

because q; = Q; has already been achieved for j = {1,...,i — 1}, gj = 0 for
Jj={i+1,...,N}, and q; # Q; is still being changed. Therefore,

i—1

Qi Qi
:/O Vi(qi?{Qj}j<i)dqi:/0 Dy g da + ZDu Q; daj

AN

i—1

1
=5 DiQ +3_D;iQQ; (2.93)
j=1
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Next, we need to sum over / to account for the charging up of all the electrodes:
ZQ,QQ +ZZDUQ,QJ (2.94)
i=1 j=1

Modifying the second sum to be symmetric (assuming D is symmetric, which we will
prove below) and including a factor of 1/2 to correct for double-counting, we have

N N
1 1
=32 D@5 Y Dy = §jDUQ,oJ
i=1 i,j=1,i#j ij=1
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We can write this more succinctly as

U= Q'c'Q (2.95)

N =

Q'DQ=

N~

Using Q = C V, we can rewrite as

vicv (2.96)

Let’'s check that this gives the correct result for an elementary capacitor with two
mirror-symmetric electrodes having equal and opposite charges +@Q and voltages +V.
Using the capacitance matrix we derived earlier (recall, Ci11 = Cop = G,

Cip = CG1=—Cp,and C = (Cs + Cm)/2),

U= = [Cu(+V)* + Ca(—=V)* + Ca(+V)(=V) + Ca (- V)(+V)]

== V2[C4+C+Cn+Cn]l=2CV2= % Cc(AV)? (2.97)

NI= N =

as expected.
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Properties of the Capacitance Matrix and Its Inverse

We can derive a number of useful properties:

> Both C and D are symmetric.
Let's consider two electrodes, i and j with i # j. From Equation 2.93, their
contribution to the potential energy, assuming j has been charged up before i, is

1
Uy = 5 (DiQ? + D;QF) + D;Q; @ (2.98)
What happens if we reverse the charging order? Then we get
U: = 1 (D'-Q2 + D~Q2) + D; Q; Q; (2.99)
ji = 5 \FiiKi i Y ji i N :

In our initial discussion of the electric potential energy, we argued that the
charging order does not matter. So we may equate the two, U; = Uj;.
Recognizing that Q; and Q; are arbitrary then implies

T

Dj=D; <= D'=D <+ (2.100)
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» The self-capacitances C;; are positive.

Section 2.12.4

We need only consider the energy in the case that all other electrodes are held
at zero potential. Then the energy is

1
U;(all others grounded) = 5 Ci V? (2.101)

Since the energy should be positive (it takes work to add charge dg; in the
presence of the same-sign charge g;, as is done when charging up the electrode),
C;; must be positive.

The diagonal elements of the inverse capacitance matrix, Cii_l = Dj; are
positive.

Now, we consider the energy in the case that all other electrodes are kept
neutral. Then the energy is

1
Ui(all others neutral) = 5 D Q? (2.102)

Again, since the energy should be positive, D;; must be positive.

Properties of the Capacitance Matrix and lts Inverse
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» The off-diagonal elements of the inverse capacitance matrix Cijl = Dj; are

Section 2.12.4

positive.

Now, let's consider two electrodes i, j in a multi-electrode configuration, with all
the other electrodes uncharged. Let's suppose electrode i is already raised to its
final charge, and now we want to consider the work needed to increment
electrode j's charge:

dU; = Dj; q; dq; + Dj; Qi dq; (2.103)

(The self-terms and cross-terms vanish for all the electrodes k # i, j because
they have Q, = 0.) If we consider the case of Q;, g; positive, and if we bring in
more positive charge dg;j, it is obvious that both the change in the jth
self-energy and the energy cross-term should be positive: we are bringing
positive charges in proximity to existing positive charges. (While the existing
charge might move around on the electrodes, those electrodes are conductive
and so are equipotentials: no work is done.) We already know the self-energy
terms are positive. In order for the energy cross-term to be positive, D;; must be
positive. In the mirror-symmetric electrode case, we would see via explicit
inversion of C that D’s off-diagonal elements are positive.

Another way to see that the cross-terms must be positive is to recall that the
entire expression must be consistent with our original expression for the electric
potential energy, Equation 2.72. That expression could be broken down into
three integrals, one for each self-energy term and one for the cross-term. When
the charge density is positive, all contributions to that expression are manifestly
positive.

Properties of the Capacitance Matrix and lts Inverse
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> The off-diagonal elements of the capacitance matrix C;; are negative.

Section 2.12.4

Let's consider the same multi-electrode system with electrodes k # i, j grounded
(i.e., Vk = 0), electrode i at its final positive voltage V;, and electrode j's
voltage being incremented from v; to v; 4 dv;, both positive. The change in
energy is

dUj = Cjj vj dvj + Cj; Vi dy; (2.104)

We already know the first term is positive. The second term is more
challenging. If we want to increment a positive voltage v; by a positive amount
dv;, we need to put positive charge on it. This positive charge will draw
negative charge out of the battery holding V; constant: some of the field lines
of that new charge on electrode j have to terminate on electrode i if Cj; is
non-zero. Again, from Equation 2.72, we know that contribution to the electric
potential energy must be negative even if V; is positive. Thus, the energy
cross-term must be negative, which requires Cj; to be negative. (If V; is
negative, that implies Q; is negative. It takes positive work to add negative
charge to an electrode that already has negative charge on it, so Cj; < 0 ensures
the cross-term becomes positive, as it should.)

Properties of the Capacitance Matrix and lts Inverse
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>

Section 2.12.4

|22, Cijl < 1Gj|: for a given electrode, the sum of the off-diagonal elements
of the capacitance matrix is no larger in magnitude than the corresponding
diagonal element.

Just consider the same situation as just considered. The change in the charge
on the jth electrode is dg; = Cj; dv;. The field lines from those added charges
will terminate either on other electrodes or infinity, so the total negative charge
added to all the other electrodes can be no larger in magnitude than |dg;|.
Therefore,

Sda= Y G| <= Gyl = |G| < |G| @1os)
i#] i#j i)

Properties of the Capacitance Matrix and lts Inverse
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Capacitance Matrix of a Mirror-Symmetric Configuration Revisited

Considering again a mirror-symmetric two-electrode configuration, we now know
Cs > Cp > 0, and we know the pair capacitance we are familiar with is related to
them by C = (Cs + Cp) /2, but can we determine Cs and Cp, explicitly?

If we consider the case Vi = V and Vo, =0, we find Q1 = GV and @ = —C, V, so
we can determine Cs and Cp, if we know the full field configuration, with the boundary
condition V = 0 at infinity: we obtain the surface charge density from the normal
component of the field at the electrode surfaces and integrate it to get Q; and Q2 and
thus Cs and Cp,. (Remember, if V # 0 at infinity, we need to include infinity explicitly
as an electrode of the system.)

Maybe we can then do this for the one mirror-symmetric case whose full electric field
configuration we can calculate trivially, the infinite parallel-plate capacitor? No! The
infinite parallel-plate capacitor violates the condition V = 0 at infinity because, if
either plate has non-zero potential, that plate’s non-zero equipotential surface extends
off to infinity in the transverse direction. We violate the assumption that allowed us to
ignore the electrode at infinity. Moreover, infinity is no longer even an equipotential
surface in this configuration! On the equipotentials defined by the two electrodes (at,
e.g., z = £d/2), the potential at infinity is the potential of the corresponding
electrode. If the two plates have equal and opposite potentials, then the field outside
the plates vanishes and the potential on the surface of that volume at infinity is zero.
The potential on the line z = 0 is also zero. And then, for 0 < |z| < d/2 and

X,y — oo, the potential is the same linear function of z that it would be at x,y = 0.
Clearly, our assumptions are violated!
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We note that, formally, C is infinite for this mirror-symmetric configuration, anyways:
the mirror-symmetric potential configuration requires infinite charge on each electrode!
The pair capacitance per unit area, however, is finite and trivially calculated.

So, we are stymied. In order for the V = 0 at infinity condition to be satisfied, our
electrodes must be finite in extent. But, for electrodes finite in extent, we cannot
calculate the potential in a trivial fashion, so we cannot determine Cs and Cp,, or even
C, trivially. We need to develop the full machininery for solving Poisson’s and
Laplace'’s Equations, which we will begin to do soon.
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Intuitive Approach to Laplace’s Equation

As we mentioned earlier, the integral forms for the electric field or the potential

=/

ER =t /VdT/p(F/)hf__i;,'?) and V(A= /vdT' o) (31)

4meo 47eo |F—F|

are always correct but can be difficult to deal with in practice. Most systems will not
have symmetries that make the integrals easily doable (or avoidable via Gauss's Law).
Moreover, and this is the greater problem, it is rare that one completely specifies p(F)
in setting up a problem. Experimentally, what we can easily control are the shapes,

positions, and potentials (voltages) of conductors. We do not control how the charge
arranges itself on the conductors. Thus, we need to seek alternate ways to solve for

the potential and field over all of space. Laplace's and Poisson’s Equations are the key.
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Laplace's Equation in One Dimension

In one dimension, Laplace’'s Equation takes the simple form

d*v

We can solve this by direct integration to obtain
V(x)=mx+b (3.3)
where m and b are two constants of integration. We determine m and b by boundary

conditions: specification of V or dV//dx at specific point(s). In the one dimensional
case, there are two options for how to specify the boundary conditions:

» Specify V at two points.
> Specify V at one point and dV//dx at one point (possibly the same point).

Note that these are the only choices in one dimension. Specifying dV//dx at two
points either yields a contradiction (if two different values of dV//dx are given) or
insufficient information (if the same value is given). There are no other quantities to
specify: all higher derivatives vanish thanks to Laplace’s Equation.
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Let us note two important characteristics of the solutions of Laplace’'s Equation:

> Averaging Property: V(x) is equal to the average of any pair of points V(x + a)

Section 3.1.1

and V/(x — a) for any a such that x & a belong to the region being considered:

SVl +a)+ Vix = a)] = 5 [(m(x-+2) + ) + (m (x = 2) + )

mx+ b= V(x) (3.4)

V(x) has no nontrivial local maxima or minima

We already mentioned this property for the three-dimensional Laplace's
Equation. The proof is straightforward in one dimension. Suppose xg is a local
maximum or minimum. Then we have dV/ /dx = 0 at this point xg. Then, for
any other point xp:

dv

dav| _ dv
dx o

X1 2V
LA +/ 9V e —0+0=0 (3.5)
dx x

2
o dx

X1 X0
Therefore, if dV /dx vanishes anywhere, then dV//dx vanishes everywhere and
thus V/(x) is a constant. This is a trivial local maximum/minimum. If dV//dx
vanishes nowhere, then the endpoints of the region give the maximum and
minimum of V/(x) or, if there are no endpoints, there are no maxima or minima
at all. Consider, for example, a uniform electric field an over all of space.

Laplace's Equation in One Dimension
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Laplace's Equation in Multiple Dimensions

We quote the analogues of the above two properties for arbitrary numbers of
dimensions and prove them for three dimensions:

> Averaging Property: The value V/(7) of a solution to Laplace’s Equation at any
point is equal to the average of its value on any sphere centered on that point in
the region of interest:

fsa da’ V()

v = v, = =0
Sa(7F

(3.6)

where S,(7) is the sphere of radius a centered on 7. This is straightforward to
show (Griffiths Problem 3.37). Let's integrate Laplace’s Equation over the
volume enclosed by S;(F), Va(F), and use the divergence theorem:

Laplace’ s
Equation /2 _
= / dr’ V2, V(F') (3.7)
Va(F)
divergence

T ) ) = [ ) G V()
Sa(P) a(F)

In the last step, we have used the fact that V does not care about the location
of the origin (since it is just an offset).
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Section 3.1.2

Now, we can define §= F/ — F. In this coordinate system, where 7 is at the

origin, A(F’ € S,(F)) =5, the radial unit vector in the § coordinate system. So,
we have (inserting a factor 1/4m a?):

! / $2dQs ov (3.8)
Saf

4 a Js,(5=0) 0s |4,

where S,(5 = 5) is the sphere of radius a centered on the origin of the § system
(i.e., the same as S,(F), the sphere of radius a centered on 7 in the 7’ coordinate
system). Because the integration is over a sphere of radius a, s = a is fixed in
the integrand. This permits us to both pull a factor s?2 = a2 outside the integral,
canceling the factor of a2 in the prefactor, and to pull the radial derivative
outside the integral and turn it into a derivative with respect to a. Thus:

0 = 1 > 52/ dQs 87\/
4ma S,(5=0) Js

Note that 9/8s becomes §/0a when we move it outside the integral because
the limits of integration, S,(F), imply s should be evaluated at a when the
integral is done: s no longer exists once the integral is done.

1 0
= —— dQsV .
_ 471'83/3( ) ) (3.9)

s=a 2(5=0)
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Thus, the integral must be a constant

czi/ AL V(E) = / da' V(7' (3.10)
5 54

47 5=0) T 4ra?

where we switched the variable of integration back to 7/ and we reinserted aZ.
The right side is just the average of V over the sphere of radius a centered at 7.
Since this holds for any a, it must hold as a — 0, which tells us C = V(7). So,
we have

V(R = — / da' V(7') (3.11)
ama Js.n

» V can have no local maxima or minima in the region of interest
The averaging property makes the proof of this property trivial: if there were
such a candidate maximum (minimum), simply draw a sphere around it.
Because the point is a maximum (minimum) there must be some radius of the
sphere for which the values of all the points on the sphere are less than (greater
than) the value at the candidate maximum (minimum). The average over this
sphere is therefore less than (greater than) the value at the candidate maximum
(minimum). This contradicts the above averaging property.

One could also prove this by a technique similar to the 1D case, calculating vV
at any point 7’ in the region by doing a line integral of Laplace's Equation from
the candidate extremum F to that point. Since V'V vanishes at the candidate
extremum (because it is an extremum of V), and the integrand (V2V) of the
line integral vanishes by Laplace’s Equation, VV vanishes at 7.
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Uniqueness Theorem

Before obtaining a solution of Laplace’s and Poisson’s Equations, we prove some
uniqueness theorems we will need. This section draws from Jackson §1.8 and §1.9.

Green's ldentities and Theorem

First, some mathematical preliminaries. Let us apply the divergence theorem to the
function ¢V where ¢(7) and (F) are arbitrary functions:

%Sdaﬁ- (Nw) - /v(s) drv - (Ww)

This yields Green'’s First Identity:

f{sdaqﬁﬁ- = /V(S) dr [¢V21/1 + %.m,] (3.12)

The function 7 - 61/) is the normal gradient of v because it is the projection of the
gradient of ¢ along the direction normal to the surface. If we exchange ¢ and ¢ and
then difference the two versions, we have Green’s Second Identity or Green's Theorem:

fs da [¢ﬁ. Vi —yh- %} - / dr [$V2 — V6] (3.13)

V(S)
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Types of Boundary Conditions

We shall see in the proof of the Uniqueness Theorem that three types of boundary
conditions are permitted:

» Dirichlet boundary condition

In this case, the value of the potential V/(F) is specified on all bounding
surfaces. This is the most typical experimentally realized situation, where we
attach a number of conductors to voltage sources to set their voltages.

Neumann boundary condition

In this case, the value of the normal derivative of the potential, 7~ VV/(F), is
specified on the boundary. An example of such a condition is specification of the
electric field (or, equivalently, the surface charge density) at the surfaces of a set
of conductors; since the tangential electric field vanishes at these surfaces, the
normal electric field fully defines the electric field at the conductors.

Mixed boundary conditions
Dirichlet in some places, Neumann in others, is allowed as long as both are not
specified at the same place.

If the volume under consideration is not bounded by a surface on which we specify the
boundary conditions, then we must also specify a boundary condition at infinity.

The proof of the Uniqueness Theorem will not show why only one of these types of
boundary conditions may be specified. That proof will be provided soon, in §3.4.1.

Section 3.2.2

Types of Boundary Conditions
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Generic Uniqueness Proof for Poisson's Equation

We will use proof by contradiction.

Suppose we have specified one of the above three types of boundary conditions.
Assume that, for a particular given charge distribution p(7), there are two independent
solutions Vi(F) and V(F) of Poisson’s Equation that both satisfy the boundary
condition. Let V3 = V; — V,. Since the charge distribution is the same,

V2Vj = —p/eo = V2V, and thus V2V3 = 0: V; satisfies Laplace’s Equation. By a
similar differencing argument, V3 either satisfies the Dirichlet boundary condition
V3(F € 8) = 0, the Neumann boundary condition 7- VV3(F € S) = 0, or a mixed
boundary condition of these types. If we apply Green’s first identity with ¢ = ¢ = V3,
we have

?{da v3ﬁ-6v3:/ dr <v3v2v3+€v3-6v3> (3.14)
s V(S)

The left side vanishes because of the boundary condition (any type). The first term on
the right side vanishes by Laplace’s Equation. Thus, we have

/ dr|[VW3>=0 = VW(/)=0 =—> V3= constant (3.15)
V(s)

where we take the second step because the integrand is nonnegative. This result
implies that our two candidate solutions V;(7) and V5(F) differ by at most a constant.
Hence, uniqueness is proven.
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Special Cases of Uniqueness Theorem

Given the above, we may state/prove three special cases of the uniqueness theorem,
the ones given in Griffiths:

» The solution to Laplace's Equation in some volume V is uniquely specified if V

Section 3.2.4

is specified on the boundary surface S(V).
This is the above uniqueness theorem with p = 0 in V and a Dirichlet boundary
condition on S(V).

The solution to Poisson’s Equation in some volume V is uniquely specified if
p(F) is specified throughout the region and V is specified on the boundary
surface S(V).

This is the above uniqueness theorem with arbitrary p(7) in V and a Dirichlet
boundary condition on S(V).

In a volume V surrounded by conductors at the surface(s) S(V) and containing
a specified charge density p(F), the electric field is uniquely determined if the
total charge on each conductor is specified.

This one is not as obvious, but we can show that this BC yields the same input
to the Uniqueness Theorem derivation as the other BCs we have specified.
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Let each conductor i have surface S; and charge Q;. Since we know the surface
charge density on each conductor is related to the normal component of the
electric field at that conductor, we may see

?f dafi(F) - E(F ?{ dao(F) fioo,- (3.16)

Now, as before, let’s assume that there are two different solutions V4 (F) and
V5 (F) and their difference is V3 = Vo — V. Let’s evaluate the left-hand side of
Equation 3.14 for the BC we are specifying here:

fdav3ﬁﬁv3:—2f dav3ﬁ-E3:—Zv3,,-f daf-E5  (3.17)
S i Si i S;

where we were able to pull V3 out of the integrals because V4 and V, have
equipotentials on each surface and so therefore does V3 (with values V3 j, which
we do not need to know). The surface integral of the normal component of l::3
over each S; vanishes because, as we indicated above, specifying Q; specifies
this surface integral to be the same for Ei and E2, so the surface integral
vanishes for E3 = E, — E1. Thus, the LHS of Equation 3.14 also vanishes for
this BC, and so the remainder of the proof of uniqueness carries through.

Note how this proof relied on the boundary surfaces being conductors! Knowing
the total charges on nonconducting boundary surfaces would not be sufficient.
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Method of Images
Overview: The Basic Idea of Method of Images

The method of images uses the concept of uniqueness of solutions to Poisson’s
Equation. Basically, given a physical setup involving a true charge distribution p(7)
and Dirichlet boundary conditions for some volume V), one tries to replace the region
outside of V with an image charge distribution pjmage(F) such that, when the image
charge’s potential is summed with that of p(7), the potential on the boundary is the
same as that specified by the Dirichlet BC.

The technique works because of the uniqueness theorem: since the potential due to
the image and original charges matches the boundary conditions and satisfies
Poisson’s Equation with the same source term inside V, it is the solution to Poisson’s
Equation for that source term, that volume V), and that choice of boundary conditions.

The imagined charge distribution is called “image charge” because, at least in the
example of the boundary condition being imposed by the presence of a conductor, the
image charge is a (possibly distorted) mirror image, through the boundary, of the
original charge distribution p(F). “Image charge” is also used (somewhat erroneously)
to refer to the surface charge induced on a conducting boundary that sources the
potential that one models as due to the image charge.

Note that the image charge must be placed outside the volume V because we may not
change p(F) inside V; that would change the problem we are trying to solve.

We will see later how the potential due to the image charge distribution (the induced
surface charge) is a component of the particular problem’s Green Function.
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A Point Charge near a Grounded Infinite Conducting Plane

For a system with the point charge g at d Z above a conducting plane at z = 0 with
V' =0, and considering the volume V consisting of the z > 0 half-space, the
appropriate image charge is —q at —d Z. By symmetry, the (Dirichlet) boundary
condition V =0 at z =0 is met. Thus, the solution for V/(7) for ¥ € V (the z > 0
half-space) is

V() = 1 { q q

- 3.18
Ameo | X2+ y2+(z—d)? /X2 +y2+(z+d)? B1e

The potential clearly satisfies V(z =0) =0 (and V(r — oo) — 0). Let’s use this
solution to do some other calculations:

» Induced surface charge
This we can calculate by recognizing that it is given by the change in the normal
component of the electric field at the conducting boundary. Since E = -V V,
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We will treat the surface charge density and the normal component of the
electric field (the normal gradient of the potential) as almost equivalent going

forward.
Section 3.3.2 A Point Charge near a Grounded Infinite Conducting Plane Page 116



Section 3.3 Advanced Electrostatics: Method of Images

Section 3.3.2

We can calculate the total induced surface charge:

oo 27 [eS)
—qd 1 1
Qin :/ rdr/ d =qd =—q (3.20
? 0 0 ¢ 27 (r2+d2)3/2 q V2 £ d?|, q ( )

This is an example of an important general theorem: The total induced surface
charge is equal to the image charge, or to the negative of the real charge, or to
some combination of the two, depending on the geometry, by Gauss's Law.
Because of the mirror symmetry of this problem, the two cases are degenerate,
so this is not a particularly illustrative example of the theorem. Furthermore,
because the volumes and surfaces one must integrate over are infinite, Gauss's
Law cannot be applied to such a geometry. We'll return to this theorem in our
next example where there is no such issue.

Force on the point charge

The induced charge is opposite in sign to the real charge, so the two are
attracted to each other. We can calculate the force by taking the gradient of
the potential due to the image charge only (because the real charge does not
feel a force due to its own potential). Since the image charge’s potential is just
that of a point charge, calculating the force is straightforward:

1 ¢

47eo (2d)2 ‘ (3.21)

F=gq Eimage charge(d2) ==

This is equivalent to just calculating the force on the real charge exerted by the
image charge, which is in general a valid approach. Whether to calculate the
image charge potential and take the gradient or calculate the image charge force
is a matter of choice and convenience.
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» Electric potential energy

Section 3.3.2

Here we have to be more careful because potential energy is not linear in charge,
and, moreover, because the induced charge depends on the original point charge.
Let's figure this out by calculating the work one would have to do against the
electric force (i.e., the mechanical force Fp, doing the work is opposite in sign to
the attractive electric force Fe) to bring g from z = d to z = co

oo 1 2 oo 4. 1 2
U= [T CR@ =t [T )
d 4reo 4 Jg 22 dre, bd

Note that this result is half what one would get for the potential energy of two
equal and opposite point charges separated by a distance 2d:

1 2

Uy = ———
alt 4meo 2d

(3.23)

There are two ways to understand this. The first is to recognize that, unlike in
the case of two point charges, no energy is gained or lost in moving the negative
charge because it is in the conductor, where V = 0 and thus gV =0
everywhere. The second is to recognize that the above expression is the energy
stored in all of space in the field of two point charges, but, in this case, the field
is only real in the z > 0 half-space and so the integrated energy is reduced by a
factor of 2.
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A Point Charge near a Grounded, Conducting Sphere

Consider a conducting sphere of radius R centered on the origin and held at V = 0.
Place a point charge at aZ with a > R so the point charge is outside the sphere. We
would like to know the potential in the volume V outside the conducting sphere,
which is the volume in which the point charge sits.

By symmetry, the appropriate image charge must be on the z axis. Let its value be g’
and its position be bZ, where b may be positive or negative. We can find ¢’ and b by
requiring that V =0 at 7= £RZ:

0= V(+R3) = [ i, d }
d7eo la—R R—b
1 /
0=V(-R2) = d ul
47eo |a+ R R+ b
R R2
= {d=-q9-#-q b= — (3.24)
a a

(This is an example of how one does not always need to consider the generic case;
these special cases at the two poles give us the information we need.) We see that
both values are always physically reasonable because R < a. In particular, b < R so
the image charge remains outside V (i.e., inside the sphere), as we expect. Note that

q #—q
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The potential at a point (r > R, 0, ¢) is found by summing the potentials of the real
charge and the image charge:

1 R
Virz R0 = | L R (3.25)
dmeo | |F—aZ| |;‘,RT’Z\
__q 1 . R/a
4meo \/r25in29+(afrc059)2 \/r2sin20+(%2—rc059)2

(3.26)

We can use the above expression to see that the boundary condition V(r = R) =0 is
satisfied in full generality:

q 1 R/a
4meo | \/R?sin2 + (a — R cosf)? \/R25in29 + (R?2 — R cos0)?

V(r=R,0,6) =

q 1 1
4meo \/R2sin29+(a—Rc056’)2 \/azsin29+(R—acosﬁ)2

=0 (3.27)
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Let's calculate the induced surface charge from - vV = oV /or:

o =

One can show by integration that the total induced charge is q’.

ov
A (3.28)
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In this geometry, this

makes sense because the volume enclosed by a surface integral of electric field flux at
the boundary encloses the volume containing the image charge. This example
illustrates one case of the theorem stated earlier; in this case, the total induced surface
charge is equal to the image charge. We will see other cases illustrated in the next

example.

The force on the point charge and the electric potential energy can be calculated in a
manner similar to that used for the conducting plane.
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Calculate the force by taking gradient of electric field:

. - q —R/a
=qgE; z=a)=—qV —————
4q Eimage charge( ) q dreo |7 R2 /Z\)

all

Again, this is the same we would have obtained by directly calculating the force on the
real charge from the image charge:

R

_oa(-ef) 1 ¢ R 1

F= s Z= z
47eo [37&2]

a

Both of these match Jackson Equation 2.6.
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We calculate the potential energy by line integral of the force:

Uf/adZFF) /(dz) R__1

o bre, 23 [1 Rz]2
-z
zZ
- q? R/ba zdz _ q? R
T 4rme, [227R2]2 T 8meo a2 — R2

Note that, if we calculate the potential energy from the image charge and real charge,
we get the same factor of two error we saw above for the point charge and the plane:

R
q(—q*> 1 2 R
Uy = 2 =+ T —»2u (3.29)
47e ‘a’z\,&z’z\’ 4mme, @2 — R

which is incorrect for the same reasons as given before.
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Some Related Examples

These are drawn from Jackson Chapter 2.

Example 3.1: Point charge inside a spherical volume with a conducting
boundary

The geometry of this problem is like the last one, except the point charge is inside the
spherical boundary, a < R, and everything outside the boundary is conductor. One can
show that the solution is identical: same formula for image charge value and position,
same induced surface charge density. However, strangely enough, the total surface
charge is now just —q!

Mathematically, this is because the evaluation of the integral depends on whether
R < aor R > a. (There is a power series expansion involved, which must be done
differently in the two cases.)

Physically, this is because the calculation of the total induced surface charge via
Gauss's Law must be done differently. One method is to use a spherical surface just
outside the boundary, so it is in the conducting volume where the field vanishes. This
implies that the sum of the real and induced charge vanishes, so the induced charge is
the negative of the real charge.
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The other method is to put the surface just inside the boundary. Now, the charge
enclosed is only the real charge. As the surface approaches the boundary, though, the
flux integral is equal to the negative of the integral of the surface charge density (up
to €o) because the electric field near a conductor is o /€, (with the negative because
the field is pointed inward). So this tells us the total induced surface charge is the
negative of the real charge too.

Thus, we see illustrated another case of the theorem we stated earlier, that the total
induced surface charge is the image charge, the negative of the real charge, or some
combination of the two. Which one depends on the geometry: is the boundary outside
the volume of interest, inside, or some combination of the two?

In the case of the point charge outside the conducting sphere, we noted that the
Gauss’s Law calculation, with the Gaussian sphere just inside the volume V (i.e.,
having radius infinitesimally larger than a), yields ¢’ # —q. The distinction is whether
the volume V of interest is “outside” the boundary (neglecting the boundary at
infinity) as in the previous case or “inside” the boundary as in this case.

(In the previous case, the Gauss's Law calculation outside V (i.e., using a Gaussian
sphere of radius less than a) yields no useful information because the sphere doesn’t
contain the induced surface charge. The flux through such a sphere vanishes because
the field is zero inside the conductor, which just tells us that all the induced surface
charge resides, well, on the surface.)

Section 3.3.4 Some Related Examples Page 126



Section 3.3 Advanced Electrostatics: Method of Images
Example 3.2: Point charge in the presence of a conducting sphere at fixed
potential Vg

We can treat this by superposition. Consider first bringing the sphere up to the
desired potential in the absence of the point charge, then bringing the point charge in
from infinity to its final position aZ. We can use the grounded-case solution for the
latter part because it has V = 0 on the sphere and V — 0 at infinity, so the sum of it
and the solution for the V' # 0 sphere alone satisfies the boundary condition of the
problem of the point charge near the V # 0 sphere, and thus it must be the correct
solution. (Note the use of the principle of superposition for the potential.)

What is the solution for the V' # 0 sphere on its own? Certainly, the sphere is an
equipotential with the desired value V4. By symmetry (remember, the point charge is
not present for this problem), the charge is uniformly distributed on the surface. Thus,
we can apply Gauss's Law to the problem, which tells us that the potential of the
sphere, for r > R, is identical to that of a point charge at the origin. To figure out the
value of the point charge, we require that the point charge's potential match the
boundary condition:

90

R
— =W — qgo=4mec VWR — V(r): Vo — (3.30)
dmeo R 71
Finally, we add the two solutions together:
V(r>R,0,¢) = —2 ! Rla_|, (3.31)
r = — — .
= dmeo ||F—azl |p— B3 0|ﬂ

a
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Example 3.3: Point charge in the presence of a charged, insulated, conducting
sphere

We can solve this using the solution we just calculated along with the principle of
superposition (again!). Suppose we want to have a charge Q on the sphere. This is
the same as first bringing the point charge g in while the sphere is grounded,
disconnecting the grounding wire, adding Q — g’ (> Q for g > 0), which causes the
sphere to float to some nonzero voltage, and then connecting to a voltage source with
that voltage. This situation is identical to the situation we just studied if we require

R
%=Q-d = Vo= 47rqeoa R - 4Q7r;,qll? - f:ejlg (3:32)
Plugging this into solution for the sphere held at V; gives
V(r>R,0,¢) = — 1L ___Rpa Q+ay (3.33)
- dmeo |[F—az] |- Rz | 4meln

Notice that this reduces to our original point charge near a sphere solution not when
Q@ = 0 but rather when Q = g’ = —q R/a, which is the charge that must flow onto
the sphere for it to stay at V = 0 (i.e., grounded).
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Formal Solution to Poisson's Equation: Green Functions

The remaining material in this section of the notes is based on Jackson §1.10.

Integral Equation for the Electric Potential

Can we solve Poisson’s Equation? Sort of. We can convert it from a differential
equation for V in terms of p (with boundary conditions separately specified) to an
integral equation for V in terms of p with the need for the boundary conditions quite
explicit. It is still not a closed-form solution for V in terms of p and the boundary
conditions, but it helps us to frame the problem of finding solutions for V in a
different manner that is helpful.

We obtain this equation by applying Green’s Theorem (Equation 3.13) with
d(F") = V(7') and ¢(F') = |F— 7|71 Note that 7’ is the variable we integrate over;
F'is considered a constant for the purposes of the Green's Theorem integrals.

V()

1 1
|F— 7]

/ dr’ {V(F')Vg,ﬁ -
V(s) |F— 7]
1 1 N

:j'{ da [V(F/)H(F’)-ﬁ;/ﬁ — AP Ve V(F)| (3.38)
s |F—r|  |F— 7]
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We reduce this by making use of the very important relation

1
77

vZ, = —4n§(F—F) (3.35)

which is seen by combining Equations 2.53 and 2.33 with P« 7”:

L1 P 7
VA T T

- Fl—r = L
and V,«wm =4rné(F =) =4né(F-7")

Using the above expression for the Laplacian of |F— F’/|71, doing the integral over the
delta function, applying Poisson’s Equation, moving the second term on the right side
to the left side, and multiplying everything by fﬁ yields, now only for ¥ € V(S):

1 7!
V(FeV(S)) = / G (3.36)
Ameo Jy(s) |F—F|
1 / 1 o~ =/ = -/ PAY~ = = 1
4+ — ¢ da' | ———n(F") - V= V(F') - VF)A(F) Vi ————
47 Js |F—F| |F— 7|

(The left side vanishes for 7 ¢ V(S) because the integral was over 7 € V(S)).
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This is a formal equation for the electric potential. The boundary conditions are
present on the right side: in the case of Dirichlet, we specify V(F’) for 7’ € S, while
in the case of Neumann, we specify A(7’) - V7 V(7') for 7/ € S. Our Uniqueness
Theorem says we should only need to specify one or the other at any given point on
the boundary. In fact, since the Uniqueness Theorem says that knowing one specifies
the other (knowing one gives the full solution, which determines the other), we don’t
have the freedom to specify both independently! Knowing both essentially requires
knowing the solution to the problem. For example, if we consider the simplest possible
case of specifying an equipotential on the boundary, then knowing the other boundary
term requires knowing the normal gradient of the potential at the boundary, which is
equivalent to knowing the surface charge density on the boundary. We would not be
able to guess this except in cases with sufficient symmetry.

Therefore, this is not a closed-form solution but rather an integral equation for V/(7’)
for F/ € V(8) US: the boundary condition does not provide everything on the right
side, but, if we know the solution, it will satisfy the equation.

Note that, in the limit of S — oo and V(r — 00)  1/r — 0, the integrand of the
surface integral falls off as r—3 and so the surface term vanishes and we recover the
usual Coulomb’s Law expression for V/(7), Equation 2.51. That is, in a situation where
we know the behavior of both surface terms is trivial, the equation does provide a
closed-form expression for V/(7) in terms of p(7).

So far, however, this integral equation is not very useful. Once we have introduced the
concept of Green Functions, we will see its utility.
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The Concept of Green Functions

Suppose we have the generalization of Poisson's Equation, the linear partial
differential equation

O-F(7) = g(7) (3.37)

where O is a linear partial differential operator taking derivatives with respect to the
coordinate 7, f is a generalized potential, and g is a generalized source function.
Poisson’s Equation is an example, with Or = —e,V?, f(F) = V/(F), and g(7) = p(7).
Is there a general approach for finding f given g7

Yes, there is, it is called the Green Function approach. The basic idea is to find the
“impulse” response function for the differential equation: the generalized potential one
gets if one has a point-like source. Given the impulse response function, and the
linearity of O, one can obtain the generalized potential for an arbitrary source
function by convolving the impulse response function with that source function.
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Mathematically, the impulse response function, or Green Function, is the function
G(F,F") that solves the equation

0-G(F,7') = 8(F— 7) (3.38)

meaning that G(F, F’) calculates the generalized potential at the point 7 for a point
source of size ¢ = 1 at the position 7/ (i.e., the total source charge recovered by
integrating over the source function is 1). If such a G exists, then, for an arbitrary
source function g(F), G gives us the following solution f(7) to the generalized linear
partial differential equation, Equation 3.37:

(7 = [ a6 e() (3:39)

We can check that Equation 3.37 is satisfied by this solution by applying the operator:
0:(1) = 07 [ dr'G(R. ) g(7") = [ dr' [0-G(7.7)] (') (3.40)
= [ ar's- e = e (3.41)

Note how this check relied on the linearity of O, which allowed us to bring it inside
the integral. Assuming solutions to the generalized linear partial differential equation
are unique (true for Poisson’s Equation), the Green Function is the only solution we
need to find.
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General Discussion of Green Functions for Poisson’s Equation

Let's consider the simplest possible case, that in which there is no bounding surface
and the potential vanishes at infinity. We can read the Green Function off by rewriting
our usual expression for the potential for this boundary condition, Equation 2.51, in
the same form as Equation 3.39:

V(F):47:60/vd7’ o) —/Vdf’ G(F,7') (") (3.42)

P
Therefore, the Green Function for Poisson’s Equation is

1 1
G(rr)= —— — if V = all space, V(r — c0) — 0 (3.43)

 47e |F— 7|
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More generally — i.e., for a more complex boundary condition — Poisson’s Equation
implies that its Green Function must decompose into the form

1

- dmeo |[F— 17|

G(7, 7 + F(7 7))  with  V2F(FF)=0 (3.44)

where the first term provides the right side of Poisson’s Equation but the second term
is not only allowed by Poisson’s Equation but, we will see, is crucial for satisfying the
boundary conditions for any situation except the trivial one noted above, that of the
potential vanishing at infinity. The F term plays multiple roles, depending on the type
of boundary condition, and we will explain those roles later. Finding G thus consists of
finding F.

We note that both G and F are symmetric in their arguments, G(F',r) = G(r,r")
and F(F',F) = F(F,F"), for reasons we will explain later.
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Green Functions for Poisson’s Equation with Dirichlet or Neumann Boundary
Conditions

To apply the concept of Green Functions to Poisson’s Equation, we start by taking
o(F') = V(F') and ¢(F') = —eo G(F, F') in Green's Theorem (Equation 3.13) and
assuming

—eoV2,G(F, 7)) = 8(F—F') (3.45)

Note that this equation does not match Equation 3.38, which had the Laplacian
acting on 7, not 7/. We will recover Equation 3.38 later. We then apply the same
kinds of manipulations we did to obtain the integral equation for the potential,
Equation 3.36 (these manipulations rely on Equation 3.45), giving

V() = [ 4 o) G(7.) (3.46)

+ €0 fis(v) da’ |:G(F: F’) ﬁ(?’) . ﬁp/ V(F’) _ V(F’)ﬁ(?’) ) 67/ G(f‘, 7 )}

As noted earlier, a differential equation is not alone sufficient; we need boundary
conditions to make G unique. For a particular type of boundary condition on V/, we
can make the choice to impose a condition on G such that the integrand involving the
other type of boundary condition on V vanishes. If we do so, then our integral
equation for V reduces to an integration over the source distribution with the Green
Function and over the boundary condition with the Green Function (Neumann) or its
normal gradient (Dirichlet).
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We also see that, even though we assumed Equation 3.45 instead of Equation 3.38 for
the equation defining the Green Function, the result we obtain above is consistent
with Equation 3.39, which states that the source function p(F’) should be convolved
with the Green Function, integrating over its second argument, to obtain the potential
function in its first argument. We will resolve this apparent inconsistency shortly.

Note that the equation we obtain for V/(7) is different from the integral equation for
V(7), Equation 3.36, because there we could not impose such a condition on V/(F),
since it is set by the situation under consideration, or on |F — 7’|~ (obviously).

G(F, ") is, on the other hand, our tool for solving that integral equation, so we may
design the tool — by choosing boundary conditions for it — to do its job as long as it
respects its defining equation. (Again, the differential equation is insufficient — we
need to impose a boundary condition on G in order to make G's defining equation
solvable.)

We can be more specific about what we mean by “forcing the other BC term to
vanish” by picking a type of boundary condition:

» Dirichlet boundary condition

In this case, V/(F) is specified for 7€ S. Therefore, A(7) - V7V(F) should be left
unspecified — it should be determined by the solution itself — so we need for it
to not appear in the integral equation. We can eliminate the term containing
this normal derivative if we require the Dirichlet Green Function, Gp(F, F"), to
satisfy the boundary condition (in 7/, the variable for the defining PDE)

Gp(F,F')=0 for 7 €S,FeV,S (3.47)
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The boundary condition must be defined for all valid 7, which consists of ¥ € S
and F € V. This has the benefit of making Equation 3.46 usable for calculating
V(7 € S) to check the solution is consistent with the boundary condition.

Using the interpretation implied by the convolution of the charge density with
the Green Function in Equation 3.46 (admittedly, an interpretation not
obviously consistent with the defining equation, Equation 3.45), the above
condition is equivalent to requiring that charge on the boundary (F/ € S), given
by the normal gradient of V on the boundary, yield no contribution to the
potential elsewhere on the boundary (¥ € S) or in the volume (F & V). In one
sense, this is what we expect, as the Dirichlet boundary condition specifies V/(7)
on the boundary, so any charge that appears on the boundary to enforce that
boundary condition had better do so in a way that does not modify the
boundary condition.

However, in another sense, it is the opposite of what we expect: how can the
induced surface charge on the boundary not affect the potential on the surface
or in the volume? Wasn't that the whole idea behind the method of images,
that one calculates the additional potential of the induced surface charge on the
boundary by replacing it with an image charge? We resolve this confusion below.

With the above condition, the solution for V(F) reduces to

V() = [ 47 o) Go(7) — <o oy BVENRE) T GolE )| (348)
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Section 3.4.4

This form allows us to resolve our confusion above:

> The first term calculates the potential due to the real charge, including
the potential due to the “image” charge induced by it on the boundary.
(We'll start being sloppy about the use of the word “image” and drop the
quotes.) The latter contribution must come from this term (and not the
surface term) because the image charge and its potential ought to be
linear in the real charge density: there is no image charge without real
charge. The defining condition does not contradict this: Gp(F,F’) # 0 is
allowed for 7,7’ € V, Gp(F,r’) =0 is only required for 7’ € S (and
Fev,Ss).

> The second term adds a contribution to the potential for surface charge
that appears on the boundary in order for the boundary to sit at the
nonzero potential given by the boundary condition. This is not image
charge because it is not induced by real charge and it appears even if there
is no real charge in V (this term’s presence does not depend on whether p
is present or not). In the case of the point charge near the sphere, this is
the charge go = 4 €, Vo R that appears so the sphere sits at V = V. It
has nothing to do with the point charge q. The condition Gp(F,7’) =0
for 7/ € S is the sensible condition that this additional surface charge does
not induce its own image charge. It is sort of amazing that this simple
term does all that work — figures out the surface charge required to
realize the Dirichlet boundary condition and calculates its potential in V.
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Section 3.4.4

For a Dirichlet boundary condition, the symmetry of Gp in its arguments can be
proven by applying Green's Theorem with ¢ = Gp(F, X) and ¢ = Gp(F’, X),
where X is the variable that is integrated over, and using the defining equation,
Equation 3.45, and the defining boundary condition Gp(7,X) = 0 for X on the
boundary and 7 in the volume and on the boundary (which also implies the
same for Gp(F’,X)). Symmetry of Gp implies symmetry of Fp given that their
difference is symmetric in 7 and 7’.

When this symmetry property is applied to Equation 3.45, and we also use the
symmetry of the delta function, Equation 3.38 is recovered (after relabeling

F <> F'). This resolves the apparent inconsistency between wanting the Green
Function to satisfy Equation 3.38 but having to assume Equation 3.45 at the

start to get Equation 3.46.

We can use the symmetry requirement to reinterpret the condition

Gp(F,F') =0 for 7 € S. We can now think of the unit charge as being at

F€ V,S and the potential as being calculated at 7/ € S. This condition
requires that Gp yields zero contribution to the potential on the boundary from
charges in the volume. The first half of this statement is the requirement that
image charge appear such that the sum of the potentials of the real charge in
the volume and its image charge do not modify the boundary condition. (We do
not talk about real charge on the boundary because we are considering only the
Dirichlet problem right now.)
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Section 3.4.4

We can also now provide an interpretation of Fp(F, 7’) in the Dirichlet case.
Because 1) Fp(F, F’) satisfies Laplace’s Equation in the volume V, and 2) when
added to the potential of a unit point charge at 7/ (the first term in our
expression relating Gp and Fp, Equation 3.44), the sum satisifies the specified
boundary condition on S, Fp(F, F’) can be interpreted as the potential function
in the volume due to the image charge induced on the boundary by the real
charges in the volume with the boundary grounded. This image charge depends
on where the charges in the volume are, hence the integration over 7/ € V to
calculate this effect of this term.

What remains a bit mysterious or magical is how the second term in

Equation 3.48 works. Clearly, that term calculates the surface charge density on
the boundary needed for the Dirichlet boundary condition to be satisfied and
then calculates the potential in the volume due to that surface charge density. It
requires both terms in Gp (i.e., |F— 7’|~ and Fp) to do that. It seems this
part just falls out of the mathematics.
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» Neumann boundary condition

In this case, - V V/(F) is specified for 7 € S, so we need to render irrelevant the
term containing V/(7) because we should not have to simultaneously specify it.
While we might be inclined to require A(7’) - V7 Gy(F, 7’) = 0 for 7/ € S to
make this happen, this requirement is not consistent with Equation 3.45 defining
G: if one integrates this equation for Gy over 7/ € V(S), and turns it into a
surface integral using the divergence theorem, one obtains the requirement

760?{ da A(F') -V Gu(FF) =1  for FEV,S
S(V)

Thus, the simplest condition we can impose on Gy is

—1
A7)V Gu(FF') = — eof da’ for FEV,S,F €S (3.49)
S(V)
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Applying this condition, the solution for V(F) reduces to

V= [ oI GER) o f Gl PR T V) £ (VD)

Section 3.4.4

fs(v) da’ V(7")
fs(v) da’

with <V(F)>S(V) (3.50)

While V/(F) on the boundary has not been completely eliminated, its only
appearance is via its average value on the boundary. This makes sense, as the
Neumann boundary condition does not specify the potential offset since it only
specifies derivatives of the potential. The appearance of this term reflects the
freedom we have to set the potential offset for problems with Neumann
boundary conditions. Recall that the Uniqueness Theorem only showed
uniqueness up to an overall offset.

What is the interpretation of a Neumann Green Function? Since
A(7') - V7 V(F') specifies the surface charge density on the boundary, Gy (7, 7’)
simply calculates the potential at a point 7 in the volume due to this boundary
surface charge density at 7/. Note that Gy is convolved with the volume charge
density and the surface charge density in the same way, reinforcing this
interpretation. A Neumann Green Function thus has a simpler interpretation
than a Dirichlet Green Function. There is no interpretation of Gy or Fy as

calculating contributions from image charge.

Green Functions for Poisson’s Equation with Dirichlet or Neumann Boundary Conditions
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What is the interpretation of Fy/(F, F’) for the Neumann case? One can show
that it has no effect (one needs to make use of symmetry of Fy in its
arguments, see below). Not that it is identically zero, but that all terms
involving it vanish. This makes sense: if we specify the surface charge density
everywhere in the volume and on the surface, we should be able to just use
Coulomb’s Law to calculate the potential everywhere, which just requires the
Coulumb’s Law part of Gy.

The triviality of the Neumann Green Function may seem to render pointless the
extended discussion leading to this point. Recall, however, that Dirichlet
boundary conditions are far more common: we tend to specify potentials on the
boundary in real situations, not the charge density. We derived the Neumann
Green Function for completeness, not because it is really needed.

For a Neumann boundary condition, the symmetry of Gy and Fp is not a result
of the boundary condition, but it may be assumed without loss of generality; see
K.-J. Kim and J. D. Jackson, Am. J. Phys. 61:1144 (1993). As with the
Dirichlet Green Function, this symmetry property allows Equation 3.38 to be
obtained from the assumed defining equation, Equation 3.45, closing the loop
on that apparent inconsistency.

To make further progress in obtaining a functional form for the Green Function, we
must specify the boundary conditions in more detail. We will consider examples of this

next.

Section 3.4.4
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Obtaining Green Functions from the Method of Images

We mentioned earlier that the component Fp(7, ) of the full Dirichlet Green
Function Gp(F,F’) can be determined by the method of images in some cases. Let's
see how this works for the two cases we have considered:

» Point charge near grounded conducting plane

Section 3.4.5

The full potential at a point 7 for the point charge at dZ is

V(R = — [ 9 q } (3.51)

dre, [|[F—dz| |F+d3|

We can see by inspection that the Dirichlet Green Function is given by taking
g = 1 and by replacing d Z in the first term with 7/ and —d Z in the second
term with 7/ mirrored through the x’y’ plane:

Go(F, ') = [ ! ! ] (3.52)

Tane, [|[F-F|  |[F—(XX+y'y—2'2)|

One can test this by plugging into Equation 3.47 with p(F’') = q (7' — d 2).

The second term accounts for the fact that induced charge appears on the
grounded conducting plane and calculates the contribution to the potential due
to it; it is the F(7, F’) term while the first term is the usual Coulomb’s Law term.
The first term solves Poisson’'s Equation while the second term solves Laplace’s
Equation. Both terms depend on the position of the point charge at r’.

Obtaining Green Functions from the Method of Images
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This Gp is not manifestly symmetric under exchange of 7 and F’, but one can
rewrite it so it is:

1 1
Gp(F,F') = 7
Ameo L[(x =X + (v =y + (2 = 2
1
[(x=x)24(y—y)2+(z+ Z/)2]1/2
One can now also see how G(z =0, 7’) = 0 always: the two terms become

identical in this case.

It is also important to notice that, for our boundary condition V(z =0) =0,
there is no term in V/(F) for the surface term because it vanishes in this case.
That is, in the Dirichlet case, we expect a surface term from Equation 3.48

—eojf da V(7Y A(F') - ¥ 71 Go (7, ') (3.53)
sW)

Since the Dirichlet boundary condition is V(z = 0) = 0, this integral vanishes
and we indeed only have the volume integral term from Equation 3.48
convolving the original charge distribution with Gp.
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» Point charge near conducting plane held at Vj

Section 3.4.5

Suppose our boundary condition had instead been V(z = 0) = V, a constant
(and also V(r — oo) = Vg for consistency; we will elaborate on this later). Is
the above Green Function still valid? Yes! We have not changed the charge
distribution in V or the type of boundary condition; all we have done is change
the value of the boundary condition. We can check that the new value of the
Dirichlet boundary condition is respected when we apply Gp derived on the
basis of the Vy = 0 case.

This is an important point about the Dirichlet Green Function: while one may
find it using a special case, it is, by construction, valid for any Dirichlet
boundary condition for the same geometry. It does not care about the details of
either the charge distribution or the boundary condition. Of course, the special
case used must be general enough that one can find the entire Green Function.
When we later do an example using Separation of Variables in Cartesian
coordinates to solve Laplace's Equation, we will see how that example
determines a portion of the Dirichlet Green Function but not all of it.

Returning to the matter at hand: because V(7)) = V; for 7/ € S(V), we can
pull it outside the integral, so we just have the surface integral of the normal
gradient of Gp over the surface:

—6074 da V(F'YA(F') - Vs Go(F, F) = _eovojf da A7) - 5 G (7, ')
S(V) S(V)
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Section 3.4.5

i

We recall that, by definition, Gp (7, 7”) is the potential at the point 7 due to a
point charge of unit magnitude (g = 1) at /. By the symmetry of its
arguments, it is also the potential at the point 7/ due to a unit point charge at
7. Earlier, when we did the method of images solution for the grounded
conducting plane, we calculated the surface charge density at 7 due to the point
charge at d 7 from —e, V#V/(F,d 2). In this case, —e, V7 Gp(F, ') is the
surface charge density at 7/ due to a unit charge at 7. Since V{ has come
outside the integral, our surface integral is now just the integral of this surface
charge density over the boundary, or the total induced charge on the boundary.
We calculated this when we did the method of images and found it was

Qind = —q, so, in this case, it will be —1. That is:

760}( da V(') A(F") - ¥ Gp (F, ) fvof da oing (7', q = 1)
s0) s0)

~VoQind(qg=1)=Vo  (3.54)

So, we see that the surface term serves to add the potential offset that the
boundary condition V(z = 0) = V; requires. Therefore, the solution is now

1 9  q
dmeo ||[F—dZ] |F+dZ|

V(F) = + Vo (3.55)

This solution has V(z =0) = Vg and V(r — c0) = V.

Obtaining Green Functions from the Method of Images
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Section 3.4.5

This example serves to highlight the fact that one has to be careful about the
self-consistency of boundary conditions, especially when they involve a condition
at infinity. Consider two alternative, invalid BCs:

» One cannot set V(z =0) = Vy and V(r — co) = 0 because that is not

self-consistent for z = 0, (x,y) — oo: should the BC be V; or 0 for this
part of the boundary?

One cannot even require V(z =0) = Vg and V(z — oo0) = 0 because it
leaves unspecified the boundary condition for V(z,y/x2 + y2 — c0). If
one then thinks about what type of BC to specify there, one finds that it
should be impossible to specify something that is consistent with

V(z — oc0) = 0. Think about the case of the conductor held at V4 and
no point charge. We know the solution is a uniform sheet of surface
cbarge on the conductor, and we know that the field is then a constant
E(F) = (0/€0) Z and the potential is V() = —(0/€o) z. This potential
does not vanish as z — oo. If one knows that a set of boundary
conditions is not self-consistent for the case of no point charge, then
linearity /superposition tells us there is no way to fix the inconsistency by
adding charges to V: one would have to add a potential that is also not
self-consistent to cancel out the self-inconsistency of the g = 0 potential!

Obtaining Green Functions from the Method of Images
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» Point charge near grounded conducting sphere

The full potential at a point 7 for the point charge at aZz was (Equation 3.25):

1 q g%
V(r) = - 2 3.56
" 47 e, {|Fa?| |f_f§2§|] (3.56)

Thus, the Dirichlet Green Function is given by letting 7/ = aZ and taking ¢ = 1:

1 1 R/r!

- dmeo | |F—F| B ‘7_ 71 _R?

(3.57)

(,/)2

Again, the second term accounts for the potential due to the charge induced on
the surface of the sphere and is the term that solves Laplace's Equation in this

situation (the Fp(F, F’) term). And again, one can this test form for Gp by

plugging into Equation 3.47 with p(F') = q§(F' — a2)
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It is perhaps not so obvious that the second term in this Green Function is
symmetric in its arguments. Let's rewrite it:

R/r’ _ R _ R 358
> = R2 | |Frr! — R27/ - 72 4 _ TR27. 7/ (3.58)
|7 r(r,)2| | | Vrr 2+ RY—2rr'R27- 7

Now the symmetry is manifest.

The same point about the surface integral term as for the conducting plane
holds here: that term vanishes because V(7’) =0 for 7’ € S.
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» Point charge near conducting sphere held at fixed potential

Section 3.4.5

In this case, we can see the effect of the surface integral term in Equation 3.48
because V() on the boundary does not vanish. The integral term is, from
Equation 3.48:

760?{ da V(F')A(7") - ¥ Go (F, ') (3.59)
s)

When we encountered this nonvanishing surface term for the prior case of a
point charge near a conducting plane, we recognized that V/(F’) = V4 could be
pulled outside the integral and that the integral of the normal gradient of the
Green Function gives the total charge induced on the boundary for a unit charge
at 7. To calculate that total induced charge, we invoke the theorem (based on
Gauss'’s Law) we discussed earlier. In this case, the surface encloses the image
charge, so the total induced charge is equal to the image charge. That is:

= R
—60?{ da' V(F')A(F') - Vi Gp(F, F') = =VoQind = —VoGimage = Vo —
S(v) r

(3.60)

This is again just the potential due to a point charge at the origin whose
magnitude is such that the potential at radius R is V.

Obtaining Green Functions from the Method of Images
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Section 3.4.5

With this integral evaluated, the full solution for V/(7) is given by summing the
term that involves the integral with p, which we calculated already for the
grounded sphere case, with the boundary term:

V(7 = q 1 R/a

dre, | |F—az| |7F— B3
a

R
+ Vo
p

This is what we found earlier when we discussed the same problem using the
method of images.

Point charge in the presence of a charged, insulated, conducting sphere

The prior situation is identical to this one: specifying the charge on a conductor
is the same as specifying its potential. So the result for V/(F) is the same, where
we must take Vo = (Q + (R/a)q)/(4meo R). Note that, even though we are
talking about a boundary condition in which charge is specified, it is not a
Neumann boundary condition because we do not specify o(F’ € S), we are still
effectively specifying V(F’ € S). This case is like the third special case of the
Uniqueness Theorem we discussed earlier.
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Introduction to Separation of Variables
General Points on Separation of Variables

Griffiths makes this seem harder than it is. In separation of variables, we assume that
the solution of Laplace's Equation factors into functions of single coordinates. This
allows us to reduce the partial differential equation to a set of ordinary differential
equations, which can be solved by standard techniques. Constants of integration
appear that help to define the solutions. We apply the boundary conditions as defined
by the voltages and/or the charge densities (normal derivative of voltage) at the
boundaries. Once we find a set of solutions, we know from Sturm-Liouville theory that
they form a complete set, so we are assured that we can write any solution to
Laplace’s Equation for the given boundary conditions in terms of these solutions.

We will only develop separation of variables for Laplace’s Equation and, in the near
term, we will only apply it to solving problems with specific types of boundary
conditions rather than trying to use it to find the F piece of the Green Function.
(Recall, F satisfies Laplace’s Equation while G satisfies Poisson’s Equation.) We will
see later, at the tail end of our discussion of separation of variables in spherical
coordinates, that this technique will actually be sufficient to obtain the Green
Function for an arbitrary geometry, which then provides us the solution to Poisson’s
Equation. (One will be able to see that it is not feasible to do separation of variables
for Poisson's Equation in the same way we do it for Laplace's Equation: the process
very much relies on the vanishing of one side of the equation!)
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Digression on Orthonormal Functions

The general topic of the properties of solutions to second-order linear differential
equations is beyond the scope of this course; it falls under the name Sturm-Liouville
theory, and it is covered in ACM95/100. We will simply quote some results that are
important for this course.

Sturm-Liouville theory consists of recognizing that the second-order linear ordinary
differential equations we encounter in many places in this course are self-adjoint
(Hermitian) operators on the Hilbert space of functions that satisfy the differential
equation. You know from linear algebra that Hermitian operators are guaranteed to
have a set of eigenvalues and eigenvectors (in this case, eigenfunctions), and that the
eigenvectors form an orthonormal basis for the space under consideration (here, again,
the space of functions that satisfy the differential equation). The same results apply
here. What this means is that, for such equations, there are a set of solution functions
{fp(w)} that are the eigenfunctions of the operator, and there are corresponding
eigenvalues {\p}. These eigenfunctions form a complete, orthonormal set. (Note: w
is intended to represent any coordinate, one- or multi-dimensional.) The original
differential equation (with differential operator O, and the eigenvalue-eigenvector
equation are:

Ow f(w) = kf(w) Oy fp(w) = Ap(w) (3.61)

where k is initially an undetermined constant; solving the the differential equation
determines the allowed values of k, the {Ap}, and the corresponding solutions {f,(w)}.
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Orthonormality is written mathematically as

t
/ dw £ (w) fo(W) = Spg (3.62)
S
where integration over the interval of interest [s, t] is the Hilbert space inner product.

Completeness is defined to be

> W) fo(w) = 5(w — w) (3.63)

p

where the sum is over all eigenfunctions of the differential equation.
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Completeness, as its name indicates, enables us to show that any function g(w) on
[s, t] can be expanded in terms of the eigenfunctions {f,}:

g) = [ dw' gl 5w~ w) = [ o’ g(w') 3 15 W) 6o(w)
s s P
= fo(w) tdw' fx(w)g(w)
36 et

That is, we have the expansion:

g(w) = Apfo(w) (3.64)
P

with coefficients given by

Ap :/ dw’ £ (w') g(w') (3.65)

We could have derived Equation 3.65 also by applying orthornomality to the expansion
Equation 3.64; this is the usual way we think of finding the {A,} as we will see below.
They are of course equivalent derivations.
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Separation of Variables in Cartesian Coordinates

We assume that the function V/(F) can be factorized as

V(R) = X(x) Y(v) 2(2) (3.66)
Plugging this into Laplace's Equation, we obtain
d’X 2Y d’z
Y(1) 2(2) 5 + X0 2(2) S5 + X0 V() S5 =0
2 2 2
1 d°X 1 d?y 1 dZ:O (3.67)

X)) 2 TY) a2 T Z(z) 42

We have three terms, the first a function of x, the second of y, and the third of z
Given these mismatched dependences, the only way the equation can hold is if each
term is a constant. That is, it must hold that
d’y 1 d*’z
— =K3 (3.68)

1 d°X 1
— =K o N Jus = K
X(x) dx2 Y(y) dY2 Z(z) dz?

with K1 + Ko + K3 = 0.
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We know that the solution to these ordinary differential equations are exponentials,

X(x) = A exp(x/K1) + B exp(—x\/K1) (3.69)
Y(v) = C exp(yv/Ka) + C exp(—yv/Kz) (3.70)

Z(z) = E exp(zy/— (K1 + K2)) + F exp(—zv/— (K1 + K2)) (3.71)

We have not specified which of Ki, K3, and K3 are positive and which are negative
(clearly, they cannot all be the same sign). That will be determined by the boundary
conditions. Note that we are also neglecting linear solutions that also satisfy the
individual ordinary differential equations; we will see they are not necessary in the
examples we consider here (though they may be needed more generally).

At this point, we cannot make further generic progress; we need to apply a set of
boundary conditions. These will place constraints on the allowed values of the
exponents and coefficients and restrict the family of solutions. There are a number of
examples in Griffiths. To avoid duplication, we use a different one here from Jackson
§2.9.
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Example 3.4: Empty box with five walls grounded and one held at a potential

Consider a box with side lengths a, b, and c in the x, y, and z dimensions and with
one corner at the origin. The boundary conditions are

V(x =0)=0 V(y=0)=0 V(z=0)=0 (3.72)
V(x=a)=0 V(y=b)=0 V(z=c)=¢(x,y) (3.73)

where ¢(x,y) is a function that is given. In SoV, we always apply the homogeneous
(vanishing RHS) BCs first because, we will see, they restrict the functional form of the
solutions. The homogeneous BC in the ith dimension (e.g., y) can only be satisfied if
the ith function (e.g., Y(y)) satisfies it alone because it must be satisfied for all
values of the other coordinates. Let's do x, y first for convenience (with
foreknowledge of solution):

X(0)=A+B=0 X(a) = A exp(av/Ki) + B exp(—a/K1) =0 (3.74)
Y(0)=C+D=0 Y(b) = C exp(b\/Kz) + D exp(—b\/K2) =0 (3.75)
Reducing,

A [exp(a\/?l) — exp(—am)] =0 (3.76)
c [exp(b\/@ - exp(—b\/@] =0 (3.77)
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There is no solution to these equations for K1 > 0 and K, > 0: the unit-normalized
decaying and rising exponentials are only equal when their arguments both vanish, and
they do not. Therefore, let's take K; = —a? and K = —f32 so these become
oscillating exponentials. We thus obtain the conditions

sin(aa) =0 sin(8b) =0 (3.78)

This places conditions on the allowed values of « and §3:

nm m o
ap = — Bm = - n, m positive integers (3.79)
a

where n and m may only be positive integers because negative values are redundant
with the positive ones and n = 0 and m = 0 yield vanishing functions. Thus, we have

X(x) = ZA,, sin apx Y(y) = Z Cmsin Bmy (3.80)
n=1 =

m=1

where the {A,} and {Cn} are constants to be determined. These solutions clearly
respect the V = 0 boundary conditions at x = 0,a and y = 0, b because they vanish
at those points. There is no relationship between n and m or between «, and 3, at
this point.

Page 162



Section 3.6 Advanced Electrostatics: Separation of Variables in Cartesian Coordinates

Now, let’s apply the remaining homogeneous BC to Z(z). At z =0, we have

ZO)=E+F=0 —  F=-E (3.81)

Therefore, Z(z) is of the form
Z(z) = Enm [exp(za fa? + B2) —exp(—zy/a2 + 6,2,,)] (3.82)

= E,.sinh(ypmz) with Ynm = /a2 + B2, (3.83)

(sinh not sin because we know o2 + 32, > 0.) Note how the last BC only determined
the form of Z(z) while its eigenvalues were determined by the prior two BC.

Our full solution thus has the form

oo
V(ix,y,2) = Y Vam(x,y,2) (3.84)
n,m=1
oo
= Z Anm sin(anx) sin(Bmy) sinh(yamz)  with  vpm = 1/a2 + 2
n,m=1

where we have combined all the arbitrary coefficients Ap,, Cs, and E},, into a single
coefficient Apm. Each Vo, (F) satisfies all five homogeneous BCs, thus the solution so
far (without the last BC applied) is the arbitrary sum over all such V(7).
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Section 3.6.0

Now, we want to apply the last boundary condition, V(x,y,z = ¢) = ¢(x, y). How?
Not the same way as we applied the previous ones. The prior boundary conditions
were homogeneous, meaning that they forced the solution to vanish on some boundary
(not all boundaries, otherwise the solution would vanish by the “no extrema”
property). The remaining one is inhomogeneous because it requires the solution to
take on a particular functional form on a boundary. It must be treated differently, for
two reasons.

» The first involves linearity and uniqueness. Because the right-hand side of a
homogeneous BC is zero, the BC is satisfied by any linear combination of
functions that satisfy the BC. The same is not true of inhomogeneous BC. If it
were possible for two different functions to satisfy the inhomogeneous BC, then
only a subset of linear combinations of them would satisfy the same BC: the
linear combinations in which the coefficients sum to unity. This condition
violates linearity. The only resolution is for there to be precisely one solution to
the inhomogeneous BC. This requirement is consistent with uniqueness: the
inhomogeneous BC is applied last, and it completes the application of the BC,
so the solution should be unique once it is applied.

» From the purely calculational point of view, requiring the solution for a given n,
m to satisfy the inhomogeneous boundary condition would imply

Vnm(xry’ z= C) = d)(X,y) (3-85)
Anm sin(anx) sin(Bmy) sinh(vamc) = ¢(x,y) (3.86)

There simply is not enough freedom in the functional form on the left to satisfy
the boundary condition for arbitrary ¢(x,y).
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The only way to have enough freedom to satisfy the inhomogeneous boundary
condition is to consider a linear combination of the individual n, m:

V(F) = Z Anm sin(anx) sin(Bmy) sinh(vnmz) (3.87)
n,m=1

where Apm, are now constants to find based on requiring the above linear combination
solution satisfies the inhomogeneous boundary condition at z = ¢, which now becomes

o(x,y) = V(x,y,z=c) = Z Anm sin(anx) sin(Bmy) sinh(vYamc) (3.88)

n,m=1

This condition will let us determine the A,m,, but how, and why are we certain they
exist? We make use of the theory of orthonormal functions we cited earlier.
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We will use the fact (not proven here) that the functions {\/2/asin(anx)} for n >1
form a complete, orthonormal set on the x € [0, a] interval (with the given boundary

conditions at x = 0, a), as do {+/2/bsin(Bny)} for m > 1 on y € [0, b] (again, with
BC). Therefore, we may recover the A,, by multiplying by them and integrating:

[o [ avovny] 2 in(ap) 2 sin(6e)
:/ dx/ dy Z Anm sinh(ynmc) Sm(apx)\/gs'“(o‘"x)5'“(5my)\/%sin(ﬁqy)

n,m=1
. Va
Z Anm sinh(yamc) f{)pn —0gm = 2 ) (3.89)

n,m=1

Now, be aware that we did more work than necessary above. Once we are told that

the {y/2/a sin(anx) \/2/b sin(Bmy)} form an orthonormal set, we do not need to do
the integrals on the right-hand side! We only need write the right-hand side of the

original equation in terms of the orthonormal functions, then use orthonormality
(Equation 3.65) to obtain the equations for the individual coefficients; i.e.:

o(x,y) \/7 Z A,,m\/>sm(a,,x)\/>sm (Bmy) sinh(yamc) (3.90)
— / dx / dy\f sin(apx) \Esin(ﬁqymx,y):\/a;”qusinh(quc) (3.91)
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Next, we move the coefficients to one side to obtain (replacing pg with mn):

. 1
- sinh(Ynm¢)

a b 2 2
/ dx/ dy — sin(anx) — sin(Bmy) ¢(x, y) (3.92)
0 0 a b
Our full solution for the applied set of boundary conditions is

sinh(vnmz)

4 &
V(A = —
(7 35 n%; sin(anx) sin(Bmy) Snh(rmc)

/dx/ dy’¢(x",y") sin(anx”) sin(Bmy’)

(3.93)

Summary: The homogeneous boundary conditions restricted the solutions to a specific
orthonormal set, and the single inhomogeneous boundary condition sets the
coefficients of the appropriate linear combination of that orthonormal set.

A good exercise is to write down the solutions for the five other inhomogeneous
boundary condition cases (especially the ones with the inhomogeneous condition on
the x, y, or z =0 planes) “by inspection” — i.e., by simply changing the solution we
already have by replacing z with x, y, or a— x, b — y, or ¢ — z — rather than by
rederiving. Clearly, these other problems are not different in any conceptual way, they
are only different calculationally, and only barely. There is no reason to redo all that
calculation from scratch!

Section 3.6.0 Page 168



Section 3.6 Advanced Electrostatics: Separation of Variables in Cartesian Coordinates

If we had used a more general boundary condition, specifying V' to be nonzero on all
six sides of the box, then we could solve the similar problem for each of the six faces
independently (i.e., let V be nonzero and arbitrary on that face and zero on all the
other faces) and then sum the solutions since each individual solution does not affect
the capability of the other solutions to satisfy their boundary conditions. (Of course,
the boundary conditions themselves must be consistent with each other at the edges
and corners where they meet.) In fact, we would have to do this; the separation of
variables technique provides no way to satisfy two generic, independent
inhomogeneous boundary conditions simultaneously. Rather, to solve problems
involving multiple inhomogeneous boundary conditions, one must use the property
that an inhomogeneous boundary condition solution can always be summed with an
arbitrary number of homogeneous boundary condition solutions and still satisfy the
inhomogeneous boundary condition.

It is interesting to consider the intermediate case, consisting of the same geometry
with constant potentials ¢ at the z = ¢ face and —¢g at the z = 0 face. As stated
above, one can solve the two cases of ¢9 and —¢g separately and add them. One can
also solve the problem directly by simultaneously applying the two boundary
conditions, and one can show that the two solutions are the same (using some
hyperbolic trigonometry identities). This is possible because the
double-inhomogeneous boundary condition in this case is very simple, having only one
free parameter, ¢9. A generic double-inhomogeneous boundary condition problem
cannot be solved in this way.
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Referring back to our discussion of Green Functions, the above solution is the surface
term in Equation 3.48 for the particular boundary condition we have applied. By
comparison of the two expressions, we infer (not derive!)

—en(F') Vi Gp(F P = X%+ y'y + c2) (3.94)
oo .
-4 Z sin(apx) sin(Bmy) M sin(anx’) sin(Bmy’)
ab = sinh(vnmc)

Note that this expression does not fully specify Gp (or Fp)! The above information is
sufficient for the particular physical situation we have set up, which consists of no
physical charge in the volume and the above boundary condition, because:

» The term consisting of the integral of the charge density in the volume
convolved with Gp is zero in this case because the charge density vanishes in
the volume. Therefore, we do not need to know Gp (or Fp) completely.

» The above surface term is the only one needed because V = 0 on the other
boundaries.
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For the more general problem of an arbitrary charge distribution in the volume and
arbitrary Dirichlet boundary conditions on the surfaces, we would need to find the full
Gp. It may seem like one could do as suggested earlier, finding the solution for each
option for which face is held at nonzero potential, then using the results analogous to
the above as six Neumann boundary conditions on Gp, and applying separation of
variables to find Gp. But one would have to require that Gp solve Poisson’s Equation
for a unit point charge, not Laplace's Equation. This, as we noted earlier, is not
feasible with separation of variables because of the nonzero right side of the equation.
There is a way to deal with this, which we will show a bit later when we develop the
spherical harmonic expansion for the Green Function in spherical coordinates.

Another approach that does work would be the method of images with the condition
V = 0 on all the surfaces. It is left as an exercise for the reader to think about what
set of image charges is appropriate; the situation gets complicated for a charge at an
arbitrary position in the box, but it is solvable. Certainly, from the resulting Gp, we
could compute the normal gradient of Gp on any surface and thus obtain the general
solution for V in the volume for any Dirichlet boundary condition. We should find that
the normal gradient of Gp on the z = c¢ surface is what is given above.

It may seem like separation of variables is unsatisfactory for this reason — the
procedure does not give you the full Green Function, while the method of images
does. But, as we have seen, the method of images is not a systematic procedure —
one has to guess the correct image charge distribution. By contrast, separation of
variables is an entirely algorithmic procedure to give you a solution if a separable one
exists for the particular boundary condition you are applying. It is less general but
more reliable. More importantly, we will show later how, by applying separation of

variables in a more sophisticated way, we can in fact find the full Green Function.
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There is, nevertheless, no guarantee that there will be a separable solution; this
depends on the geometry of the boundary conditions. The boundary conditions need
to respect the separability assumed. For example, a boundary condition on a spherical
boundary would not likely yield a solution via separation of variables in Cartesian
coordinates!

Note also that the method of images technique is not appropriate for a Neumann
boundary condition because the method of images solution generally solves the V =0
Dirichlet BC problem. One needs a technique like separation of variables for such
cases.
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Separation of Variables in Spherical Coordinates: General Theory
Doing the Separation in Spherical Coordinates

We do this in a slightly more general manner than Griffiths, dropping the assumption
of azimuthal symmetry until it is time to solve the separated differential equations.

Laplace’'s Equation in spherical coordinates is:

1.0 (,0V 1 9 (. oV 1 9%V
=2 (2L Csino L)+ ——- ST =0 3.95
r2 or (r or > N r2sinf 00 (sm o0 ) N r2sin? 0 0¢2? ( )

If we assume a separable form

V(r,0,¢) = R(r)©(0) ®(¢) (3.96)

then, after dividing through by V/(r, 0, ¢) and multiplying by r2sin? 0, we have

o[ L d(pdRY 1 1 d /. dO 1 d?
s G[R(r) dr (r dr)+@(9) sin0 do (S'"e d9>}+¢(¢) agz — 0 (39D
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We see that the first term depends only on r and 6 while the second term depends
only on ¢, so we can immediately assume they are each equal to a constant:

1 d’¢ 5
—_—— == (3.98)
®(¢) dg¢?

The choice of the form of the constant is motivated by what will come next, but we
can see why it needs to be of this form. As we saw in Cartesian coordinates, the above
differential equation is solved either by growing/decaying exponentials (right side
positive) or oscillating exponentials (right side negative). Since ¢ is a coordinate that
repeats on itself (¢ = 2 nm are the same physical coordinate) the solutions ®(¢) must
also be periodic, forcing the choice of the oscillating exponential. (For the same
reason, the linear solutions we ignored in the Cartesian case are disallowed here.) We
saw before that it is convenient to define the constant to incorporate a squaring.

The solutions of this equation are straightforward:

®(¢p) = Aexp(ime) + B exp(—imo) (3.99)
Periodicity in ¢ with period 27 requires m be an integer. One can either require
m > 0 and keep the {An,} and {Bm} or allow m to be any integer and drop the {Bpn,}

(which would be redundant with the {A;} for m < 0). In either case, only one of Ag
or By is required.
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Returning to the other term, we now have

sin20 { L4 <r2 ﬁ) ot d (sineﬁ)} = m? (3.100)
R(r) dr dr O(0) sin6 do do
1 d<2dR> {1 1 d(. d@) m2}
—(r— )+ | == — —(sinfd— ) — =
R(r) dr dr 9(0) sind do do sin? 0

Now, we see that the first term depends only on r and the second only on 6, so we can
separate again by setting the two terms equal to constants that sum to zero. Here, we
rely on prior knowledge of the result to choose the constant to be 4(¢ + 1) so that

I
o

(3.101)

1 d/,dR
(P ) =ee+1 3.102
R(r) dr (r dr) (€+1) ( )

1 1 d de m?
—— = (sing == ) — =—t+1 3.103
0(0) sinf do (s'” d0) gnzg ~ D (3.103)

Note that the radial equation does not depend on m. This implies that the R(r)
functions will not depend on the azimuthal properties of the problem, in particular
whether it has azimuthal symmetry. But R(r) depends on 4, so it will depend on the
polar properties of the problem. ©(6) depends on ¢ and m, so its behavior depends on
both the polar and azimuthal properties of the problem. ®(¢) looks like it may only
depend on the azimuthal properties because it depends only on m, but m is tied to ¢
through the polar equation, so there will be some relationship.
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Solving the Radial Equation

Here, we add another item to our “bag of tricks” and define U(r) by R(r) = U(r)/r
and plug in. (This is motivated by the r? that the second d/dr must act on: assuming
this dependence gets rid of the extra terms arising because of that factor.) We find

d’U  £(e+1)
. U(r)y=0 (3.104)

Since the two derivatives would reduce the exponent of a power-law solution by 2, and
the second term does the same by dividing by r?, the above equation suggests U(r) is
a power law in r. (Or, try making it work with a transcendental function: you can't.)

If we plug in such a form U(r) = r?, we find

ala—1)r" 2 4+ 1)r""2=0 = ai=4+1 or a=-—¢ (3.105)

U B
= R(r) = # =Arat g2l :ArurZT (3.106)

There is no constraint on ¢ yet.
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The Polar Equation and the Generalized Legendre Equation

We may rewrite the polar angle equation as

1 d de m?
2 (sin0 2 4 e +1)— 0(0) =0 3.107
sin0 do (s'“ d6>+{( =520/ ©O) (3.107)

Motivated by the fact that sin 6 d6 = —d(cos @), we add another trick to our bag of
tricks by writing

X = cos 0 O(0) = P(cos0) = P(x) 1—x%=sin%0 (3.108)

Then we may rewrite the polar differential equation as

o S| P(x)=0 (3.109)

a4 [(1—)(2)%} + {Z(é—i— 1) - 1'"

This is called the generalized Legendre equation.
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As you have seen in ACM95/100, differential equations of this type can be solved by
assuming the solution is a polynomial in x and requiring termination after a finite
number of terms. That is, one assumes

oo
PP(x) = arx* (3.110)
k=1

and then, plugging the above form into the differential equation, one requires the
series to terminate (ax = 0 for some k). This condition forces £ to be a nonnegative
integer and —¢ < m < {. (We already know m is an integer to ensure ®(¢) is
single-valued.) These polynomials are the associated Legendre polynomials.

Mathematically, there should be a second solution for each ¢, m because the equation
is second order. These are the solutions one finds by not requiring termination but
simply convergence for —1 < x < 1 (corresponding to 0 < 6 < 7). If one has a
geometry that excludes the z-axis (where these solutions diverge), these solutions
must be considered. If the z-axis is in the space, then these solutions are unphysical
and can be discarded.
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Separation of Variables in Spherical Coordinates with Azimuthal
Symmetry

The Polar Equation Solution with Azimuthal Symmetry: the Legendre
Equation and Legendre Polynomials

Consider the special case of azimuthal symmetry, for which m = 0 and ®(¢) =
constant. The generalized Legendre Equation reduces to the Legendre Equation:

% [(17x2)3—ﬂ +L(L+1)P(x)=0 (3.111)

The same series solution applies here with m = 0, so ¢ must still be a nonnegative
integer. These solutions are the Legendre Polynomials. One can show they obey
Rodrigues’ Formula:

L
Po(x) = 2%' <i> (2 -1)" (3.112)
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Properties of the Legendre Polynomials
One can see by inspection or prove the following properties:
» Py(x) is a £th-order polynomial in x.

» Py(x) has only even powers of x if £ is even and only odd powers if £ is odd.
= Py(x) is an even function of x for £ even and an odd function for £ odd.

» The Legendre polynomials are a complete, orthonormal set: any function that
remains finite on the interval [—1,1] can be written in terms of them. Their
orthonormality relation is

T 20+ 1
/ dxy/ ; Py(x) 2* Py (x) = ¢ 0 (3.113)
—1

and their completeness relation is

S 26;1 Po(x)Pe(x') = 8(x — x') (3.114)
£=0

> Py(1) =1and Py(—1) = (—1)%.
> Py(0) = [(—=1)"(2n — 1)!1]/2" n! for even ¢ =2 n. P;(0) = 0 for odd £.
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Full Solution to Laplace’'s Equation with Azimuthal Symmetry

Combining our radial and polar equation solutions, we have that, for any problem with
azimuthal symmetry and in which the z-axis is included, the potential must have the

form
> By
V(ro)=>" (Ag rf M) Py(cos 8) (3.115)
£=0

The coefficients {A;} and {B;} are set by the boundary conditions. If the volume
includes the origin and the boundary conditions imply the potential must be finite
there, the {By} may be eliminated, and, if the volume includes infinity and the
boundary conditions require the potential be finite (usually zero) there, the {A;} may
be eliminated. In other cases, some or all of the {A;} and {B; } can be nonzero.
Usually, application of the boundary conditions on V will require use of the
orthonormality relations for the Legendre polynomials.

We note that, in the process of doing separation of variables, we have proven that the
angular solution satisfies the eigenvalue-eigenfunction equation

z(£+ 1)

V2Py(cosh) = — Py(cos0) (3.116)

For the angular equation, r acts as a constant and so appears in the eigenvalue.
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Examples of Separation of Variables with Azimuthal Symmetry

We will start first with a case in which the boundary condition is quite obviously
Dirichlet and the application is very much like what we did in Cartesian coordinates.
Generally speaking, however, boundary conditions are not always so obvious. One has
to use whatever information one is given and turn it into boundary conditions of the
type that we know provides uniqueness.
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Example 3.5: Dirichlet Boundary Condition on a Spherical Boundary with
Azimuthal Symmetry

Suppose V(R,0), the potential as a function of 6 on a sphere of radius R, is specified,
where the sphere is either the outer boundary or the inner boundary of the space.
What is the explicit form for the resulting potential?

Let's consider the two cases together. If the space is r < R, then we require the {B;}
to vanish to ensure a finite potential at the origin. (There is no charge in the volume,
so we are assured that the potential cannot be infinite there.) If the space is r > R,
then we require the {A;} to vanish so the potential goes to zero at infinity. That is:

oo oo B
V(r,0) =Y AgrtPy(cost)  or  V(r,0)=) rTfl Py(cosf)  (3.117)
£=0 £=0

To apply the boundary condition at R, we evaluate the above equations at that value:

oo oo B
V(R,0) =3 A(R'Py(cost) or V(RO = RTL Py(cos®)  (3.118)
£=0 £=0
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Then, to find the coefficients, we apply orthonomality to both sides, as we did for
separation of variables in Cartesian coordinates. For the case of r < R, we have:

2041 [T
; / sin 0 d0 V(R, 0) Py(cos ) (3.119)

0
> [T 20+1

= Z Ay R / sing do 2 - Py(cos ) Py (cos 6) (3.120)
/=0 0 2
s ’

=Y Ay R 6y = AR (3.121)
/=0

which we can solve for Ay. Or, based on the orthonormality relation Equation 3.113,
we can just state by inspection (yielding the same result as the above calculation):

2 11 4
_ 2t —/ sin@dd V(R, 0) Py(cos ) (3.122)

A
¢ 2 RCS,

Notice how R¢ appears in the formula for A,. This is analogous to the same way that
sinh(vnm ¢) appeared in the solution for the coefficients A,m in the Cartesian case
(Equation 3.92).
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Similarly, for the case r > R,

2041

Be= = R’f“/ sing df V(R, 0) Py(cos ) (3.123)
0

Therefore, the solutions are

= 2€+ 1 ¢ T . ’ ’ ’ /
V(r<R,0)= Z > R Py(cos 0) sin@’df’ V(R,0") Py(cos0’) (3.124)
=0 ) 0
2y 1 R¢+1 T
V(r>R,0) =) 2+ T Pg(cos@)/ sing’ do’ V(R,8") Py(cos6’)(3.125)
r 0

Notice how the units of the coefficients cancel the powers of r in the solution so our
result has the same units of electrostatic potential as the boundary condition.
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Let's make some other observations, connecting to separation of variables in Cartesian
coordinates.

» In our Cartesian example, we had five homogeneous boundary conditions and
one inhomogeneous one. The five homogeneous ones determined the form of
the individual terms in the solution: they created relationships between the
coefficients, and also imposed quantization requirements, that reduced the form
from being a product of three sums of two exponentials with six arbitrary
argument coefficients and four arbitrary normalization coefficients to being a
product of two sines and a hyperbolic sine with quantized argument coefficients
with one overall arbitrary normalization coefficient. The same happened here:
the homogeneous boundary condition at r = 0 or r — oo eliminated one of the
two coefficients in each term. (Why five homogeneous boundary conditions in
the Cartesian case and only one here? Requiring single-valued behavior in ¢ and
at the poles imposes another three boundary conditions, and azimuthal
symmetry is a fourth. So we effectively already applied four in the form for the
solution we assumed.) In the Cartesian case, those conditions had the effect of
both “quantizing” the argument coefficients (restricting the freedom in the
arguments of the exponentials) and restricting the normalization coefficients
(showing we had only sines and hyperbolic sines, eliminating cosines and
hyperbolic cosines). In this case, the “quantization” is imposed by the geometry
and azimuthal symmetry from the start, yielding the “already-quantized” form
we started with.
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» In our Cartesian example, we applied the homogeneous boundary conditions

Section 3.8.4

term-by-term and then finally we were forced to consider a sum of them to
match the inhomogeneous boundary condition. In this case, we started off with
the sum and applied the homogeneous boundary conditions to the sum. But one
can see that, by use of orthonormality, this process really was applied
term-by-term. In the Cartesian case, we could not write down such a sum so
early because we had not yet obtained the quantization conditions on the
argument coefficients: in Cartesian coordinates, those conditions come from the
specific geometry of the problem and its homogeneous boundary conditions
rather than from the coordinate system. At the end of the general derivation,
we did not even know whether the argument coefficients were purely real or
purely imaginary numbers! Any sum would have had to be written down as an
integral over an unspecified domain. So, we had to apply the homogeneous
boundary conditions first to even be able to write down a sum.

In both cases, the application of the inhomogeneous boundary condition is done
to the entire sum, and the result even looks quite similar, involving an
integration of the inhomogeneous boundary condition over the surface with the
orthonormal functions of which the solution is composed.

Examples of Separation of Variables with Azimuthal Symmetry
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Example 3.6: Dirichlet Boundary Conditions at r = 0 and oo, Neumann
Boundary Condition at r = R

Griffiths does an example in which a surface charge density is specified at r = R and
the potential has to be found over all of space. This is almost a Neumann boundary
condition, but not quite, since the surface charge density specifies the change in the
normal derivative of V at r, not the normal derivative of V itself. By solving for V
over all of space, one effectively turns it into a Neumann boundary condition by using
the solution in one region to specify the condition on the normal derivative as one
approaches the surface from the other side. One writes down different solutions for
the two regions: the {B;} vanish for the r < R solution to avoid a divergence at the
origin, and the {Agz} vanish for the r > R solution to ensure the potential vanishes at
infinity (as we saw above). Then, one applies the conditions that the potential must
be continuous at R (which is a homogeneous boundary condition — the difference of
the potentials on the two sides of the boundary equals zero) and that the normal
derivative must change by the surface charge density (divided by —eo; this is the
inhomogeneous boundary condition because the charge density appears on one side of
the equation). The first condition is effectively the specification of (V)g, which we
recall from our generic discussion of Green Functions for Neumann boundary
conditions. The second condition is the actual Neumann boundary condition. The first
condition relates the {A;} and {B,} at each £. With now just a single set of
coefficients to determine, the Neumann boundary condition can be used with the
orthonormality relation to find a formula for the coefficient for each £.

Note the use of two different solutions in the two regions: this is a generally useful
technique.
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Example 3.7: Uncharged Metal Sphere in a Uniform Field: Unusual Dirichlet
Boundary Conditions

Griffiths does the example of an uncharged metal sphere in a uniform electric field in
the z direction, E = EoZz. The boundary condition is a bit mixed again. Because the
sphere is metal, it is an equipotential. But that doesn’t specify the value of V on the
sphere. Since the field is uniform, we cannot set V to vanish at infinity. Instead,

V(z =0) =0 is chosen. From that choice and the fact that the equipotential sphere
is in contact with z = 0, we can conclude that the sphere satisfies V = 0. But now V
at infinity is not specified, so we don't yet have a Dirichlet boundary condition. The
sensible thing to do is to require the potential approach V/(F) = —Epz at infinity:
whatever induced charge the sphere picks up, its contribution to the potential and
field must fall off at infinity, leaving only the uniform field. Now we have a Dirichlet
boundary condition. Because the potential is allowed to diverge at infinity, we cannot
eliminate the {A;} in this case. But it is easy to see that only A; is nonzero: for

£ > 0, the behavior goes like rf, and since the potential must go like z = r cos 6 at
large r, all the £ > 1 terms must vanish. This large r behavior sets A; = —Ey. Ap =0
because the potential has no offset. That leaves the {By} to be determined.
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Applying the boundary condition V = 0 at r = R gives:

0= AR cosf + Z RM Py(cos 8) (3.126)
s 14
—AiR cos = Z s Py(cos0) (3.127)
£=0

Since the left side has a £ = 1 term, and the Legendre polynomials are orthonormal,
there can also be only a £ = 1 term on the right side, implying B, = 0 for £ # 1 and
Bi/R? = —A1R or By = EgR3. Thus, the solution is

V()= -k (r — f—;) cos 6 (3.128)

Note the use of a nontrivial boundary condition at infinity and the need to realize that
the sphere has the same potential as the z = 0 plane; without these boundary
conditions, it would have been impossible to start the problem.

Section 3.8.4 Examples of Separation of Variables with Azimuthal Symmetry



Lecture 9:

Advanced Electrostatics V:

Separation of Variables in Spherical Coordinates
with Azimuthal Symmetry (cont.)
Separation of Variables in Spherical Coordinates
without Azimuthal Symmetry
Spherical Harmonic Expansion of Green Functions

Date Revised: 2024/02/06 10:00
Revised lecture break
Date Given: 2024/02/01

Page 191



Section 3.8 Advanced Electrostatics: Separation of Variables in Spherical Coordinates with Azimuthal Symmetry

Example 3.8: Separation of Variables for a Point Charge near a Grounded
Conducting Sphere

Let’s reconsider the situation we looked at before via method of images, the point
charge near the conducting sphere. The setup is as before, with the point charge at
aZ and the sphere centered on the origin with radius R and V = 0 on its surface. One
difficulty is that the presence of the point charge implies Laplace’s equation is not
satisfied in the full volume! It is, however, satisfied separately in the regions R < r < a
and a < r < 0o, and we have the charge density at r = a, so we should somehow solve
separately in the two regions and then join the solutions together (as we did before for
the spherical shell of charge, which we recognized was a Neumann boundary condition
(Example 3.6)).

Since we have seen how the method of images can provide the Green Function for a
system, the aforementioned equivalence suggests that we may be able to use
separation of variables to find the full Green Function for a system in the “sum over
orthonormal functions” form rather than in the “system of point charges form.” This
is indeed true and we will do this in general fashion for spherical coordinates later in
§3.9.4 using a technique similar to the one we use for this example.
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We may guess that the appropriate way to write the charge density at r = a is

o(8,¢) = ———— 5(6) (3.129)

2 a?sinf
The rationale for this guess is that a?sin @ cancels the r?sin @ portion of the volume
element and 2 7 cancels the ¢ integral. It has the right units, too, surface charge

density, charge/length?; remember, §(0)/sin 6 is unitless because 6 is unitless. One
can see the form is correct because integration returns q:

™ 2 _ 2 q
/0 /0 daoc(0, ) —/ S|n€d9/ 27ra2 pr 4(0) (3.130)

—/ do 2ﬁd¢q§() (3.131)

Notice that no 6(¢) is required.
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We can largely apply what we did in the case of the Example 3.6 except that we
cannot eliminate the {By} for r < a because the inner boundary is at r = R, not
r =0. Let's apply the homogeneous boundary condition V(r = R) = 0 first:

o . Bin
0=>" (Alen R+ R;”) Py(cos8) (3.132)
£=0

where we use the " superscript to indicate these are the coefficients for the solution in
the region inside of the charge at r = a; i.e., the R < r < a region. Since this a
homogeneous boundary condition, we know from prior discussion we can apply it
term-by-term. Perhaps easier to remember/justify is to apply orthonormality to the
sum, which forces the coefficent of P, at each ¢ to vanish independently:

Aian _ Bén v 0) = > A,-n 0 R26+1 P 0
e =TT T (r<af)= Z e \" T T ¢(cosf) (3.133)
£=0

For r > a, we start with the same form for the solution, but of course now with
different coefficients {A2"'} and {Bg“*}. Do not confuse these coefficients with the
{A} and {Bi"} determined above: these are solutions in different regions, so they are
different functions and there is no reason to expect the coefficients are the same! The
{Ag“t} must all vanish so the potential vanishes at infinity (homogeneous boundary
condition). So we have

out
BZ

o0
V(r>a0)=>_ i1 Pelcos) (3.134)
£=0
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Next, we join the solutions at the boundary between them by applying the Neumann
boundary condition there, which requires that V' be continuous at r = a and that
OV /Or be continuous there except at § = 0, where it has a discontinuity specified by
o(0). We apply the first (homogeneous) condition, term-by-term like any
homogeneous boundary condition or via the orthonormality of the Py:

. R2é+1 Bout .
Alen (aé - ) — ZZ+1 — Bgut — Alen <a2l+1 _ R2Z+1> (3.135)
a a

Let's put everything we have so far together in a suggestive form:

o R (Rj)"
i _ i r a a
Vir(r0) = V(r < a,0) = eng; attt 1~ ar | Pelcost)  (3.136)
=N )
VoUL(r 0) = V(r > a,0) = ;%A;" gttt ST e | Peleost)  (3.137)

Notice the length—! units of the portion in parentheses, implying that AZ" will have
units of ¢; !(length)~(“*1) . Next, we apply the derivative matching (Neumann)

condition:
(avout 3 8vin>
or or
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The derivatives are

2\ £
dvm o ln Z+1 ré g (RT>
Z g +(Z+1)T Py(cos0)
2=
R (R2)'
o0 Y4 EAS LA,
- 2 ( - ) Py(cos 0)

8vout
:Z ln £+1(€+1)

— + [
Fer2 012

r\

Evaluating at r = a gives

. R (R2)!
avin > ¢ B
o =" Apattt i (e+1)ﬁ Py(cos )
r=a e:o
R (R2\*¢
2| Sy [, S )
o r:a:ZA‘[a (+1) | =5 + 7 | Pelcoso)
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(3.142)

Page 196



Section 3.8 Advanced Electrostatics: Separation of Variables in Spherical Coordinates with Azimuthal Symmetry

When we difference the two, the second terms in the expressions cancel, leaving

q4(6)

- 3.143
27 a%eo sin @ ( )

- 2(22 + 1A S =1 Py(cos ) =
=0

This is our inhomogeneous boundary condition so, as usual, we must use
orthonormality to obtain a formula for the coefficients in terms of an integral of the
boundary condition with the orthonormal functions. We can multiply by

Pyr(cos ) sin @ and integrate over 6, or we can just apply orthonormality. (Recall the
orthonormality relation: [2/(2€ + 1)] [ sin 6 d6 Py(cos 0) Py (cos ) = 64/). This
extracts the AZ} term we want, and it also simplifies the right-hand side:

: 4 6(0) Py 0
—2 A1 = —ﬁ/ sin 6 do ()?7(9“35) (3.144)
o Jo sin
q q
_ _ P f=0))=—-———— 3.145
27 aeo v (cos( ) 27 ale, ( )
Al = —— 3.146
YT U Axe, ( )
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Writing the full solution, we have

oo R ()"
v )= 7 AR Py(cos 6 3.1
(r<a, )_47“022:; e e s ¢(cos 0) (3.147)
o [ 5(&2>f
V(r>a0)=-——3 | 2212/ | Py(cosh) (3.148)
’ 4meo t— ré+1 ré+1 ¢ ’

The form is hardly one we would have guessed! Separation of variables is more
algorithmic than method of images, but it is also less intuitive. We will connect the
two next.

Recognize that the integral over the inhomogeneous boundary condition that we
expect from past experience with separation of variables has already been done on the
prior page, so it is no longer explicit here; it yielded the a—(*+1) factor that is present
in all the terms (in the first term for the r > a solution, it is multiplied by a2t 5
factor that came from the homogeneous boundary conditions, so it is no longer
obvious). Also, that integral did not include an integral over ¢ as we might have
expected. We could have integrated over ¢ on both sides if we wanted, yielding a
closer analogy to Equation 3.92, but it would have just yielded a common factor of 27
on the two sides since neither side has ¢ dependence. We did not need to do this
because the problem is azimuthally symmetric and thus we know the solution must
include only the m = 0 term. We will see such an integral when we consider cases
without azimuthal symmetry.
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Connecting Method of Images to Separation of Variables via a Useful
Expansion in Legendre Polynomials

We have two techniques — method of images and separation of variables — that we
can evidently use for the same problem. By the Uniqueness Theorem, the solutions
must be the same. Comparing Equations 3.147 and 3.148 that we just obtained via
separation of variables to Equation 3.25 obtained via method of images, the
connection is hardly obvious! To see it, we must first prove a theorem.

We will show

_ ->/| Z LT Py(cos~) (3.149)
=0 ">
with r< = min(|7, |F’]) rs = max(|7], |F’]) cosy=7F-F

This will let us go back and forth between separation-of-variables solutions and
functions that look like the Coulomb potential (e.g., point charge near the grounded
sphere!). Griffiths sort of derives this, using a far less interesting and powerful
technique. He also does it in §3.4.1, after the discussion of separation of variables, so
he is unable to use this theorem to connect the method of images and separation of
variables solutions for the point charge near the grounded, conducting sphere.
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To prove this, orient the coordinate system so 7’ = r’ Z. The function on the
left-hand side of Equation 3.149 is the potential at 7’ of a point charge g = 47e, in
magnitude (not units!) at r’ along the z-axis. It satisfies azimuthal symmetry and
thus is expandable in terms of the above solutions of Laplace’'s Equation in spherical
coordinates with azimuthal symmetry (because these solutions form a complete,
orthonormal set!):

1 > B,
T > (Ae rf M) Py(cos ) (3.150)
£=0

Consider two cases separately:

> r<r!
We must eliminate the By coefficients to keep the function finite as r — 0. To
find the Ay, let's consider the point = rZ (i.e., cosy = 1), which implies

11 7°°A[
= > Acr (3.151)
£=0

r’'—r

(Recall, Pp(1) = 1.) Thus, the A, are just the coefficients of the power series
expansion of the left side, which we know (recall: (1 —x)"1 =1+ x+x%>+---

for0 < x<1)is
1 1 1 1 °°<r>e
== == — (3.152)

r’'—r r’1—r% r’ r’

The series converges because x = r/r’ < 1. Thus, A, = 1/(r’)**!. This now
sets the {A,} for arbitrary 7 (i.e., arbitrary cos~ rather than the special case
cosy = 1 we have considered).
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> r>r’
We must eliminate the A, coefficients to keep the function finite as r — oco.
Again, consider F = rZz, which implies

oo

1 1 B,
LTk (3153
£=0

r—r’ |F—F

For this case, we consider an expansion in r’/r rather than r/r’ because now
0 < r’/r <1 while, above, 0 < r/r’ < 1. Again, the By are just the coefficients
of the power series expansion of the left side, which we know is

1 11 1S /r\*
r—r r1-2 r 2 (7) (3.154)
Thus, B, = (r')*.

Combining the above two cases, and generalizing back from cos 8 to cos~y, yields
Equation 3.149.

A few notes on the above derivation:

> Note some elements of technique: without loss of generality, we: a) set
F' = r’Z so cosy = cos@; and b) evaluated the expression at cos = 1, similar
to the manner in which we applied the boundary conditions for the point charge
near the grounded sphere. These are useful techniques to keep in mind for the
future.
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» Note that the process was effectively separation of variables, separately in the
r < r’and r > r’ spaces (like our separate consideration of r < R and r > R in
the previous example) but with an unusual boundary condition: Rather than
specifying a condition on the function (the “potential”) on the boundary r = r’,
we used the fact that we knew the solution along the line 7= rr’ (which we
took to be F= rZ in this case). That is, we specified the potential for a locus
of points in the volume V rather than on the surface S(V). We do not have a
general theorem about such boundary conditions because the derivation of the
Uniqueness Theorem used Green's Theorem, which involves S. Evidently,
though, appropriate specification of the potential on some locus of points in V is
also sufficient to yield a unique solution!

» We could have derived the result instead by treating this as a separation of
variables problem with a Neumann boundary condition at r = r’ due to the
singularity there, which is the same singularity one gets for the potential of a
point charge of value g = 47 ¢, as we explained above. Explicitly, we would
combine the solution to Example 3.6 (a spherical shell of charge o(R, 0) in free
space) with the charge density we developed for the point charge near the
conducting sphere. In fact, we can read off the result from Equations 3.147
and 3.148: let R — 0, replace a by r’, and replace g by 4 7 ¢,! That approach
is a bit more cumbersome but benefits from the Uniqueness Theorem and the
full separation-of-variables machinery. We did not do that here because we knew
ahead of time the solution on the 7= rr’ locus, and this approach introduced
you to a new technique.
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With that theorem proven, we can make the advertised connection. If we compare
Equations 3.147 and 3.148 from separation of variables for the point charge near the
conducting sphere to Equation 3.149, we see that all four terms in the former are of
the form used in the latter. The first term of the first equation has r« = rand rv = a
as appropriate for r < a, while the first term of the second equation has r« = a and
r> = r as needed for r > a. The second terms of both equations are of the same form
with r« = R?/a, r~ = r and the charge multiplied by —R/a. Thus, we recover

q 1 R/a

T 47e, | |F—aZ - ‘-'_R;/Z\‘

V(7) (3.155)

F

which matches Equation 3.25. Remarkable! This is a case where we were able to use
separation of variables to recover the full potential and thus the full method of images
solution, which we know then gives us the Green Function: it is possible!

Could we have done a similar thing if we had a point charge in the five-sides-grounded
box problem? There is no reason to think it would not work.

In fact, we will later show how to use a similar technique to find the Green Function in
spherical coordinates for systems without azimuthal symmetry.
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Separation of Variables in Spherical Coordinates without Azimuthal
Symmetry

The Full Polar Equation Solution: the Associated Legendre Polynomials

There is a relation yielding the associated Legendre polynomials for m > 0 from the
Legendre polynomials:

Pf(x)::(41>m(14—x2)m/2§£§;Fy(x> (3.156)

which, using Rodrigues’ Formula (Equation 3.112), implies

Ppey = C 1 ey &

2 4
S S F 1) (3.157)

which is now valid for all m.
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Some properties of the P}:

» P9 = P, (m=0 in Equation 3.156).

» The parity in x (evenness/oddness) of the associated Legendre functions is
given by (—1)¢*™ (where —1 implies oddness): the parity of Py is given by
(—1)%, and each derivative changes the parity by a factor of —1 (note that the
powers of (1 — x?) have no effect on the parity because it is an even function).

» The {P;"} for a given m form an orthogonal set. We can see this by going back
to the polar equation (Equation 3.103 or 3.109) and recognizing that it is
literally a different differential equation for every value of m. The solutions at
different m are related to each other by Equation 3.156 because the differential
equations are related to each other, but they are different equations and thus
their solutions form different orthogonal sets. We will address their
normalization imminently.

There are a number of other properties of these functions, but it is more useful to
consider them together with the ¢ solutions.
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The Full Solution to the Angular Piece of Laplace's Equation: the Spherical
Harmonics

When one combines the P"(cos ) and the e™® solutions of the polar and azimuthal
equations, one obtains the Spherical Harmonics

2 1(4— [ ;
CH1E=mb o os gy eims (3.158)
4w (€+ m)!

YZm(97 ¢) =

They are an orthonormal, complete basis for functions on the sphere (0, ¢) (assuming
the z-axis is part of the sphere; recall our comment about a second set of solutions to
the Legendre equation if it is not). The (£ — m)!/(¢ 4+ m)! factors come from
normalizing the P, while the 27 comes from normalizing the e™®. They satisfy
numerous important and useful conditions:

» Conjugation:
YZ(*"")(97 (b) = (_1)mYZ*m(07 ¢) (3159)

» Orthonormality:

27 ™
/ dé / Sin0.d0 Y5 (0, 6) Yem(0: &) = 81005 (3.160)
0 0
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» Completeness (cos @ is the argument because the differential is
sinf df = —d(cos 0)):

oo L
D> Yin(07,0")Yem(6,6) = 6(¢ — ¢') 5(cos 6 — cos0”) (3.161)

£=0 m=—¢

» m = 0 devolves to Legendre polynomials:

7
Yoo(0,0) = 1/ > 4; ! py(cos0) (3.162)

This should be obvious from Equation 3.156, the relation between the Legendre
and the associated Legendre polynomials.

» The 0 = 0 behavior is simple given Equation 3.156 (the (1 — x?) factor):
PI7%£1) =0 =  Yimuw(0=0,0) = Yemuo(0 =7,¢) =0 (3.163)

This condition ensures the Y}, are single-valued at the poles.

(Single-valuedness is automatic for m = 0 because el = 1.) Recall that we
also stated Py(1) =1, P;(—1) = (—1)*, which implies

V4 l
Yeol8=0,0)= /2= Vi@ =me) = (-1 /T (3160)
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» The above implies that any expansion in terms of Yj,, simplifies at 6§ = 0, =:

¢S} 4
given g(0,8) =D > AwmYem(0,0) (3.165)
=0 m=—/
> 2041
then  g(0=0,¢)=> 1/ ha Aco (3.166)
47
=0
> , [20+1
and g0 =m0)= > (1)) o Arg (3.167)
P 4

» The Addition Theorem for Spherical Harmonics: Given ¥ and ¥’ pointing in the
directions (0, ¢) and (6’,¢’), respectively, then

Pe(F-7') =

2“1 Z Yin(0',6") Yem(0, ) (3.168)

where 7- 7/ = cosy = cos 0 cos 6’ + sin 6 sin @’ cos(¢ — ¢’). The proof of this
can be found in Jackson §3.6.
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» An important corollary of the Addition Theorem can be obtained by combining

Section 3.9.2

the above with Equation 3.149, the formula for the inverse of the relative
distance between two points in terms of the Legendre polynomials:

DI 51 Pel(cos)

|r_r — >

Plugging in the Addition Theorem gives us

7

oo 4
|» P3P 2€+1 1 Yinl0 0 Yin(6.0) | (3169)

The utility of this relation is even more obvious than that of Equation 3.149,
especially for doing integrals over charge distributions with the relative distance
function (i.e., calculating the potential due to Coulomb’s Law): decompose the
charge distribution in terms of spherical harmonics and integrate the charge
distribution in a particular spherical harmonic Y, over r’ with weighting by
(r")* to obtain the component of the potential at a distance r from the origin
with spatial dependence Y;,(0, ¢)/rt*!.

The Full Solution to the Angular Piece of Laplace’'s Equation: the Spherical Harmonics
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The Full Solution of Laplace’'s Equation in Spherical Coordinates

Putting it all together, we see that the most general solution to Laplace’s Equation in
spherical coordinates is r

oo

¢
(r6,9)=>_ > (Af"” + Tﬂ) Yem(0, 9) (3.170)

£=0 m=—¢

Again, the coefficients {Agp,} and {Byn,} are set by the volume under consideration
and one or the other entire set may vanish. As well, application of the boundary
conditions will require the orthonormality relations for the spherical harmonics.

As with the case of azimuthal symmetry, we note that, in the process of doing
separation of variables, we have proven that the angular solution satisfies the
eigenvalue-eigenfunction equation

V2 Yim(0, ¢) = — Yim(0, 6) (3.171)

o(e+1)
I’

As before, the appearance of r? on the right side is not surprising. Note also that m
does not appear in the angular equation. This is because Laplace’'s Equation itself is
spherically (and therefore azimuthally) symmetric. The charge distribution and
boundary conditions are what may break the spherical symmetry.
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Expansion of the Green Function in Spherical Coordinates in Terms of the
Spherical Harmonics

The fact that the spherical harmonics combined with the usual power laws in radius
solve Laplace’'s Equation for problems that are separable in spherical coordinates can
be used to show that the Green Function for such problems will have a convenient
expansion in terms of the radial solutions and spherical harmonics, like

Equation 3.170. It is convenient to recall at this point that a Green Function is
specified (is unique) once one specifies the geometry and the type of boundary
condition; the value of the boundary condition does not affect the Green Function.
So, once we have specified a geometry and type of boundary condition, the expansion
can be determined and is unique. Alternatively, one can think of this expansion as a
generalization of the corollary of the Addition Theorem, Equation 3.169. It is shown
by using the completeness property of the spherical harmonics and the
eigenvalue-eigenfunction equation for the angular solution. But let's see that this is
true explicitly for a couple example geometries first:

» Free space
The corollary of the Addition Theorem above is the desired expansion of the
Green Function for charge in free space with no finite radius boundaries and
with the condition V — 0 as r — oc.
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» Point charge near a grounded, conducting sphere
For this geometry, we saw that the Green Function can be written as sum of the
Coulomb potential of two point charges, the original one at r’Z and the image
charge ¢’ = —qR/r’ at ZR?/r’:

1 1 R/r’
(e
r

Using the same corollary of the Addition Theorem, we can immediately write
(using the fact r’ (R/r’)?> < r’ always because the the image charge is always
at radius < R while the true charge is at r’ > R):

G(F,F') =

T 4me ||F=F

(3.172)

G(F ") = —

G 20+1

] e
S 222 R [ (#) ] Y;o(07.") Yem(6, 9)

o =om=—zt|">
- (3.173)
1 & e 1 <R2 )“1 Yia(07,0") Yem(0, 9)
T 6 = =, _rﬁﬂ R \rr’ 2041
(3.174)

Note also the symmetry in 7 and 7’ is manifest.

Section 3.9.4 Expansion of the Green Function in Spherical Coordinates in Terms of the Spherical Harmonics Page 212



Section 3.9 Advanced Electrostatics: Separation of Variables in Spherical Coordinates without Azimuthal Symmetry

In both cases, we finally have forms for the Green Function that could plausibly come
from separation of variables. Note, however, that we did not use separation of
variables to obtain it; we used the method of images combined with the corollary of
the Addition Theorem.

Earlier, we solved for the potential of the latter configuration using separation of
variables with azimuthal symmetry, Equations 3.147 and 3.148 reproduced here but
rewritten using the r<, r~ notation:

0 = B(E)Z
a a
S5 - | Pl

V(r,0) = — cos 6
(r.0) 4meo = rﬁ“ ré+l )
with  r< = min(r, a) r> = max(r, a) (3.175)

Why was this not enough to give us the full Green Function? Because this solution for
the potential in terms of Legendre polynomials assumed the point charge was along
the z-axis.

What we can do is generalize this solution by replacing cos @ with cosy =7-7’ and a
with r’ followed by application of the Addition Theorem. Then the solution would be
in a form where we could read off the Green Function expansion in spherical
coordinates not assuming azimuthal symmetry. But this approach is not the same as
obtaining the solution directly, and clearly the above approach does not generalize to a
system that does not have azimuthal symmetry.
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The general approach to the problem of finding the Green Function for an arbitrary
(spherical) geometry is to go back to the definition of the Green Function:

—eoVEG(F, ') = §(F—F') (3.176)

and decompose both sides in terms of spherical harmonics. We do not know the Green
Function yet, so its expansion is the arbitrary general form, which here we write

G(77') =

JIDM%%

L
Z {m I" ) YZm(e’ ¢) (3-177)

where the coefficients in the expansion Ay, depend on r, as usual, and they also
depend parametrically on 7’/ because it is a parameter in the differential equation.
(We do not know the solutions for the radial dependence of the Ay, yet for the
general case we are trying to solve (which is not Laplace’s Equation!), so we cannot
assume they are the power laws we saw for solutions to Laplace’s Equation.)

Section 3.9.4 Expansion of the Green Function in Spherical Coordinates in Terms of the Spherical Harmonics Page 214



Section 3.9 Advanced Electrostatics: Separation of Variables in Spherical Coordinates without Azimuthal Symmetry

The right side can be rewritten using the breakdown of the delta function into delta
functions in each spherical coordinate followed by completeness of the spherical
harmonics. The breakdown of the delta function is:

§(F—F') = (rr ) 56— ") 6(cosd — cos6”) (3.178)

The 1/r? on the radial component is required to cancel the r? in the volume element
in spherical coordinates. The fact that the delta function in € is a function of cos @
and cosf’ is because the volume element contains sin 6 df = d(cos ). One could
have instead written 6(6 — ')/ sin @ as we did when rewriting the point charge near
the grounded, conducting sphere as a surface charge density o(0), Equation 3.129.
Using completeness of the spherical harmonics, we have

7\ oo 4
=) SN S v (07,67) Yen(0, ) (3.179)

£=0 m=—¢
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Thus, our differential equation for the Green Function becomes

oo L
—€ V2 Z Z A7) Yom(0, 8) = 2= 1) Z ST YE(07,0") Yem(0, )
=0 m=—¢ =0 m=—¢
(3.180)

Note that the Laplacian acts on the unprimed coordinates only. When we evaluate the
action of the Laplacian, a cross term ﬁ;Agm(dF”) . ﬁ;ng(G,qﬁ) appears, but it
vanishes because the first term points along 7 while the second is along 6 and $,
leaving only V% acting on each factor in the product individually. We wrote down
earlier Equation 3.171, the eigenvalue-eigenfunction equation satisfied by the angular
solutions of Laplace's Equation, which we use here to evaluate V%ng(é,dﬂ:

— € i ZE: Kv% - W%l)) Agm(r\r_"):| Yem(0, ¢) (3.181)

£=0 m=—¢

/ oo Y4
s Z Yin(8',6") Yem(6,6)
=0 m=

Note that the Laplacian on the left side is now acting with its radial derivatives only
on Agp; its action on the spherical harmonics has yielded the £(£ + 1)/r? term.
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The coefficients of the individual Y, (0, ®) on the two sides must be equal because of
the orthonormality relation for the spherical harmonics, implying

o [(V%_ @) Af”’(”?/)} = w Yim(0',0) (3.182)

Now, given that we have Y/ (8',¢") on the right side (from applying completeness),
and again the spherical harmonics are orthonormal functions, the dependence of
Am(r|F’) on its 7" angular coordinates must be proportional to Y, (87,¢').
Therefore, we may write (with go(r, r’) still to be determined)

Agm(r|r',0’,¢’):gg(r,r') Y;m(0/7¢/) (3183)

Plugging in this form to the above reduced version of Laplace's Equation and
canceling Y, (67,¢"), we get:

—eo (vf_— @) gu(r,r') = w (3.184)

Only the Laplacian’s radial derivatives yield a nonzero contribution here, so we have
(also multiplying both sides by —r?/e,):

o(r—r’)

€o

4a [r2i go(r, r’)} — L+ 1) ge(r,r')=— (3.185)

dr dr
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We see that, when r # r’ (r’ is a parameter, not a variable, here), go(r, r’) satisfies
the radial ODE in r from separation of variables in spherical coordinates,

Equation 3.102. Therefore, in the two separate regions r < r’ and r > r’, the
solutions to that ODE are also our solutions here:

n_ A'"(r’)ré—&—B'"(r ) (641 r<r’
gg(r,r )7 { AZ”t(r )r + Bout(r )r (e+1) >’ (3'186)

Because r’ is a parameter of the differential equation, the coefficients and therefore
the solutions depend on it parametrically. Therefore, the general form for the
expansion of the Green Function in spherical harmonics is

%) Y4 . Bin ’
r<r’iG(RF) =D > |AP(r) 4+ % Yom(8,¢) Yin(8',0") | (3.187)

out( )

[eS) £
PG =Y 3 Ayt Vin(6.6) Yim(6',6)

(3.188)
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To determine the coefficients, we need to apply boundary conditions. Since we have
not yet specified the geometry and boundary conditions, the only generic boundary
condition we can write down is the one at r = r’, which we obtain by integrating
Equation 3.185 from r = r’ — e to r = r’ 4+ ¢ and letting € — 0:

r’+€ r'+e _ !
/ dr{i [r2igg(r,r')} —L(e+ l)gg(r,r’)} = _/ drM
r—e dr dr . €o
(3.189)

The first term is the integral of a total differential, so it is trivially integrated. For the
second term, the form of gy(r,r’), where it is sum of two terms, each of which
includes a power law in r and some function of r’ not dependent on r, ensures it
cannot diverge at r = r’. Therefore, the second term is an integral of a function with
no singularity at e = 0 (i.e., at r = r’) and thus, as € — 0, that integral vanishes. The
right side gives —1/€g when integrated. Therefore, we have

’
d r=r'+e 1
lim {rz—gg(r,r')} =—_=
e—=0 dr r—rl_e €o
7 ! (3.190)
7g - = .
¢ r=r’ r=r’ €0 (r’)2

where g2/t (r,r") is the r > r’ solution and g/"(r,r’) is the r < r solution. This is a
Neumann-type boundary condition as we had for the examples of the arbitrary charge
density on a sphere o(R,0) and for the point charge near the conducting sphere
o(a,0) = 5(cos0) /2 a?, but this form is equivalent to what we obtained in those
cases after we used orthonormality in 6 to isolate the expansion coefficients.
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We note, as an aside, that we derived the above matching condition Equation 3.190 in
a somewhat different way here than when we considered the above examples. In the
examples, we used the fact that we knew the boundary condition on the normal
derivative of the potential from Gauss's Law. Here, we effectively rederived that
boundary condition for the special case of a radial boundary because we have only to
determine the radial function g(r,r’). We could have gone back a step and written
down the boundary condition on the normal derivative of the potential and derived the
same condition above, but it would have required going back to the full potential and
applying orthonormality and completeness again. We circumvented that step by
rederiving the boundary condition considering only the radial function.

Evaluating the above condition explicitly using the r < r’ and r > r’ pieces of the
solution, and multiplying both sides by (r’)?, we obtain

e[Ar() AR (Y 1) [BR ) — BRG] () = = (3101)

€o

Since Q", Bé”, Az’“t, and B;“f all depend on r’, all the powers of r’ match up. The
above is an inhomogeneous boundary condition on gy(r,r’).
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The finite discontinuity in the radial derivative of gy(r, r’) implies that gy(r,r’) itself
must be continuous at r = r’: the derivative would need to have a singularity in order
for there to be a discontinuity in g¢(r, r’). Therefore, we also have the condition

g (r=r'r")—g(r=r",r')=0 (3.192)
Explicitly evaluating this condition, again using the two portions of the solution, yields
[A;'gn(r/) _Agut(r/)] (r/)2€+1 4 [Bén(r/) _ Bgut(r/)] -0 (3193)

The above is a homogeneous boundary condition on gy(r, r’).

The above two matching conditions, along with application of the boundary conditions
that define Dirichlet or Neumann Green Functions (Equations 3.47 and 3.49), provide
four conditions for the four unknowns AP(r'), Bif(r'), A%“t(r"), and B2"*(r’), which
should fully specify them. We finally have a completely algorithmic way to obtain the
full Green Function! What a powerful technique! This general approach can be
applied for any coordinate system in which Laplace’s Equation and the boundary
conditions are separable.
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We also note that the above two equations imply the solutions Ai(r’), Bi"(r’),
A%Ut(r’), and Bg"!(r") will be power laws in r’. This is sensible: because we expect
the Green Function to be symmetric in 7 and 7/, the functional dependences on 7 and
F’, and thus on r and r’, must be the same, and, so, because G has power-law
dependence on r, it must also for r’.

We note that the above procedure is almost identical to what we would have done had
we used separation of variables more explicitly. We certainly assumed a SoV-style
expansion for the Green Function, Equation 3.177. As noted above, we could have
applied a Neumann-style boundary condition at r = r’ by arguing that G(7,F’) is the
potential at 7 due to a point charge at /. That would have yielded the same
conditions on gy(r, r’) that integrating the ODE, Equation 3.185, yielded. We chose
to do it the way we did so we would have to rely less on such analogies. But one can
see that the approaches are equivalent.
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Example 3.9: Expansion in spherical harmonics for the Green Function for

R < r < oo with Dirichlet boundary conditions at r = R and r — oo

These boundary conditions impose the requirement Gp(7,7’) =0 for F€ S, V,

F' € 8. We use the symmetry of the Dirichlet Green Function to convert this to the
requirement Gp(7,7’) =0 for F€ S, 7/ € S,V because we do not know the
dependence of the coefficients on r’ and we want to obtain relations between the
coefficients of the expansion that are valid at all r’, not just values on the boundary,
because those full dependences are needed to use the matching conditions at r = r’
that we just derived. One can check that applying these conditions at 7/ € S does not
result in useful information.

Our condition implies

oo L
0=Gp(FES, P €S V)= > gl(reS,r' €S,V) Y/ (0",¢") Yem(0, )

=0 m=—1¢
(3.104)
Applying orthonormality of the Y;,,(0',¢'), we obtain
0= gilr € 8.1 € 8.V) Yom(0,9) (3.195)

By applying orthonormality of the Yy, (0, ¢), or simply noting Y;,(60, ¢) is in general
nonzero, we obtain

g(res,r'es,V)=0 (3.196)
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We will apply the above homogeneous boundary condition first, then the matching
conditions (one homogeneous and one inhomogeneous boundary condition) at r = r’,
because the Dirichlet BC are simpler algebraically (this is the same order of steps we
used when we solved this problem using separation of variables).

First, consider the boundary at r = R. Since r’ > r = R for all 7/ € V, this implies
that we should require go(r = R, r’) = 0 for the r < r’ solution, yielding:

AN(r'YRE 4+ BP(r'yR™WHD =0 = Bir(r'y = —R2HL Aln(r'y  (3.197)

Next, consider the boundary at r — co: ge(r — oo, r’ € V) = 0. Here, it is the
r > r’ solution that applies, which implies A2“*(r") = 0 for all r’.

Next, we apply the matching conditions at r = r’. First, the homogeneous one,
continuity of ge(r,r’) at r = r’ (Equation 3.193), which implies

AQ”(r/)(r’)z“l + { [—AZ”(r/) R2e+1] _ Bgut(r/)} -0
— B;ut(r/) — AZn(r/) |:(r/)2l+1 _ R2€+1:| (3198)

The condition on the change in the radial derivative at r = r’, the inhomogeneous
boundary condition, yielded Equation 3.191, which we plug into to obtain

. . 1
ZA’;(YI) (r/)l+1 + (€+ 1)A'£n(l’/) |:(rl)2£+1 _ R24+1 + R2Z+1:| (r/)—l _ :
o
; 1 1 1
=  AN()= (3.199)

2041 ¢, (r/)t
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Putting it all together, we have that the Green Function for this Dirichlet boundary
condition, expanded in terms of spherical harmonics, is

1 ¢ £ 1 R\ Yem(0,0) Y568 ")
Lo G =0 im=—r (r'r)i“l_ﬁ(ﬁ) e <
CRM=1 | e ()1 R\ Yem(0,0) V(67,0 ,
To 2020 Zame—t | ST _F<rr'> L
(3.200)

=) £ ¢ 2\ ¢+l * ¢’
B 1 Z Z L 1 (i) Ylm(ezd)) Yém(e ’¢) (3.201)

+1 p
< R \rr’ 20 +1

This solution is of course consistent with Equation 3.174, where we used the Addition
Theorem for Spherical Harmonics to rewrite the Green Function for this geometry and
type of boundary conditions in terms of the spherical harmonics, except now that we
used separation of variables from the start rather than relying on the method of
images and the Addition Theorem.

Note that, as predicted, the solution consists of sums of power laws in r’ as well as r
and is of course symmetric under exchange of Fand r”’.

Interesting exercises would be to see that the above expression approaches |F— F’\_l
as F— r’ (use the Addition Theorem to recover the method of images solution) and
also to recover the defining differential equation, Equation 3.176.
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Examples of Using the Expansion of the Green Function in Terms of the
Spherical Harmonics

We did a lot of gymnastics to get the expansion of the Green Function in terms of
spherical harmonics. Let's see how it can be used. For each of the examples we will
consider, it would be possible to solve for the potential without explicitly using our
expansion by splitting the volume into regions on two sides of 7/ and using separation
of variables with application of boundary conditions (including matching conditions at
the chosen internal boundary). The advantage of using the Green Function is that it
obviates re-solving the same kind of problem many times by simply providing integrals
that need to be done.
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Another point: in separation of variables, we always end up using orthonormality of
the specific set of solutions to Laplace's Equation for the geometry to obtain the
solution coefficients from the inhomogeneous boundary condition(s), Dirichlet or
Neumann, and the matching conditions, if any. That general approach will become
codified here in the way the Green Function is integrated with the charge distribution
and boundary conditions in Equations 3.47 and 3.49. In particular, the Green Function
connects particular spherical harmonic modes of the charge distribution and/or the
voltage (Dirichlet) and/or charge (Neumann) boundary conditions to the
corresponding spherical harmonic modes of the potential. This correspondence makes
the structure of the solution much easier to understand. The effect of a spherical
harmonic mode in charge distribution and/or the boundary conditions at one radius r’
on the potential at another radius r is just a function of the two radii, the g(r,r’)
function (charge distribution in volume or Neumann boundary condition) or its radial
derivative (Dirichlet boundary condition).

The application of the Green Function is like a propagator in QM, propagating from
the initial condition to later times. We have to do less work to obtain the QM
propagator because the solution to the time piece of Schrodinger's Equation is trivial
once one has the eigenvalues of the space piece.
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For our examples, we will consider charge distributions inside a conducting sphere. We
quote the general result from Jackson for the Green Function expansion in spherical
harmonics for a geometry consisting of the volume between two spheres at r = a and
r = b with Dirichlet BC on the two surfaces:

Gp (7, F') (3.202)
() [ ()] e el
m=——t a\r< &t b [1

2 26+1
b - (3 @e+)
where, as usual, r« = min{r,r’} and r~ = max{r, r’}. Obtaining this more general
result is a matter of doing the same thing as we did to obtain the result for a spherical
conducting boundary at r = R except that the Ag”t term cannot be assumed to vanish.

Next, taking the limit a — 0, we get the result we will need for our work below where
we want to solve for the potential inside a sphere at r = b with Dirichlet BC:

- ) 1 e Y (0',9") Yem(0, )
Gp(F, Z Z re { w13 (E) ] ‘ 2€+1[ (3.203)

602 0 m=—/{ r~>

You will also be able to read off this simpler result from a method of images problem
you will do in homework. On to our examples!
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Example 3.10: Potential inside a conducting sphere of radius b due to an
arbitrary Dirichlet boundary condition potential at b but no charge in the
volume

With no charge in the volume, we just need to calculate the surface term in
Equation 3.48, for which we need the normal gradient of Gp at the surface
(remember, i points out of V):

A(F') - Ve Gp(F, F') rres
_liz 9/¢)Yém(0¢)gd 1 71(”7/>[
23 =F=FE I ar [T\ ],
11 oo £
:7:72 3 ( ) Y7, 07,6") Yem(6, 6) (3.204)
o r ——)
Therefore, the potential in the volume for the Dirichlet B.C. V/(b, 0, ¢) is
0o 4
r\¢
V(F) = N v, d'Y; (07,6")V(b,0', ' 3.205
1=3 3 (5) Yind 6) [ 4 Vi (0,0 V(b0 0")  (3:20)

We see that the spherical harmonic component ¢m of the potential at r is determined
by the spherical harmonic component ¢m of the potential on the boundary: very
simple and consistent with the QM propagator picture.
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Example 3.11: Potential inside a grounded spherical conductor with a ring of
charge of radius a in the xy plane

This time, we do the volume integral but there is no integral over the surface. The
charge density due to the ring is

p(F') =

Py 5(r" — a)d(cosB’) (3.206)

Again, one can check that the charge density is correct by integrating it: the a—2
cancels the (r’)? factor in the volume element and the argument of the 0/ delta

function is cos @’ because the volume element contains d(cos6’).

We use Equation 3.48 as usual, in this case with no surface term because the
boundary has V = 0. The potential is then

V() = / dr'o(7") G (7, 7)

=5—— Z Z Yom(8, ) (3.207)

27r€° =0 m=—¢
11 ] ve (o, 0)
dr's(r! — E) o' L _ (= £m ’
></v T'o(r a)d(cos@’) rc [r£+1 b(b2>} 20+ 1
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Because the charge density has no azimuthal dependence, the ¢’ integral picks out
the m = 0 term. Recall that Yy = /(2¢ + 1)/4 wPy, so we may rewrite as

V() = 47rfoaz ZP@ cosH)/ d(cos0’) 6(cos ") Py(cosb’) (3.208)
N2 g1 ’ Y 1 1 /r-\¢
X/O(r)dré(r _a)r<[r£+1_b(b?):|
_ Q > ¢ 1 1 r- 2
= e ;Pe(cow) Py(0) r {éﬂ -5 <§) ] (3.209)

where now r« = min{r,a} and r~. = max{r, a} because the § function does the r’
integral for us, effectively replacing r’ with a. (The next example will show the case of
a more complex charge distribution for which the radial integral is not done so easily.)
Now, recall P;(0) = 0 for odd £ and P¢(0) = [(—1)" (2n — 1)11]/2" n! for even £ = 2 n,
so we may reduce the above further to (replacing ¢ with 2 n so n runs over all
nonnegative integers rather than £ running over all nonnegative even integers):

Q & (-1)"@n—-1)1, 1 1 /rs\2n
V() Z o r2n ,§ﬂ+1_5(§> Pon(cosf)  (3.210)

47reo =

where r« = min(r, a) and r~ = max(r, a) again: i.e., not surprisingly, the solution has
a different form depending on whether one wants to know the potential inside the ring
(r < a) or outside the ring (r > a). This is now the complete solution.
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To get some intuition for the solution, let’s calculate the induced surface charge .
density at r = b. We obtain it from the normal gradient of V/, which, recall, is just E,
and the change in its normal component at a boundary gives the surface charge
density. Since the normal gradient is just d/dr for this particular geometry, it does not
act at all on Py,. In calculating this gradient, r« = a and r~ = r since we will in the
end evaluate at r = b > a. Therefore:

dv

o(F) = 50?

r~=r=b,rc=a

Q X (4n+1)(-1)"@2n—=1)! sa
ZO(+)()( )(

“p 0
Tanb? 20 pl E) 2n(c0s0)

___Q
T 4m B2

21 pnl b

- i (4n+1)(=1)"(2n — ))! (5)2" PQn(cose)} (3.211)

n=1

The expression is written in the above suggestive form on the last line so that it is
easy to obtain the total induced surface charge. Since Py(cosf) = 1, the integral of
the n > 0 terms over cos can be viewed as integrating P», with Py; by
orthonormality of the Legendre polynomials, these terms all yield zero. The first term
yields —Q when integrated over the sphere. This is what we would expect from
Gauss's Law applied just inside the r = b boundary. All the other terms yield 0
dependence in the charge density but their averages vanish (easily seen by using
orthonormality with Py, which is a constant).
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We have seen in this example how the integration of the charge density with the Green
Function breaks the charge density down into its spherical harmonic components,
calculates the potential due to each component individually (and fairly trivially, just
multiplying by a function of the radius of the source charge and the radius at which
the potential is desired) and then sums up those components. The same kind of
correspondence clearly holds for the induced surface charge density.

Note that the additional 4n + 1 factor implies the 6 dependence of the induced surface
charge density is different from that of the original ring charge; i.e., the induced
surface charge is not just a ring.
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To get some intuition about the surface charge distribution, let's go back to the
potential and rewrite it into a method of images solution. Using Equation 3.149 (the
expansion of |F— F”|71 in Legendre polynomials), we can imagine that the first term
arises from the convolution of |7 — 7|1 with the ring charge distribution (though we
won't prove it explicitly). What about the second term? Let's manipulate it a bit:

_nl (2)2” o __b r2ng2ntl _ b r2n (3.212)
< p\p2 rears—r pan+1 a bAnt2 3 (b2/a)2n+1
b rin note: meaning of
= T3 ol (3.213)

N a rg r< and r> changed!

re=r,r~=b2/a

Thus, we see the second term has the right form for the potential at r« = r due to an
image charge at radius r~ = b2/a and normalization —b/a relative to the true charge.
(Note that the meaning of r< and r- change between the initial and final expression
above.) The ring shape comes from the weighted sum over Legendre polynomials,
which is the same as the corresponding sum for the potential of the true charge, the
first term.

Seeing that the image charge is a ring at radius b?/a explains the induced surface
charge density distribution via its proportionality to the field lines from the true charge
to the image charge at the r = b surface. Drawing a picture using the image charge
configuration should make this clear.
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Example 3.12: Potential inside a grounded spherical conductor with a line
charge density along the z axis

This is done in Jackson Section 3.10. We reproduce it here because it has some
calculational twists.

The first twist is figuring out how to write down the charge density in spherical
coordinates. One could probably rigorously derive the form by writing down the charge
density trivially in Cartesian or cylindrical coordinates and then applying Jacobian
transformation to convert it to spherical coordinates, but there is an easier, more
intuitive way.

It is all present at cos@® = 1 and cos® = —1, so clearly delta functions for these
positions need to be included. It has azimuthal symmetry, so there will be no ¢
dependence, only a factor of 1/2 7. The charge is distributed in radius, so there is
some to-be-determined radial dependence f(r). To figure out f(r), let's write down
the requirement that the integral be the total charge Q:

p(F) = % f(r) [6(cos @ — 1) + §(cos 6 + 1)] (3.214)
Q= /V dr p(F)
_Q

1 27
2 — Ccos
=g [ f(r)(/ild(cose) [6(cos® — 1) + & 9+1)]/0 dé

b
:2Q/ dr r? £(r)
0

Section 3.9.5 Examples of Using the Expansion of the Green Function in Terms of the Spherical Harmonics Page 236



Section 3.9 Advanced Electrostatics: Separation of Variables in Spherical Coordinates without Azimuthal Symmetry

If we choose f(r) = c/r? where c is a constant to be determined, then the remaining
integral becomes trivial and yields b, which we can use to find c:

1
QR=2Qch = c:% (3.215)
== p(F) = [6(cos® — 1) 4 d(cos 6 + 1)] (3.216)

4mbr?

Now, since the sphere is grounded, we just need to do the integral of the charge
density with the Dirichlet Green Function:

1
v = = / dr’ o(7') Go (7, 7') (3.217)
€o Jy
_ > é /d’ (cos@’ — 1)+ §(cosO’ + 1)
47reo ==, (r")?

Yé*m(e/? ¢/) Yfm(ea ¢)
20+1

| d )
< | 1 p\p2
rs b \b
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We apply azimuthal symmetry as we did in the previous example, selecting the m =0
terms that we can write as Legendre polynomials. The normalization of the spherical
harmonics cancels the factor of 2/ 4+ 1 in the denominator but adds a factor of 47 in
the denominator. The ¢ integral cancels a factor of 27 in the denominator. The 6’
integrals can be done trivially, selecting P;(1) and Py(—1). Note also that the (r’)?
from the d7’ cancels the (r’)? in the denominator from the charge density. Thus, we
have

0 b
V(7 = Sﬂfob ZP@(COSG)/(; dr' it {relﬂ % (bQ)Z} [Pe(1) + Pe(~1)]
>

£=0

We know Py(1) = 1 and Py(—1) = (—1)*, so the term containing these two factors
yields 2 for even £ and 0 for odd ¢. Thus, the above reduces to

V(”)* Z Py(cos ) / dr'rt |:r_z<;>2>£]

l even

Section 3.9.5 Examples of Using the Expansion of the Green Function in Terms of the Spherical Harmonics Page 238



Section 3.9 Advanced Electrostatics: Separation of Variables in Spherical Coordinates without Azimuthal Symmetry

The integral over radius must be broken into two pieces, one for r’ < r and one for
r’ > r, because the r« and rs variables take on different values for these two regions
(by definition!). Doing so, and doing the integrals (they are straightforward) yields

b 1 1 ¢ 20411 r\?
dr'rt | —— -2 (Z) | ==—"= |1 (- 3.218
/0 r"<|:ri+1 b<b2):| (41 €|: (b>:| ( )

The second portion of the above quantity is well-defined for £ £ 0, but not for £ = 0.
We need to use L'Hépital’s rule to evaluate it for £ = 0:

d r\¢ e d
1 ¢ i [1 - (%) } ) (ing) &e b
lim = 1= (1) | = Jim a7 ]y, B g Gl b (3.219)
(=0 ¢ b £—0 d oy £—0 d g r

de de
Therefore, we may write the full solution as, separating out the £ = 0 term and
rewriting in terms of £ = 2n,

0= s [t S e [ () penn)] a2
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Let's calculate the induced surface charge density and the total induced charge again:

ov
or

o(f) = e

Q X 4n+1
- 1 Pan(cos 6 3.221
, anb? { +n2:;2n+1 2n(cos 6) (3.221)

r=
Note again how the surface charge density has a different n-dependent weighting than
the potential. Finally, integrating over the sphere to get the total induced charge, all
n > 1 terms vanish, yielding

Qind :/ b?>dpdcosfo(f) = —Q (3.222)
r=b

as we expect from Gauss's Law. It would again be interesting to rewrite the solution
in the form of a method of images solution, which you have the tools to do. It clearly
should look like a line charge at the north and south poles. Its density will presumably
fall off as 1/z% because the true charge density is uniform (in linear units, z) and the
image charge magnitude and position both scale as 1/z.
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Section 3.10 Advanced Electrostatics: Multipole Expansions

Multipole Expansions

Dipoles: Quick Review

Recall from Phlb the idea of an electric dipole: two charges of equal and opposite
magnitude +q spaced very close together at 7} and r_. The net charge cancels
almost perfectly, so, rather than the potential falling off like 1/r at large radius, it falls
off as 1/r? with functional form

1 p-r r r r
as =T TS s o T ® (3.223)
dre, r? A R o R Ay o

V(7)) =

where = q(F — F~) is the dipole moment.

This idea generalizes. When one has a charge distribution with vanishing net charge,
but inside of which there is a variation in the charge density, that variation is still
noticeable at large distance as a set of potentials that fall off more quickly than 1/r.
The first additional term is the dipole, falling as 1/r?, the second is the quadrupole,
falling as 1/r3, the third is the octupole, falling as 1/r4, and so on. The nomenclature
comes from the minimum number of different source charges one must have to obtain
that moment: one for monopole, two for dipole, four for quadrupole, etc.
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Multipoles: Full Derivation

We derive the full form by considering the potential due to a charge distribution near
the origin as viewed at a point r such that r is much larger than the extent of the
charge distribution. This the key assumption! We begin with

V() = o /v ar' L) (3.224)

=71

We now use Equation 3.149, taking r« = r’ and r~ = r because r is outside the
charge distribution. Thus,

’

)2 (,m Pe(cos) (3.225)

1
\V4 =
(") 4dre

where cosy = F- ¥’ is the angle between the two vectors. There is a common 1/r we
can factor out, leaving

V(R = 7Z:rl/d7'p (r')" Py(cos) (3.226)

47reo r

This is the multipole expansion of the potential of the charge distribution. One can
see that the successive terms fall off as successively higher powers of 1/r. The angular
dependence is given by the Legendre polynomials in cosy =7-7".

Section 3.10.2 Multipoles: Full Derivation Page 243



Section 3.10 Advanced Electrostatics: Multipole Expansions

The Monopole, Dipole, and Quadrupole Terms

Let's write out the first three terms more explicitly to get some physical intuition:

» Monopole term
The first term is

V(R = 1/vdT'p(F'): 1 @ (3.227)

dmeo r Ameo r

This is the standard Coulomb’s Law term due to the total charge. Far enough
away, all charge distributions look pointlike. But, if @ = 0, this term vanishes
identically and the higher-order terms must be considered. Even if Q # 0, if one
is close enough to the charge distribution to see its non-pointlike nature, the
higher-order terms will be important corrections to the monopole term.

Section 3.10.3 The Monopole, Dipole, and Quadrupole Terms Page 244



Section 3.10 Advanced Electrostatics: Multipole Expansions

» Dipole term
The second term is

1 1 1 1
Va(F) = 7/ dr'p(F') r' cosy = */ dr'p(F')r' 7" 7
4re, 12 [y 4res 12 Jy
1 1
- 7?_/ dr' p(7) P’ (3.228)
4me, r? v
1 1. I 1oy !
or Vo(F)= —— S F-p where p= [ dr'p(r')F (3.229)
4eo r? v

is the dipole moment vector. It is the generalization of p= g (Fr — 7). It can
be written in component form (which is how you would actually calculate it —
recall our discussion during the first lecture of how to break vector integrals into
a set of scalar integrals!) as

b= [ dr o) =55 (3.230)
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»  Quadrupole term

Section 3.10.3

The third term is

11 (7 !
vg(r—):mﬁ/vdw(r)( V5 B oo’y —1)
- 1 ’ (! /21 (- F
L amener s
- 1 /dT’p(F/)(f')21(3?/?/*1)}'? (3.231)
dreo 13 % 2
11 — "p(F') |3FF = (r')?
or | V3(F) = =57 Q- F where Q= [ dr'p(F') (377 —(r')L
471'60 r3 2 - - v _
(3.232)

is the quadrupole moment and 1 = diag(1,1,1) is the identity tensor with ones
along the diagonal. Because it is composed of 7/ 7/ and l Q is a tensor,
implying that one can take a dot product with a vector on each side. Written

out in component form (which is again how you would calculate it):

ijf/ a7’ o(F') 31/ —(r'Vo5] =5 Q-7 (3.233)

It is now obvious that ij is symmetric in its indices.
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Origin Dependence of the Dipole Moment

Suppose we take a charge distribution and shift the origin by a vector 3 such that the
charge distribution is now centered around 3. Then the new dipole moment is

B = /dT’p'(f') P = /dT oG+ =3Q+F (3.234)

where we define the charge distribution in the new coordinate system p’(7’) in terms
of the original charge distribution p(F) to be such that p/(F’) = p(F = r’ — 3) when
F’ = F+ 3. Thus, an origin shift can induce an artificial dipole moment for a charge
distribution that has a monopole moment. This part of the dipole moment is not real:
it is a reflection of the fact that the multipole potentials are written in terms of
distance from the origin under the assumption that the charge distribution is centered
around the origin. When it is not, this is an unnatural coordinate system to use,
requiring corrections of order 1/r? to the standard monopole term (o< @/r) to handle
the fact that the charge distribution is displaced. The above tells us the correction
term has the same form as a dipole term. Obviously, one should choose the origin
wisely to avoid such complications.

Note also the somewhat counterintuitive implication that, if @ = 0, then the dipole
moment is independent of origin! Our assumption that the charge distribution,
including its displacement from the origin, is small compared to the to the observation
point implies that a must also be small so that any corrections, which are of order
a3/r3, are small compared to the leading 1/r? dependence for the dipole term.
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Field of an Electric Dipole

This is simply a matter of taking the gradient. If we let § = pZ, then this is easy:

p cosf
V. = —
2(N) 47eo r?
oV, 2p cosf
- E, =< __-7 =
() or A€o r3
10V, psind
E, = ="
o(7) r 00 47eor3
1 oV
Es(F) = ———— -2 =0
' rsing 0¢
= p
ER=—P
or E(N 4meor

Section 3.10.5 Field of an Electric Dipole

(2?cos€+§sin0)

(3.235)
(3.236)
(3.237)
(3.238)

(3.239)
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To generalize this result for an arbitrary orientation of g requires some vector algebra.
We have Equation 3.229 for the dipole potential in generic form, which we write out as

11 11
Va(F) = S p= = Zr,- pi (3.240)
1

Now, we take the gradient, first noting

o r 0 r 3 r ar? 5,‘j 3r 5,‘j
_—— = = —s — 4+ - =—=— (21 — 3.241
6,] r3 8rj (r2)3/2 2 (r2)5/2 arj + r3 2 45 ( rJ) + 3 ( )

Where we used r3 = (r2)3/2 and r2 =3, r2 to more easily calculate the partial
derivative. Therefore, with r; and 7; being the jth Cartesian coordinate and unit vector,

- oVs 1 .
EQ(F'):—VVQ(F)— ij 8r mizjrjpi [3r,-rj—6,-jr2]

1

— _ o o
47reor5z,{rlrf<3zpm>—pﬂﬂ] fm[?’(P'F)f—fP]

1

Ane s B(p-71)7—p (3.242)

= |B()=
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Electrostatic Potential Energy of a Multipole Distribution in an External
Potential

The general expression for the potential energy of a charge distribution in an external
potential is

U:Ap(F/)V(F') (3.243)

Under the assumption that V/(7”) varies slowly (but need not be constant!) over the
spatial extent of the charge distribution, we can rewrite this in terms of moments of
the charge distribution and derivatives of the potential. To do so, we need to expand
V/(F) about some point in the distribution. To make the calculation easier, assume the
charge distribution is centered on the origin, around which we will expand. (We will
generalize later.) We use the multidimensional Taylor expansion of V/(F):

. = oV 1 2V
V(r’):V(r/:0)+er’a—r +3 S oo |t (324
j=1 Jlpr=0 jok=1 J Ok 17p1=0

We can already foresee how integrating the above form for V(7)) with p(F’) is going
to result in a dipole moment in the first term and quadrupole moment in the second.
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Using E; = a—v we may simplify

-

3 52
. O | o’V
V(F')=V(0) -7 - E(0 3r; 3.245
(7)== EO+ ¢ 30 3 g | (3:205)
3 2
N - o 1 v
= V@) -7 -EQ)+ - <3rr —(r')%s; ) 0 4o (3.246)
6jk:1 8r al‘k
where we were able to add the (r’)2§; term because
> ()5 L =(r'V?V(F =0)=0 (3.247)
a Or; Ory '

ik
because the charge distribution sourcing V is not present near the origin. Remember,

p(F) is not the distribution sourcing V; V is provided to us and is due to some charge
distribution far away from the origin.
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With the above expansion, the electrostatic potential energy is now (note that E(0)
and 62 V/Brjark|6 are constant with respect to r’, so they come outside of the r’

integral)
U= V(6)/ dT’p(f')—E(a)./ dr’ p(7') 7' (3.248)
1% 1%
3
1 o2v /
4z dr'p(F') |3/ ] — Su(r')?| + -
6521 9riOnclg /v [ e ]
3
" | o?v
=QV(0)—p-E(0 - Kk ——— 3.249
QV(O)-p ()+6.Zijarjark~ ( )
Jjrk=1 0
We generalize for a charge distribution centered around 7 instead of the origin:
- 1< A%
uir)=QVv({r)—p-E - Kk ——— 3.250
(N=QV(A) -5 BN+ 5 3 Qg (3:250)
Jrk=1 r
. 1 - -
:QV(F)fﬁ-E(F)+6VP-Q-V7V(F')+--- (3.251)

where we have written the last term in tensor dot product form. There are now
contributions to the potential energy from the relative alignment of p and E and from
the orientation of Q's principal axes relative to the principal axes of the potential’s

curvature matrix. Note that V7 acts on the spatial dependence of V/(r); 7’ has
already been integrated over to obtain Q.
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Force on a Multipole Distribution in an External Field

We can calculate the force on the charge distribution by taking the derivative of U

—

with respect to the charge distribution’s nominal position 7, now replacing one
derivative of V with the electric field E in the quadrupole term:

/E(F)—fﬁum—Q(fﬁv(r“))+§(*-I?(F))+1 23: n Q; OE_ ..
- - P 6, 2=, " M ormon,
= R S-S 0%E;
:QE(F)—'r(p-V)E(I")-&-ng(’Zm:lerjkm-i-
:QE(F)+(ﬁ-€)E(F)+%€[€-(gE(F))]er (3.252)

In going from the first to the second row, we used the vector identity
v (5- F(F)) = (5’- 6) f(7) when Fis a constant vector and £(F) has no curl. Note

that all V are with respect to 7 (since 7/ has been integrated over already).

We see that the total force is a sum of contributions from the interaction of the
monopole with the electric field, the dipole with gradients in the electric field and, the
quadrupole with the local curvature (second derivatives) of the electric field.
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Torque on a Multipole in an External Field

Let's also calculate the torque. As you know from Ph106a, to calculate a torque, we
need to take the gradient of the potential energy in spherical coordinates with respect
to the orientation of the charge distribution relative to the electric field.

The monopole term yields no torque because there is no orientation angle involved: Q
and V/(F) are scalars.

Consi_(;lering the dipole term, we understand that there are only two vectors involved, p
and E, and the potential energy only depends on the angle between them. So the
torque will be given by the derivative with respect to this angle, which we call 6, to
differentiate it from the 6 coordinate of the system in which we consider E. This angle
will be measured from E to p. Then,

= 0

Nee = = - (—,3. E(F)) (3.253)
= %p ‘E(F)‘cosep =-p ‘l::(F)‘ sin 6,
=px E( (3.254)

This is a result you are familiar with from Phlb, indicating the torque acts in a
direction to align the dipole moment with the field direction.
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Moving on to the quadrupole term, we recognize from Ph106a that any symmetric
tensor can be diagonalized via a rotation. Let's write

Q=R($0,00:¥0) 2 [R(¢q.0q, %)l with Q= diag(Q1, Q, Qs) (3.255)

where the Q; are quadrupole moments along the principal axes of the quadrupole
tensor and R(¢q, 0@, q) is the rotation matrix that rotates from the frame in which
the coordinate axes align with the quadrupole tensor's principal axes to the arbitrary
frame we started in, with the three Euler angles (¢, 0q,%q) defining the orientation
of the principal axes of Q relative to the this arbitrary frame. This kind of
diagonalization should be familiar to you from Ph106a, with R rotating from the
“body” frame (the one fixed to the charge distribution’s quadrupole principal axes) to
the “space” frame. The quadrupole potential energy term is then

Us = —2 V7 {R(60,00,40)  [R(60,00,4)] "} - E(7) (3.256)
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To calculate the torque, we need to take the gradient of Us with respect to the
orientation of the quadrupole. This amounts to taking gradients of R and R7 with
respect to this orientation. As you know from the case of the symmetric top, the Euler
angles are particularly useful angles with respect to which these derivatives can be
taken. 0/0¢q gives the torque about the z-axis of the space frame, which causes
precession around that axis. 9/90¢ gives the torque that causes motion in the polar
angle direction with respect to the same space-frame z-axis, which is like nutation in
the case of a top. And 9/0vq calculates the torque about one particular principal axis
of the quadrupole, chosen at will, which accelerates or decelerates the rotation about
that axis. You are familiar with symmetric tops, with /; = /. Here, we can have
symmetric quadrupoles, with Q; = Q. In this case, the 1¢ angle is the angle about
the 3 axis of the quadrupole (the principal axis that aligns with the z-axis in the body
frame). We do not take this further because, as you know from the study of tops in
Ph106a, the phenomenology can be quite rich.
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Polarizability and Polarization
Review of Polarizability of Materials

Griffiths §4.1 does a good job of providing physical motivation for the study of the
polarizability of materials, and also reviews material you saw in Phlb, so we only
summarize the basics here.

» Atoms and molecules are polarizable, meaning that they can acquire a dipole
moment when an external electric field is applied because of the separation of
the positive and negative charge in response to the applied field. The charge
distribution that results is such that its field is in the opposite direction as the
applied field at the location of the atom or molecule.

» We assume that this polarizability is a linear process, so that the induced dipole
moment is linear in the applied electric field, though the response may be
anisotropic. The polarizability tensor o relates the induced dipole moment to
the applied field: o

(4.1)

Ty
Il

=)
m
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» As we showed in our discussion of multipoles, dipoles can experience torques

Section 4.1.1

and forces in an electric field. If a dipole is placed in an electric field, it feels a
torque (Equation 3.254)

N=pxE (4.2)
If the electric field is nonuniform, the dipole feels a force (Equation 3.252)
F= (ﬁ- 6) E (4.3)

If a medium consists of polarizable atoms or molecules, then that medium can
become polarized under the application of an electric field. The polarization (or
polarization density) of the medium is

P=np (4.4)

where n is the density of polarizable atoms or molecules and g is the induced
dipole per atom or molecule.

Review of Polarizability of Materials
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Bound Charges and the Potential of a Polarizable Material

When a medium is polarized and acquires a polarization vector P, then it can generate
its own electric field. This comes from the superposition of the dipole fields of the
individual polarized atoms or molecules. In Phlb, you saw how the polarization could
be interpreted as yielding bound charge densities: when the medium polarizes, the
positive components of some dipoles are cancelled by the negative components of
nearby dipoles, but there can appear a net effective charge: on the boundaries, where
the cancellation fails, and in the bulk if the dipole density is not uniform, also causing
the cancellation to fail. This argument was made in Purcell in Phlb to derive the
bound charge densities, and Griffiths makes it in §4.2.2. Here we derive the
relationship between the polarization vector and the bound charge density in rigorous
fashion.

The total electric potential generated by a polarizable medium is found by summing
up the dipole potentials of the individual dipoles:

, P(F") - (F—F
/v ar' S (4.5)

|F—F

V() =

47 e,

We use the identity (F— 7")/|F — 7|3 = V7 (1/|F = 7'|) (note no minus sign because
this is Vz/, not V7, and we have F— 7/ in the numerator, not 7’ — F) to rewrite this as

V() = o /VdT' B(F") -V (ﬁ) (4.6)
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We can integrate by parts to obtain

v(n = 47T60 {/ dr'Vp - <:£ﬂ:)/> /vdT/ |?_1?,| (67’ : 'B(F/))] (4.7)

The first term can be converted to a surface integral via the divergence theorem:

47eo | |F—F|

We thus see that the potential appears to be that of a surface charge density op(F")
on S(V) and a volume charge density pp(7’) in V with (7 is the outward normal from
the polarizable material):

ob(F') = ﬁ(F’) B pu(7') =~V - P(F') (4.9)
, ob(7) )
V(R = 4Mo [/S(V @ -‘r/vdT = F,J (4.10)

These charges are called “bound charges” because they are bound to the polarizable
medium.
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Example 4.1: Potential and Field of a Uniformly Polarized Sphere

This problem from Phlb is much easier to solve with our knowledge of solutions to
Laplace’s Equation than it was without such techniques. The polarization density is a
constant B = PZ. The bound volume charge density vanishes because P is constant.
The bound surface charge density on the surface at radius R is

op=n(F)-P=F-PZ=P cosf (4.11)

Therefore, Laplace’'s Equation holds everywhere except at r = R, so we apply the same
techniques as we developed previously. Recall that we discussed this same problem in
Example 3.6 (Griffiths Example 3.9) for a generic (). The generic solution was

oo
V(r<R,0) =Y AprPy(cost)  V(r>R,0) Z m Py(cos®)  (4.12)
£=0

with Ay = / df’ sin0’ o(0') Py(cos ') By = A, R?“L (4.13)

250Re 1

Since o(0) = Pcosf = P P;(cos ), the orthonormal functions do their job and we get
(making sure to include the normalization factor 2/(2¢+ 1) = 2/3):

3
V(r < R,0) = Pr cosf V(r> R,0) = P R> cos 6

= 4.14
3eo 3eo r2? ( )
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We can write these more simply. We recognize z = r cos and that the total dipole
moment of the sphere is § = 4w R3P Z/3, yielding

P 57
Z V>R ="

V(r<R,0)= -
(r ) 3o 47e,r?

(4.15)

Thus, the field inside the sphere is uniform, E = —P/3 o, and the field outside the
sphere is that of a dipole p. Note that the field outside the sphere is a perfect dipole
field all the way to r = R; this is not an approximation (until you get so close to the
surface that you can see the discretization of the dipoles).

We remind the reader of the Phlb technique, where we obtained this same result by
treating the sphere as two spheres of uniform charge density p = q/(4 m R3/3) with
their centers displaced by d= P/q. The field inside a uniform sphere of charge is
proportional to the radial vector outward from its center, so the two vectors F — 07/2
and 7+ J/2 end up differencing (because the two spheres have opposite charge) to

yield d, yielding the uniform internal field. Outside the spheres, they look like point
charges, so the system looks like a point dipole p.

One could also use this argument to figure out that the charge density on the surface
is 0 = P cos @ and evaluate the potential and field of that charge distribution.
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The Electric Displacement Field

Definition of the Electric Displacement Field

We proved earlier that the potential due to a polarization density ﬁ(F’) is

_ AP [ =S B
V() = o VS(V)d o +/d |r i } (4.16)

These are analogues of Coulomb’s law for py, so the potential and field due to the
polarization density satisfy

1 Lo 1 1~ =
V2Vb=f:pb V-Ep=—p,=——V-P (4.17)

o €o €o

If there is a free charge density ps (which will contribute to V and E1), then we see
that the total potential and field satisfy

1 . 1 Lo
VAV =—Z(prtps)  VE=—(p-V-P) (4.18)
€ €o

o
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We will see later that it will be convenient to have a field that depends primarily on
the free charge density. Thus, we define the electric displacement field by

(4.19)

We immediately see that Gauss's Law can be written as

ﬁ . 5 = pf — %‘;‘ dan- 5 = eree,encl (420)

The Helmholtz Theorem tells us that any vector field can be written as the sum of a
curl-free component (sourced by the divergence of the field) and a divergence-free
component (sourced by the curl of the field). Thus, to fully understand D, we also
need to determine its curl:

— - — — - —

VxD=eVXE+VXxP=VxP (4.21)

Because the right side may not vanish, the left side may not vanish. This possibly
nonzero curl is an important distinction between D and E.

While Gauss's Law does indeed hold for D, the possibility that VvV x D # 0 implies that
the standard symmetry assumptions we make to apply Gauss's Law to find the field
may not apply.
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However, if one knows that, due to symmetry or some other consideration,

V x B =0, then one can apply the standard techniques for using Gauss's Law
combined with symmetry to calculate the displacement field. (6 x P = 0 should be
interpreted as also requiring that any boundaries be normal to P because we will see
below that, unlike for E, the tangential component of D is not continuous if P has a
tangential component.)

When the above is true, D provides a calculational convenience: if a free charge
density pr and a polarization field P are specified, then we should calculate D from
the free charge density using Gauss's Law and then obtain the electric field from

E = (D — P)/eco. This simplification is possible only because of the particular form of
the bound charge density, p, = -V.-P, which parallels the mathematical form of
Gauss's Law, along with the condition V x P=0.

Note the extra condition V x P = 0; this reflects the fact that P has more degrees of
freedom than a scalar field pp, so those extra degrees of freedom need to be specified
via the curl-free condition for D to be derivable from pf alone.

The situation will simplify somewhat when we consider linear, uniform dielectrics

where P < E; then V X P = 0 is guaranteed, though the requirement that P be
normal to any boundaries may still create complications.
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Boundary Conditions on the Displacement Field

We derived boundary conditions on E earlier, Equations 2.59 and 2.61:

A (EQ - El) _ 1, s (E2 - El) =0 (4.22)

€o

where 7 is the normal vector pointing from region 1 into region 2 and s is any
tangential vector (i.e., §- 1 = 0). We derived the equation for the normal component

using the divergence of E. So, here, we can use the fact that V - D = pf, which yields

7 (52 - 51) = oy (4.23)

Note that, by definition, we have o), = n- P where 7 is the outward normal going from
a region with a polarization density to vacuum. Therefore, by superposition,

7. (/32 - /31> - oy (4.24)

We could also have used pp = —V - P and followed the same type of derivation as
used for £ and_D. The sign on the right side of the boundary condition enters because
of the sign in V- P = —py.
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In general, we know nothing about V x P, so the boundary condition on the
tangential component of D just reflects the fact that its curl is the curl of the
polarization field. We obtain this condition by inserting the relation between E, D,
and P into the above tangential condition:

5 (52 - /51> =3 (ﬁ2 - ﬁl) (4.25)

Note that, even in the case of linear dielectrics, the right side can be nonzero, as we
will see below.
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What Sources D? When Does It Vanish?

Consider the uniformly polarized sphere we just discussed in Example 4.1. In that
example, the displacement field is

D(r<R)=eE+P=——+P==2P (4.26)

w| o
RN

. . 4 .
D(r > R) =€E =¢ <fie|d of an electric dipole p = ?ﬂ R3 P) (4.27)

There is no free charge in the problem, yet we have a nonzero D! The nonzero nature
of Vx D implies that D has another sourcing term that is not captured by Gauss's
Law for D. In this case, this sourcing term manifests as a discontinuity of the
tangential component of Patr=R: P-0=P% 0= —P sin6. This nonzero value
of $- P is what makes 5- D # 0 and thus we cannot apply the usual symmetry
arguments to use Gauss's Law for D (which would otherwise tell us D = 0 because

pr = 0 everywhere). For D to vanish completely, one not only needs the free charge to
vanish but there must also be no nontrivial boundary conditions on D.
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Linear Dielectrics

So far, we have considered situations where P has been specified for us. But, it is
usually caused by an external field, and so what we really want to do is figure out
what observed potential and field arise by summing the externally applied

potential /field and that due to the polarization of the dielectric in response to that
external potential/field. For most substances, at least at low fields, the relation
between the two is linear and there is a simple scalar constant of proportionality:

P=¢coxeE (4.28)

where Y. is the electric susceptibility. Such materials are called linear dielectrics. An
immediate implication of the above is:

-

D=cE+P=co(1+xe)E=¢E (4.29)

where € = ¢, (1 + xe) is the permittivity of the material and ¢, = 1 + xe is the relative
permittivity or dielectric constant of the material.

A very important point is that E above is the total field, not just the externally
applied field. You can think of polarization as an iterative process: an applied field l::o
causes polarization Po, which creates its own field E1, which the polarization responds
to by adding a contribution P1 which creates its own field E2, and so on. The process
converges to the final total electric field E and polarization P.

Page 271



Section 4.3 Electrostatics in Matter: Linear Dielectrics

Example 4.2: Conducting sphere with dielectric shell around it

Consider a conducting sphere of radius a with (free) charge Q on it surrounded by a
(thick) shell of dielectric € with inner and outer radii a and b. Because the system is
spherically symmetric and contains a linear dielectric, we know that E 5 and P all
have the form

E=E(r)? D=D(F P=Pr)F (4.30)
This ensures that the curl gf all thjee vanish and that, at the boundaries, we have no
tangential components of D and P. We have now satisfied all the conditions required
for us to be able to derive D directly from the free charge by Gauss's Law, which yields

= Q.
D(F) = ot r>a (4.31)

(5 —E=P=0forr< a.) Then we just apply the relation between D and E:

2 Q Q/4mer’)T a<r<b
E(F)_47r€(r)r2r—{ EQ/47rsor2)? b<r (4.32)

The electric field is screened (reduced) inside the dielectric and unchanged outside.
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Let's calculate the polarization vector and bound charge density:

P(P) = co xe(r) E(7) = (e(r) — o) E(F) = T2 52

€e—€p QR -~
s e
pp=—V-P= (4.34)
~7 ﬁ(r:a):—ﬂo Q. r=a
op = { A b) = c—ca e Q47ra2 _ (4.35)
r r= € 47p? r=

Note the € in the denominator! We see that Bi is radially outward and decreasing with
rlike 1/r? as E does. Note that, even though Pis position-dependent, its divergence
vanishes, so there is no bound charge density. There is surface charge density, negative
at r = a and positive at r = b. This is to be expected, as the dielectric polarizes so
the negative ends of the dipoles are attracted to Q on the conducting sphere and the
positive ends are repelled, leaving uncancelled layers of negative charge on the inner
boundary and positive charge on the outer boundary.

The electric field is reduced inside the dielectric because the negative charge on the
inner boundary screens (generates a field that partially cancels) the field of the free
charge on the conducting sphere: the total surface charge density o + o at r = a'is
less than Q/4m a?, and it is the total charge that determines E.
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Note that, because of the neutrality of the dielectric, the total surface charge on the
outer boundary cancels that on the inner boundary, so the net charge enclosed inside a
sphere of radius r > b is just Q: outside the dielectric, no screening effect is present.

It is worth thinking about the above a bit: it occurs both because the dielectric has no
net charge and the problem is spherically symmetric. In contrast, we will see a
dielectric sphere can polarize in an external field and generate a field outside itself in
spite of having no net charge, which is possible because spherical symmetry is broken
in that case. But there is no monopole field, only a dipole field.

Note also that, once you have calculated o, and pj, you can ignore the presence of
the dielectric: as we stated earlier, the total field is sourced by the sum of the free and
bound charge densities and the dielectric has no further effect, which one can see here
from noticing that E in the dielectric is what one would have calculated if one had
been given of 4+ op at r = a.
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Finally, let's calculate the electric potential from E (not 5!):

V(F) = - /d . /drE(r

Q o1 Q 1
V(r>b):fﬂ [/oodr ear2} =
oL

47 eor
V(a<r<b):—4 [

T eor2+/ erZ]
_afn
T 4 €0l oo

b r
_Q i/t 1y 1
- T ar {b (eo 6) + €I’:| (4.37)
Q

(4.36)

1
er

b

V(r<a):V(r:a):ﬂ“’ (%’%)*i} (4.38)

where V is constant for r < a because r < a is occupied by a conductor.
A final comment: if one takes the ¢ — oo limit, one can see that one recovers the
behavior one would have if the entire region r < b were filled with conductor. A
conductor can be considered to be an infinitely polarizable dielectric, with E = 0
inside, which requires xe — c0.
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Example 4.3: Parallel plate capacitor with dielectric

You all know from Phlb that filling the volume between the plates of a parallel-plate
capacitor increases the capacitance to C = ¢, Cyac Where Cy4c is the capacitance with
vacuum between the plates. We remind you why this is true.

Let the capacitor plates lie parallel to the xy-plane at z = 0 (negative plate) and

z = a (positive plate) so Z is the unit vector pointing from the negative plate to the
positive one. In such a geometry, we know from symmetry that E, D, and P are all
parallel to Z and independent of xy, assuming we ignore the capacitor edges. Thus, at
the interfaces at z = 0 and z = a, all these vectors are normal to the interface and so
no tangential components are present. These features_'of the fields imply that we can
apply Gauss's Law to the free charge density to find D.

The free charge density is or = £Q/A where Q is the charge on the plates (+Q at
z=aand —Q at z =0) and A is the plate area. Gauss's Law for an infinite sheet of
charge (Griffiths Example 2.5) tells us that the field of a single sheet is E = 0 /2 ¢,.
Therefore, we have for this case
5:{—%? 0<z<a (4.39)
0 z<0,z>a ’

because the fields of the two plates cancel for z <0 and z > a but add for 0 < z < a,
and there is no €, because we are calculating D not E.
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This implies:

= 197 0<z<a 5 —=2 Q7 pg<z<a

= A = e A

E {0€ z2<0,z>a {0 ‘ z<0,z>a (4.40)
pp=—V-P=0 (4.41)

P ?~.’3(z:a) z=a —m Q@ o,

=n-P= . = e A 4.42

b=n { ~2.P(z=0) z=0 { =« Q" ;-0 (442)

The electric field is, like in Example 4.2, screened inside the dielectric, with its
amplitude reduced by a factor ¢, = ¢/€,. The bound surface charge densities near the
plates are the source of this screening, contributing a field opposite to the field of the
free charge. The electric field inside the dielectric is the field one expects from surface
charge densities of + o = £(€0/€) (Q/A). Finally, the voltage is

V(0<z<a):f/zd§’-E(F’):f/;zdz’ (J 9) =1%z (4.43)

0 e A €

From this, we can calculate the capacitance, which comes out as expected:

Q Q

A
C:E: mzﬁg = €/ Crac (444)

C is increased because AV is reduced because of the screening inside the dielectric.

Page 277



Section 4.3 Electrostatics in Matter: Linear Dielectrics

Example 4.4: Parallel plate capacitor with two-layer dielectric

Let's repeat, but now with a capacitor that has two slabs of dielectric with different e:
€1 for 0 < z < a and e for a < z < b, where the top plate is now at z = b. Because
the interface is normal_;o I3 we can apply Gauss's La\Lv for D:as we did before,
yielding no change in D, but now the € quantities in E and P depend on z.

The volume bound charge density vanishes again. The surface charge density at the
top and bottom has the same expression, but again with e being evaluated for the
particular value of z. The surface bound charge density at the z = a interface is

Ub(zza):ﬁl'ﬁl+ﬁz~ﬁzzf~ﬁ1—f~lsz:9 (_m_,_ﬂ) (4.45)
A €1 €

Depending on which dielectric constant is greater, this can be positive or negative. Of
course, it vanishes if e = e2. The potential and capacitance are

1 1 1
V(0<z<a):—92 V(a<z<b):—ga+—9(z—a) (4.46)
€1 A €1 A e A
Q a b—a\ ! A
CZ*AV = (g‘i‘ & ) AZeeffE:Eeff,r Crac (4.47)

where 1/e.r = [a/e1 + (b — a)/e2]/b is the thickness-weighted inverse mean of the
dielectric constants and eqfr , = €er /€0. This is the same as two capacitors in series,
which is not surprising since that problem has the same equipotential surfaces. The
total field is that of three sheets of surface charge of + o}, with of = 0 at the
interface between the two dielectrics.
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Example 4.5: Capacitor with two side-by-side (parallel) dielectrics

Now, allow the capacitor to have plate spacing a but with two different dielectrics
side-by-side, with €; occupying A; and V; and €2 occupying Az and Vs. ltis a
reasonable guess that one should treat this as two capacitors in parallel so that

1
C=CG+6G= ; (61A1 + EQAQ) (4.48)

But let's derive this from scratch, appreciating the subtlety at the interface.

Because the voltage difference between the two plates is independent of € (they are
equipotentials), it is reasonable to guess that E is the same in €; and e this is the
key insight! Because the dielectrics are uniform in z, it is also reasonable to assume
the field is independent of z as one would have in the single-dielectric case. So, our
guess for the form of the fields is:
= ~ = —e1Epz inVy = —(e1—€)Eyz inV
E=-&z D= { e BZ in VW P:{ _&2 —eogEof iny, (449

We see this form respects the tangential boundary conditions at the interface between
the two dielectrics, as it has to:

z. (Ez - El) =0 z (52 - 51) =(a—e)E=2 (ﬁ2 - ﬁl) (4.50)
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Because D and P are different in the two volumes, we must allow the free (and bound)
charge densities to be different. This provides us a set of equations to solve for Ep:

e1Ep =051 e Eg =05 Aror1+Axorp = Q (4.51)
1 Q €1 A1+ e Ao
BN Ey= — = - —_— A=A+ A 4.52
o= €eff AT A 1+ A2 (4.52)
Q Q A
= H = aiEo = Eeff ; = €eff,r Crac (4-53)

which matches our parallel-capacitor expectation. The displacement field, polarization
field, and free and bound charge densities are

5 { —2 8z inW 5 { —Ae 27 inW . F_o
—_— €I — el p— p—
- _©2 Q3 - _€@2—€c Q3 Ppb=—V =
cer AZ in Vo e AZ N A%
(4.54)
L Q iny fG=¢ Q3 iy
lof| =19 o . lop =< et oo . (4.55)
j LR Z) %eﬁ" AZ inW

o always has the opposite sign as of. For Q > 0, the sign of o¢ is positive at z = a
and negative at z = 0. Note that, because P is different in V1 and V3, so too does o}
differ between the two dielectrics.
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Finally, if one calculates the total charge density or + 0, at z = 0 or z = a, one gets

€ €] — € Q € Q
Ot1=0f1+0p1= (71 — ¥> =2 (4.56)
Eeff Eeff A eer A
€ € — € Q e @
Ot2 =0f2+0p2 = (*2 - !> —= = — (4.57)
€eff €eff A e A

This makes sense: since the electric field is the same in Vi and Vs, the total (free +
bound) surface charge density sourcing it should be the same. The total charge
density is a factor €, /€. smaller than would be present in the absence of dielectrics
because the bound charge density screens the free charge density. The free charge
density is different in the two regions because the opposite-sign bound charge density
is different because of the different dielectric constants. In contrast to our naive
expectation, the free charge density is not uniform on the conductor, rather, it
redistributes itself so the fundamental condition, that the conductors be
equipotentials, is satisfied when one includes the effect of the dielectric. Instead, the
total charge density is uniform, which yields a field independent of (x,y), which is
what ensures the equipotential condition is met.
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Boundary Value Problems with Linear Dielectrics
General Conditions for Linear, Homogeneous Dielectrics

In linear, homogeneous dielectrics,

py= - P=—%. (;D) :_(ﬂ)e.ﬁz_(fj")pf (4.58)

€

(Homogeneity is required so the gradient does not act on ¢.) Therefore, if there is no
free charge density in a linear, homogeneous dielectric, there is no bound charge
density either. Thus, the dielectric volume satisfies Laplace's Equation. All our
machinery for solving Laplace’s Equation applies here.
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We always need boundary conditions, though, and we can use the ones we derived
earlier (the tangential E and D conditions will yield the same condition on V/, so we
start with the simpler one):

A [52 - 51] —or 3 [Ez - El] -0 (4.59)
Writing this in terms of the potential, we have
A [eﬁvz - eﬁvl] =—0or % [ﬁvz - 6v1] =0 (4.60)

And, we always require V1 = V5: the potential must be continuous. While we have
three conditions, in general the continuity and tangential gradient conditions will be
redundant: the normal gradient condition must be independent because it depends on
the free surface charge density while the two others do not. The continuity condition
is simpler and so is the one that should be used.
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Example 4.6: Spherical cavity in a dielectric medium with uniform field applied
Let's apply the above to a spherical cavity of radius R in a medium with permittivity €
with a uniform field E = EyZ applied. There is no free charge anywhere. Our
boundary conditions therefore are

V(r — 00) = —Egz = —Eyr Pi(cosf) (4.61)
and, with Vj,(r) = V(r < R) and Vout(r) = V(r > R),

OVin
or

aVout
=€ ——

and Vin(r = R) = Vout(r = R) (4.62)
r=R or

€o

r=R

We also choose the zero of the potential to be at z =0, V(z = 0) = 0, by symmetry
as in the case of the conducting sphere in a uniform electric field.
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As usual, we begin by writing our generic solutions to Laplace’s Equation in spherical
coordinates:

e . el Bout
Vin(r) = A7 r*Py(cos 0) Vour(r) = (Ag“fré + ﬁ) Py(cosf) (4.63)
=0 =0

where we have applied the requirement that V be finite at the origin to eliminate the
1/r’“7+1 terms for Vj,. Recall that we cannot eliminate the r? terms for V,,: because
the potential does not vanish at infinity.

Let's first apply the r — oo condition. We did this before in the case of a metal
sphere in a uniform field, and we found

APt =—E AL = (4.64)
Next, we apply the continuity condition at r = R, making use of orthonormality of the
Py:
. Bout . Bout
inp _ 1 in ¢ _ e#1
A'R = —ER+ R? AraR" = Rl (4.65)
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Finally, let's take the radial derivative and apply the matching condition on it, again

using orthonormality:

in 2 out in -1 _ Blo;tl
€Al = Eo + = B €A LR —€ R £+1) (4.66)
Doing the algebra, we find
. ; 3e
AP, =B =0 Bt = E R} AM=_ E 4.67
o = Bl p—— 1 rere, o (4.67)
Thus, the potential is
3e 3e
Vi =V(r<R)=- Eor cosf = — E 4.68
in(r) (r ) 2e¢+ €0 0 2¢+ €0 0z ( )
R3
Vout(r) = V(r > R) = —Epr cosf — s ° Eo— > cos @ (4.69)
€o
=—FEz+ %? with p_——R3 o (e—€0)Z
47 e r? 2¢+€ °
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The potential inside the cavity is that of a uniform electric field in the same direction
as the applied field but multiplied by the factor 3¢/(2¢€ + €,) > 1, while the potential
outside is that of the uniform field plus that of a dipole whose orientation is opposite
the uniform field and whose magnitude is given above. It is as if the cavity acquired a
polarization density in the negative z direction, though of course that cannot happen
because xe(r < R) = 0 there and thus P(r < R) = eoxe(r < R)E(r < R) =0. The
polarization density outside the cavity is just the total (not the applied uniform) field
times € — €, (which is not particularly illuminating).

The (bound) surface charge density is

ob=0-P(r=R)=7"(c — €0) Eout(r = R)

0 e— R3
€ ¢ Ey — cosf

= (e — - N
(e Eo)( rokoz Or 2e+ e r2

) = —3502E0c059
—R 2e+ €

(Notice that " = —F because 1 is taken to point out of the dielectric medium in the
definition of o.) We see the boundary of the cavity acquires a surface charge density
with the same magnitude and cosine dependence as the bound charge on the surface
of a uniformly polarized sphere, though with opposite sign (so there is negative charge
at the +z end and positive charge at the —z end). The sign follows naturally from our
arguments about cancellation of dipole charge.

The field is enhanced in the cavity for two reasons: first, there is no polarizable
material to screen the electric field, and, second there is surface charge density on the
cavity's boundary that creates an additional field in the direction of the uniform field.
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For reference, we note that the solution for a dielectric sphere (Griffiths Example 4.7)
in a uniform field looks very similar:

-~

3eo

p-r
Vir<R)=——%_F V(r>R)=—Ez+ " 470
(r ) Q€0+ € 0z (r ) 02+47reor2 ( )
ith = 2T R3E—° (c—ep)z= 2" R3B(r < R) (4.71)
wi = — — |€ — € zZ=— r .
P 3 0250—‘,-6 ° 3
oh=3€ —2 Eycosf (4.72)

2¢o + €

Basically, exchange €, and € everywhere to go between the two results. In this case,
the sphere acquires a polarization density 3€,(€ — €5)/(2 €0 + €), now in the direction
of the applied field. The surface charge density is also of same form as the cavity case
with the € <+ ¢, exchange. That exchange flips the sign so that the +z end acquires a
positive charge, again as expected from the dipole charge cancellation argument. The
field amplitude is reduced (screened) in the dielectric.

From the polarized sphere, one can recover the case of a conducting sphere in an
external uniform field by taking ¢ — oo as noted earlier.
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Electrostatic Energy in and Forces on Linear Dielectrics

Electrostatic Potential Energy due to an Assembly of Free Charge in the
Presence of Dielectrics

It turns out that electrostatic potential energy in the presence of dielectrics is a subtle
topic because of the existence of the charges forming the dielectric. There are
different kinds of electrostatic potential energy: that needed to assemble the free and
bound charge distributions versus that needed to assemble the free charge distribution
and polarize the preexisting dielectric. It is generally the latter we are interested in, so
we consider that case.

Suppose we have a system in which an electric field E(7) and its potential V(7) have
already been set up and we want to bring in additional free charge §ps from infinity
(assuming the potential vanishes at infinity). In this case, the change in potential
energy is

6U:/Vdr’ [6p(F))] V(F') (4.73)

The free charge density is related to the displacement field by V-D= pf, so a change
dpr corresponds to a change in the divergence of the displacement field & <§ . 5)

Linearity of the divergence lets us rewrite this as dpf = v -6D.
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Then, we may integrate by parts and apply the divergence theorem:
w:/ dr’ [ﬁ.ao(r')} V(7')
1%
:/ or'% - [V(F) 65(7)] _/ a7’ [5B(7)] - IV(7")
% 1%
:f da’ (7" - [V(F’)&ﬁ(?’)] +/ dr’ [55(7’)] CE(7) (4.74)
s(V) %

Assuming the potential falls off at infinity, the surface term can be taken out to
infinity to vanish. (Recall, V ~ 1/r and D ~ 1/r? while da’ r?, so the integral falls off
as 1/r.) So, we are then left with

u:/oﬁ/vdr/ E(7) - dB(7") (4.75)

There are two integrals here, one over volume and one over the value of D from zero
to its final value. E is of course tied to D and they vary together.
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For the case of a linear (but perhaps not homogeneous) dielectric, we may use
D(F) = e(F)E(F) and therefore

U= //dr (") E(7') - dE(7)
:%/O /‘}d'r’e(?’)d[l:j(?’).ﬁ(?’)]
:%/VdT'e(F')E%F'):%/VdT' E(7') - B(7)

If the medium is linear and homogeneous, one can pull € outside the integral at any

point, yleldlng
U= / dT ~ /
2

We may infer that the energy density, neglecting the energy density intrinsic to the
creation of the dipoles, is

(4.76)

E(F

(4.77)

i ‘5(7)‘2 (4.78)

Section 4.5.1 Electrostatic Potential Energy due to an Assembly of Free Charge in the Presence of Dielectrics Page 292



Section 4.5 Electrostatics in Matter: Electrostatic Energy in and Forces on Linear Dielectrics

By contrast, if we wanted to know the total electrostatic potential energy stored in the
assembly of the free and bound charge, we would just do the usual volume integral of
E2 with €, instead of €. That energy is smaller because € > €,. The reason for this
difference is that assembling the medium in the first place, which consists of bringing
positive and negative charges together, creates a system with negative potential
energy, and thus the total potential energy of the system would be lower if we
accounted for the energy of assembling the medium. But we will never pull the
dielectric apart, so it is natural to treat that component of the potential energy as an
offset that is inaccessible and neglect it in the electrostatic potential energy.

Section 4.5.1 Electrostatic Potential Energy due to an Assembly of Free Charge in the Presence of Dielectrics Page 293



Section 4.5 Electrostatics in Matter: Electrostatic Energy in and Forces on Linear Dielectrics

Energy of a Dielectric in an External Field

A topic naturally related to the above is the electrostatic energy of a polarizable
material in an external field.

Suppose we start with a system with a free charge distribution pr that sources a field
E; in a dielectric medium ¢;, yielding a displacement D; = €1 E;. The initial energy is

1 .
Uy = 5 /d’r Ei - Dy (4.79)

Now, with the charges sourcing El held fixed, let's introduce a piece of dielectric
occupying the volume V> and having dielectric constant ey, replacing the dielectric of
dielectric constant €; there. The remainder of space outside V; is occupied by €1 in
both configurations. The electric field and displacement field everywhere change to E;
and Dy, where Dy(F) = €(7) Ex(F). Note that E; and E are not identical outside Vs,

and the same is true for Dy and D». The dielectric affects the field everywhere, not
just inside V5. The energy is now

1 I
v =3 /dT E . B (4.80)
The difference in energy between the two configurations is therefore

1 Lo L
U2—U1:§/dT[E2-D2—E1-D1] (4.81)

Section 4.5.2 Energy of a Dielectric in an External Field Page 294



Section 4.5 Electrostatics in Matter: Electrostatic Energy in and Forces on Linear Dielectrics

Let us rewrite the energy difference as
1 - - o 1 S o - -
Us— Uy = E/dT[ETleEl-Dg] +§/dT[E2+E1] : [DrDl] (4.82)

It holds that ¥ x [Ez + El] =0, so it can be derived from a potential V, so the
second integral becomes

7%/d7 (6V) . [52 - 51} (4.83)

We integrate by parts (the surface term vanishes because it depends on 52 — 51,
which should vanish as one goes far from the dielectric) to obtain

1 - = -
5 / dr Vv - [Dg - Dl] (4.84)
This divergence vanishes because the free charge has not changed between the two

configurations (recall, V - D = py).
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So the second term in the energy vanishes, leaving
1 - S o
Up — Uy = 5/dr & D1 - £ 5] (4.85)

Now, outside V%, it holds that 52 = 6152 (remember, € only changed inside 1»), and

recall also 51 = 6151 everywhere, so the two terms cancel each other there and the
integrand vanishes outside V,. Therefore, we can restrict the integral to V»:

1 Lo
Urul:ﬂ/ dr(e2—a) B - B (4.86)
2 )y,

This is already interesting — even though the field changes in all of space, we need
only look at the before and after fields in the volume V), rather than the entire system.
If 1 = €0 (vacuum outside V» and in Vs, before the introduction of €;), then we can
use P = (e2 — €5) E> to rewrite as

1 U 1 - =
W:U27U1:7*/ drP-E <~ w=—=P-E (4.87)
2 Jy, 2

where we recall that I::1 is the electric field in the absence of the dielectric and P is the
polarization density of the dielectric, and w refers to an energy density. This is just
like the energy of a dipole in an external electric field, except that the factor of 1/2
accounts for the integration from zero field to actual field, from the fact that the
dielectric polarizes in response to the applied field. We see that the introduction of
the dielectric into an existing electric field in vacuum, holding the source charges fixed,
reduces the overall electrostatic energy.
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Why is the integrand not P-E; or Dy - E>? Because we are asking for the difference in
energy between the field configurations without and with the dielectric. There was field
in V, before the dielectric was placed there, so we have to subtract off that original
field energy density, and we also need to consider the field energy density difference
between the two configurations outside the dielectric. It turns out that the above
integrand correctly accounts for the differencing relative to the no-dielectric starting
condition. We can see this by trying to evaluate the potential alternate expressions:

1 = = 1 = = " 1
77/ dr B . 2277/ d‘r(szeoEz)-Ez:f/ dr [ea
2 )y, 2 Jy, 2 Jv,

This is some sort of difference between the total electrostatic potential energy in V»
and the electrostatic potential energy neglecting that associated with the assembly of
the dielectric medium. The expression has two problems: there is no differencing with
the initial configuration, and it neglects the energy stored in V1. It is part of the
energy difference we are interested in, but not all of. The use of D; - E; would suffer
the same problems.

- 12
Eg‘

— 5 Ez}
(4.88)
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Force and Torque on a Linear, Homogeneous Dielectric in an External Field
with Free Charge Fixed

Let us first consider the force on the dielectric in the case that the free charge is held
fixed. There are no batteries involved, so we need only consider the electrostatic
energy of the field. We take the negative of its gradient with respect to some
generalized displacement £ to find the generalized force Fe:

ow ow aC
fla=-(%¢ ), = (5¢), 26 (459

where we made the second step because, if Q is held fixed, the variation of the system
energy is given entirely by the variation of the capacitance. £ can be a spatial
displacement coordinate like x, y, or z, or it can be an angular orientation coordinate,
in which case the generalized force is actually a torque.

Any system of conductors can be reduced to a capacitance matrix, so the above can
also be written using Equation 2.82 (recall, D = C~1)

= _ 1 S 0905 _ 1 79
F§|Q_ 852]2310,0] _7§;QIQJ 8£ —*EQ [&g :|Q
> Q ij=

(4.90)

(We have intentionally avoided using the confusing notation CI.J._I, using Dj; instead.)
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Example 4.7: Force on a Dielectric Slab in a Parallel Plate Capacitor, Free
Charge Fixed

Let's consider a parallel-plate capacitor with plate separation d, plate side dimensions
£ and w, and with a slab of linear, homogeneous dielectric partially inserted between
the plates, with vacuum from 0 to x and dielectric from x to £ with 0 < x < /.

Let's do this by calculating the total energy of the slab in the capacitor, with E
dependent on the position of the slab. The energy is (using the calculation of C from
the earlier example)

2 _
w=l@® i oo Cwxtewl—x (4.91)
2 C d
Therefore,
1 @2\ dC 1 Q2 (€0 —€)w 1. , w
Felo=—(->X ) ==z X220 = “v2(c—¢) — 4.92
lo ( 2 C2) & 2C  d o Vle—e) g (4.92)

which matches Griffiths Equation 4.65 (recall, eoxe = € — €o).
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Intuitively, the dielectric is pulled in because it lowers the energy of the configuration:
the field energy density is proportional to €|E|?, and |E| oc €71, so the field energy
density is oc €1 larger e implies lower energy.

Microscopically, what is happening is that the fringing field of the capacitor polarizes
the dielectric, leading to bound charge on the surface. The bound charge on the
surface is attracted to the free charge on the capacitor plates, causing the dielectric to
be pulled in. It's a runaway effect, with the movement of the dielectric into the
capacitor leading to greater polarization of the fringing field region, increasing the
bound surface charge density and thereby leading to a greater attractive force. The
system only reaches equilibrium when the dielectric is maximally contained in the
capacitor. (It would be interesting to calculate the trajectory, in particular the
harmonic oscillations that would occur around the equilibrium position because the
slab will have been accelerated and thus have some kinetic energy when it gets to the
equilibrium position.)
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Force and Torque on a Linear, Homogeneous Dielectric in an External Field
with Voltages Fixed

In general, we do not encounter the above situation. Rather, we hold the voltages
constant on a set of electrodes while we consider the work done during a virtual
displacement d§.

Before we get into it, though, let's ask ourselves what we expect to have happen.
Should the force change depending on whether we hold the voltage or the charge
fixed? No, because the force is due to the arrangement of charges on the conductors
and the dielectric at the current instant in time, not at some point in the future that
is affected by whether the charges or voltages are kept constant.

Let's model the fixed voltage situation in two steps, first disconnecting the batteries
and holding the charge fixed while we move the dielectric as we did above, then
reconnecting the batteries so that charge flows on to or off of the electrodes and
restores them to their original potentials.
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Since we are now focusing on a situation with voltages on electrodes, it makes sense
to think about a set of electrodes i = 1...N with voltages V; and charges Q;. The
electrodes have a capacitance matrix C. Let's first consider the change in electrostatic

energy for the first step with the charges held fixed (again, using D = gfl):

N N
1 1
dWﬁeld‘Q =d 5 E QinDij = 5 E Q,‘Qj dD,‘j (4.93)
ij=1 Q ij=1

The change in the inverse capacitance matrix results in a change in the voltages on
the electrodes given by

N
dVilg = dD;Q; (4.94)
j=1
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Now, let’s return the voltages to their original values by allowing charge to flow on/off
the electrodes from batteries while holding the dielectrics fixed (i.e., D,j held
constant). The charge transfer required to undo the above voltage changes is

N N
dQuly =D G (—dVi)g == > Cu Q dD; (4.95)

i=1 ij=1

The change in the electrostatic energy of the configuration (energy flowing out of the
battery into the field) due to this flow of charge is

N N N
D VidQily =— > Vi GiQdDj=—> QQdD;

k=1 Pk=1 =1
—2 dWeia| o (4.96)

bat
deieId v

where we used C;; = Cj, and 22121 Vi Ci = Q.
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Therefore, the total infinitesimal change in energy is
dWiieidly = dWeidl o + dWZ3, v dWetdlg — 2 dWietd|l g = — dWrieia| g (4.97)

As we explained earlier, the force cannot depend on whether the charge is held fixed or
the voltage is held fixed. To ensure we get the same force in the two cases, we
therefore must conclude

O Wield ) ( 0 Wrielq )
F, _ — _ ( Zheld = F 4.98
E|V ( 3 v o€ Q §|Q ( )

That is, when the battery is involved, we must consider the energy of the entire
system and take the positive gradient of the field energy rather than considering only
the energy of the field and taking the negative gradient of that energy. The reason
these two gradients are different, with a sign between them, is because the derivative
is calculationally different depending on whether V or Q is held fixed.
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We can see this works mathematically by trying it:

N
3Wﬁe/d> 0 |1
Ched ) = C 25T vvig -
(85\/3622'JU Zjas
ij=1 v ij=1
1 d
=-vT|=clVv 4.99
Y [5ed] ()
Since C™1/9¢ = — [8C/8§]C ! (one can see this by evaluating
alcc™ 1]/85 = 8&/85 = 0), this form yields Equation 4.90 for F§|Q. Thus,
6Wfield) <3Wﬁe/d>
Fl - _ - F 4.100
elv ( % v oe )~ ela (4100

One can check this result using the parallel plate capacitor example by starting with
W = C V2/2 instead of W = Q2/2 C. Taking the positive derivative at fixed V gives
the same result as taking the negative derivative at fixed Q because C is in the
numerator in the first case while C is in the denominator in the second.
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Study Guidelines

As with basic electrostatics, you have seen much of the material in this section before
in Phlc. As with electrostatics, we will use more rigor here. We will also consider
some more advanced topics such as the multipole expansion of the magnetic vector
potential, off-axis fields for azimuthally symmetric configurations, etc. As with basic
electrostatics, we won't do any examples in lecture or the notes where they would
duplicate Phlc. But you should be review the examples in Griffiths Chapter 5 and
make sure you are comfortable with them.
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Lorentz Forces and Current Densities
Force on a Moving Point Charge in a Magnetic Field

The magnetic force on a point charge g moving with velocity V in a magnetic field B
is given by the Lorentz Force Law:

,_:rnag =4q (‘7 X é) (5.1)

If an electric field is present, the total electrostatic and magnetostatic force on q is
/—’:q<l§+\7x§) (5.2)
Note that the electrostatic force on g is not modified by the fact that it is moving.

See the nice examples in Griffiths of cyclotron and cycloid motion (Examples 5.1 and
5.2). These are at the level of Phlc, so we do not spend time in lecture on them.
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Magnetic Forces Do No Work

Because I—:mag o v x B, it holds that I—:mag 1 V. Since the differential of work done by
a forceis dW = F.dl = F - V dt, we thus see that dW = 0 for magnetic forces. This
may seem counterintuitive. In cases where it appears work is being done, there is
usually a battery involved that is doing the work, while the magnetic force is
redirecting the force doing the work (in the same way that a constraint force in
mechanics does no work).

The one exception to this is the case of intrinsic magnetic moments of fundamental
particles, which emerge from quantum field theory. In such cases, the magnetic
moment is not identified with a current loop, it is just an intrinsic property of the
particle. Since our proof above requires the Lorentz Force Law, and such moments are
not assocated with a current that experiences the Lorentz Force, the proof does not
apply. In cases concerning such moments, work can be done by the field of the
moment or on the magnetic moment by an external magnetic field because no battery
is required to maintain the magnetic moment.
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Line Currents

A current carried by a wire can be modeled as a constant line charge density A that is
moving at fixed speed v:

I=Av (5.3)

For the sake of the generalizations we will consider below, let us write this as a
position-dependent vector

I(F) = \(7) #(7) (5.4)

where V(F) is a function of position and its direction follows the wire. By conservation
of charge, the only position dependence of T(F') can be its direction. This implies that
any position dependence in A(F) must be canceled by the position dependence of the
magnitude of V(7). If A is position-independent, then only the direction of ¥V may
change with position.

For magnetostatics, we assume that such a line current, and the surface and volume
current densities that follow below, are time-independent, or steady: they were set up
an infinitely long time ago and have been flowing at their current values since then.
We also ignore the discretization of the charge density (in this case \) and consider it
to be a continuous quantity. This is called the steady-state assumption or
approximation.
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Force on a Line Current

It is straightforward to calculate the force on a line current by integrating the Lorentz
Force Law over the wire:

Fonog —/dq (7) x B()] /dK/\ 7(7) x B(7)] (5.5)

Frnog = /C de [i(7) x B(7] (5.6)

where we have used the fact that dZ v, and T are all in the same direction at any
point on the wire because the current flows in the wire. Now, realizing that I is
independent of position along the wire (due to conservation of charge as noted
above), we can pull it out in front of the integral, yielding

Frnag = I/c [d[x é(?)] (5.7)

Griffiths Example 5.3 is a nice example of calculating the force on a current loop and
also illustrates the point of the battery supplying the energy to do the work that
appears to be done by the magnetic field. The magnetic field acts like a constraint
force to redirect that work.
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Current Densities

Just as we generalized point charges to line, surface, and volume charge densities, we
can generalize single moving point charges to line, surface, and volume current
densities. We have already made the first generalization, which is straightforward to

understand since one intuitively thinks of a current as an ensemble of point charges
moving through a wire.

A surface current density is a current flowing in a sheet; think of water flowing over
the surface of an object. The surface current density K is defined by

di(7) = K(F) de, = (Rm x d[‘ K(7) (5.8)

where df, is an infinitesimal length perpendicular to K and dEiE an arbitrary .
infinitesimal length. The cross-product takes the projection of d¢ perpendicular to K.

If one thinks about the surface current density as a moving distribution of a surface
charge density, then

K(7) = o() 7(7) (5.9)

where o (F) is the surface charge density at 7 and V(F) is the velocity of the surface
charge density at 7.
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A volume current density is a current flowing in a bulk volume; think of water flowing
in a pipe or in a river. The volume current density J is defined by

di(7) = J(7) da, = ‘](F) : ﬁ’ da J(7) (5.10)

where 7 is the normal to the area element da. (If we had defined a normal 7 to the

line element d7 in the plane of the sheet, we could have used a dot product instead of
a cross product in the definition of the surface current density. But it is conventional
to do it as we have done it.)

If one thinks about the volume current density as a moving distribution of a volume
charge density, then

J(7) = o(7) 7(F) (5.11)

where p(F) is the volume charge density at 7 and V(F) is the velocity of the volume
charge density at 7.
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Forces on Current Densities

We can integrate the force over the current densities just as we did for the line current:

o = [ da [#7) x 5] = [ dac() [ x (7] (5.12)

Finag = /S da [R‘(F) x é(f)] (5.13)

Finag = / dq [7(7) x B(7)] = /v dr p(7) [7(7) x B(7)] (5.14)

Frnog = /v dr [f(?) x é(f)] (5.15)

It should be clear that we could have considered Equation 5.15 to be the fundamental
statement of the Lorentz Force Law and derived the lower-dimensional versions by
inclusion of appropriate delta functions in the definition of p or J. Such a reduction
would be cumbersome because the sheet or line carrying the current may not be easy
to parameterize, but the reduction is conceptually straightforward.
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Conservation of Charge and the Continuity Equation

We defined the current densities above in terms of the infinitesimal current passing
through an infinitesimal line element (for a surface current density) or through an
infinitesimal area element (for a volume current density). Let's integrate the latter
over a surface to obtain the total current passing through that surface:

ISZ/Sdaﬁ(F).J(F) (5.16)

If we take S to be a closed surface, we may apply the divergence theorem to the above:

-

?{daﬁ(r*).f(r*):/ dr v - J(7) (5.17)
S V(S)

where V(8) is the volume enclosed by S. By conservation of charge, the current is
just the time derivative of the charge enclosed by S, with the sign such that if a
positive current is exiting S, then the charge enclosed must be decreasing, assuming
that the surface itself is time-independent. With this, we have

d 9p(r)
Is=——Q = - dt po(r :—/ dr 5.18
o dt VS dt Jy(s) P V(S) ot (5:18)
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Thus, we have

R V')
/V(S)dTVJ(?)f / ar 20 (5.19)

V(S)

Since the surface S is arbitrary, it must hold that the integrands are equal everywhere:

5 T 200

V=5 (5.20)

This is the continuity equation and is effectively the differential version of conservation
of charge.

With this equation, we can define our steady-state assumption more mathematically:

it corresponds to dp/0t = 0, which then implies V-J=0. The interpretation is that
the charge density at any point cannot change with time, which implies that the net

current flow into or out of any point vanishes.
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Fields of and Magnetic Forces between Currents

Biot-Savart Law

For a steady-state current distribution — one in which the current densities are
time-independent — it is an empirical observation, validated by the Lorentz force that
moving charges or currents experience, that the magnetic field at 7 due to the current
distribution is given by

=7 P 7= P
7&/d£,l(r)><(r r)i&l/dﬁ(r)x F—F") (5.21)

T an F—73  4n 773

B(F)

to = 4m x 10~7 N A=2 is the permeability of free space. The magnetic field carries
units of teslas, T = N/(A-m). The Biot-Savart Law is the analogue in magnetostatics
of Coulomb’s Law in electrostatics, and it has the same l/r2 dependence.

You are well aware of the result that the field of a straight wire along the z-axis
carrying current I at a transverse distance s from the wire is

B =113 (5.22)

21s

where 9/5 is the azimuthal unit vector in cylindrical coordinates. The field forms circles
around the wire with orientation set by the right-hand rule. This is derived in Griffiths
Example 5.5, which we will not repeat here since you saw it in Phlc.
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Force between Two Current-Carrying Wires

We can combine the Lorentz Force Law and the Biot-Savart Law to calculate the force
between two current-carrying wires; this force is the empirical basis for magnetostatics,
as it is much easier to measure the force between two wires than it is to create ideal
test charges and measure their motion in the magnetic field of a wire. We just plug
the Biot-Savart Law into the Lorentz Force Law for a line current distribution,
Equation 5.6, to find the force on the first wire due to the field of the second wire:

ﬁmag = Il/; d[X é(F) (5.23)
dilF) x [d'(7") x (7~ 7")]

_ 71112/ / (5.24)
¢ e, |f — 73

Consider the special case of both wires running parallel to the z axis separated by ss
in the BA, plane with the first wire on the z-axis itself. Then df'= Zdz, d’ = Zdz’,

Fr=z7 r' =ss+ 2 7.
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Therefore,
di(7) x [d[’(?’) x (F — F’)] =dzd?5x [zx (z—2)2—s9)] (5.25)
=dzdz'ss (5.26)
and  [F— 7P =[(z—2)+s? (5.27)
Thus, - [ o0 1
1 Finag = ﬂmgss/ dz/ a2 — = (5.28)
4T oo oo (z—2) + S2]3/2
o [ z—z o
= — 1L ss/ dz 5.29
ax 17 oo |:s2[(z—z’)2+52]1/2} _ (5-29)
oo I;1I
- 7111255/ dz—z - “° 12 A/ dz (5.30)
S

where we did the integral using the trigonometric substitution z/ — z = s tan 6. The
total force is infinite, but we can abstract out of the above expression the force per
unit length on the first wire, which is attractive (pointing towards the second wire) if
the currents flow in the same direction:

=— —5 (5.31)
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General Expressions for Fields due to Current Densities

The obvious generalizations of the Biot-Savart Law are

-

[ o TG

EEE

B =42 [ as KX C=r) gy ve

47 |F— 73 47

(5.32)

Griffiths notes that a line current distribution is the lowest-dimensional current
distribution one can have because the zero-dimensional version — a point charge
moving with velocity v — does not constitute a steady-state current: the charge
passing a given point in space is time-dependent.

As with the Lorentz Force Law, it should also be clear that one could consider the
volume version to be the fundamental statement of the Biot-Savart Law and one can
derive the lower-dimensional versions by including delta functions in the definition of
J. This does not apply to a reduction to zero dimensionality, as noted above.

There are good examples of the use of the Biot-Savart Law in Griffiths. Again, these
are at the level of Phlc, so we do not spend time in lecture on them.
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Another Form for the Biot-Savart Law

We begin by using Equation 2.53 to rewrite the Biot-Savart Law expression for the
magnetic field:

117 =z
é(r—):&/ gr VX)) ko [ o (7)< 9 (%) (5.33)
ar Jy |F— 7|

|F—F'|3 4

We use one of the product rules for the curl, V x (f3) = f(V x &) — & x (Vf), and

notice that V7 x J(7') = 0 because J{7') is a function of 7/ while V7 is with respect
to 7, to obtain

é(?):ﬁx /dr |rf ,F)I (5.34)

where we have brought 6,- outside the integral over 7/ because it acts with respect to
7. We also dropped the 7 subscript since now, being outside the integral, it must act
only on 7. This form is obviously suggestive of the idea of B being derived from a
vector potential, which we will return to shortly.

We note that, while our derivation of this equation did not appear to require any

assumptions about the way the current behaves at infinity, we will see later that the
steady-state assumption does imply the net current through any sphere must vanish.
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Curl and Divergence of the Magnetic Field; Ampere's Law

Curl of the Magnetic Field

From the field of a current-carring wire, Equation 5.22, we get the clear impression
that B has curl and that the curl is related to the current sourcing the field. Here, we
explicitly calculate this curl from the Biot-Savart Law. Griffiths Section 5.3.2 provides
one technique for this; we use Jackson's technique instead to avoid duplication.
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We take the curl of Equation 5.34 and apply the BAC — CAB rule for the triple vector
product, V x (V x 3) = V(V - §) — V23, writing the coordinate that V acts on

explicitly:
117
Sox B = Grx |Frx Lo [ g 20D (5.35)
dry [P
= e 19, Va/d’ :(F:) 7V%/d’ {(F:)
4m v |F= 7 "Iy |F— 7|

_ el [ g J(7) o J(7")
== |:V?/v dr' Vi (I? ?/) */V dr V%(F ?/Iﬂ (5.37)

We were able to bring 6; and Vf_ inside the integrals because ﬁ? is with respect to

and the integral is over F’. Similarly, because 6? is with respect to 7 and Jis a
function of 7’, J passes through the divergence in the first term and the Laplacian in
the second one, preserving the necessary dot product in the first term and the
vectorial nature of the second term:

ﬁxg(ﬂ_&{ /dTJr'). ( “’I) /dT./( (|r H/M

(5.38)
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We know from electrostatics that

- 1 > 1
Vil === ) =-"Vr |l =
(7=71) == (7= 7)
1
v2 (m) — 4xs(F— )

The first equation may seem surprising if one considers the exchange 7 <+ 7/, but one
can see it is true by simply evaluating the gradient on both sides or by defining
§=F— r’ and applying the offset and inversion techniques we used in electrostatics.
The second is Equation 3.35 with the exchange F <+ F’ (where here there is no sign
flip because the Laplacian is quadratic in the derivatives and the delta function is
symmetric in its argument). Applying them, we obtain

- = - - - 1 -
V x B(r) = Ho [—V?/ dr' J(F') - Vi (ﬁ) +47r/ dr’' J(F')s(F—F")
47 v ‘I‘— r’| Vv
(5.39)
The second term just becomes 47TJﬁ(F’), yielding
L L S ~ N 1 ~
V x B(F) = & 7v;‘/ dT/J F/) . V;/ (ﬁ) +,LL0 J(F’) (540)
47 ) |F— 7
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fV - 5 to rewrite the first term:

+
ﬁ_‘l _‘H/. =/
/dT/J?F/)-ﬁfl % :/dTlﬁrl- M 7/d7lvr_,7./ﬂ(r)
v =) = b =) N TR

We can apply the product rule V- (fa)=3- \Y43

The second term vanishes because 6;/ . RF’) = 0 under the steady-state assumption
by the continuity equation with dp/dt = 0. We used the divergence theorem to
transform the first term into a surface integral, and then we take the surface to
infinity. Assuming the currents are localized, the integrand vanishes on that surface,
causing the first term to vanish. Thus, we obtain, under the steady-state assumption,

V x B(F) = o J(7) (5.43)

This equation is the differential version of Ampere’s Law, which we will return to
shortly.
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Let's discuss some subtleties in the above derivation connected to the vanishing of the
V(V - &) term. There are two points to make:

>

Section 5.5.1

When we get to the definition of the vector potential | A, we will be able to
interpret the vanishing of that term as |mp|y|ng V - A =0 for the form of the
vector potential implied by Equation 5.34. V - A will not vanish for any other
form of the vector potential that yields the same field. Just keep this point in
mind, we'll provide more explanation later.

We assumed that the currents are localized (confined to a finite volume) to
make the surface term vanish. This is not the minimal condition required. We
only need the integral to vanish. If we let the surface go off to infinity while
keeping the point 7 at which we want to know the field at finite distance from
the origin, then 1/|F — 7’| — 1/r’. Thus, we can also make the integral vanish
by simply requiring that the net flux of fthrough a surface of radius r’
vanishes. Griffiths notes this subtlety in Footnote 14 in §5.3.2. It explains how
Ampere's Law works for an infinitely long wire: for any sphere at large radius, as
much current flows in as out of that sphere, so the integral vanishes.

Do we have to make this requirement? It may seem that we do not; we would
just get a nonstandard Ampere’'s Law if we did not. But we do have to make it
to be self-consistent with our steady-state assumption. If there were a net
current through some sphere, then the charge contained in that volume would
be changing with time, violating our steady-state assumption. This is the point
we made in connection to Equation 5.34.
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Divergence of the Magnetic Field

The vector identity V - (6 x &) = 0 combined with Equation 5.34 immediately implies

The magnetic field has no divergence. This immediately implies there are no magnetic
point charges: magnetic fields are sourced by currents only. It should be realized that
this apparent fact is really an assumption inherent in the Biot-Savart Law. If we had
added to the Biot-Savart Law a second term that looks like Coulomb’s Law, due to
magnetic monopoles, then the above divergence would have yielded that density of
magnetic charge on the right side. It is an empirical observation that there are no
magnetic monopoles, and hence we assume that magnetic fields are only sourced by
currents via the Biot-Savart Law. That magnetic fields are sourced by currents at all is
also an empirical observation; the Biot-Savart Law simplify codifies that observation.

(5.44)
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General Thoughts on the Curl and Divergence of the Electric and Magnetic
Field

Considering the corresponding expressions for electrostatics, we recognize that the
electric field has divergence equal to the charge density because of the empirical
observation of Coulomb’s Law describing the electric field. It has a vanishing curl
because of the empirical absence of a current that sources electric fields in the way
that electric currents source magnetic fields; if there were a Biot-Savart-like term that
added to Coulomb’s Law, then the electric field would have curl. (In fact, when we
consider time-varying fields, we will see that such a term comes into existence,
proportional to 9B/0t.) We can in fact guess that, if magnetic monopoles existed,
moving magnetic monopoles would generate an electric field in the same way that
moving electric monopoles generate a magnetic field.

The key point in all of the above is that the nature of the divergence and the curl of
the electric and magnetic fields reflect empirical observations about the way these
fields are generated. These are not derivable results: they are inherent in the formulae
we wrote down for the electric and magnetic fields, which themselves are based on
observations.

We will see later that we can replace the assumption of Coulomb’s Law and the
Biot-Savart Law with assumptions about the potentials from which the electric and
magnetic fields can be derived. But, again, we can only make those assumptions
because they yields the correct empirical relations, Coulomb’s Law and the Biot-Savart
Law.
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Integral form of Ampere's Law

We obtained the differential version of Ampere's Law above by taking the curl of the
Biot-Savart Law for the magnetic field. We may obtain the integral form of Ampere’s
Law from it. We begin by integrating over an open surface S with normal 7(7):

/Sdaﬁ(F)~ [ﬁ x é(f)} = ,uo/sdaﬁ NG (5.45)

The left side can be transformed using Stokes’ Theorem into a line integral around the
edge of S, which we denote by the closed contour C(S), while the right side is just
total current passing through C(S), Leng:

¢ diB) = olna (5.46)
e(s)

yielding the integral version of Ampere's Law.

As before, there are a number of examples in Griffiths that are at the level of Phlc, so
we do not spend time on them here.
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Magnetic Vector Potential
Form for the Magnetic Vector Potential

We saw (Equations 5.43 and 5.44) that the magnetic field has no divergence and has
curl. You know from vector calculus (Griffiths §1.6) that this implies the magnetic
field can be written purely as the curl of a vector potential. Equation 5.34 gave us its
form:

(5.47)

B =V xAn  An=Le [ ar ‘J—)

7

But this form, implied by the Biot-Savart Law, is not the only form. We had freedom
with the electrostatic potential to add an offset. Here, we can add any curl-less
function to A without affecting B. The form above corresponds to the additional
condition

A(R) =0 (5.48)

If one tries to test this requirement on the above form for /K one will find oneself
doing the same manipulations needed to derieve Ampere's Law, Equation 5.43. In
repeating those manipulations, which is possible for this form of A only, one sees that
V-A=0is the representation of the steady-state assumption and that the net
current through a surface of any radius vanishes (and also how the latter implies the
former). For a different choice of A (and thus of V - A), the mathematical
manlfestatlon of this physical requirement will be different. In fact, it must be,
because V- A =0 is unique to this form.
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Explicit Proof that V-A=0Can Always Be Obtained
It is interesting to prove “mechanically” that the choice V-Alis possible even if one,
for some reason, started out with a form that did not satisfy this condition. Suppose
one has a vector potential Ag that is not divergenceless. We need to add to it a
function that makes the result divergenceless. For reasons we will see below, let's add
a function VA(F):
A=A+ VA (5.49)

Then

V- -A=V. A+ V2 (5.50)
If we require the left side to vanish, then we have a version of Poisson's Equation:

VA= -V A (5.51)

One thus sees one of the motivations for the assumed form V.
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Let's choose boundary conditions that place the boundary at infinity with the field
falling off at infinity. For these boundary conditions, we know from Coulomb'’s Law
that the solution to Poisson’s Equation is

1 V- Ao(F
AR = = / ar Y Aol) (5.52)
47 \ r
The vector calculus identity VXVA=0 implies that VxA=V x /Yo and thus the
magnetic field is the same for the two vector potentials (our second motivation for the
choice to add 6/\) We thus have an explicit formula for the term that has to be

added to Ko so that the resulting form Alis divergenceless while leaving the magnetic
field unchanged.

The above explicit formula may not be valid if we assume different boundary

conditions, but we know Poisson’s Equation always has a solution, so we are
guaranteed that the desired function A(F) exists.
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Let us make a final point about how the above relates to the connection between

V - A =0 and the behavior of the currents at infinity. It is not true that starting with
V- A} #0 corresponds to a different physical assumption about the currents at
infinity: changing V - A has no effect on the fields and thus can have no effect on the
currents. Our standard formula for Als only valid under the assumption V-A=0,
and so the relation between V - A and the assumption about how the currents behave
is only valid for that form. If one assumes a different form for A, one that has

V- E;ﬁ 0, then taking its divergence will not necessarily result in the particular
expressions that we encountered before in deriving the differential form of Ampere's
Law, so the interpretation of V- A =0 will be different, and the mathematical
manifestatign of the currents vanishing at infinity will also change. One benefit of the
choice V - A = 0 is that this mathematical manifestation is simple.
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Alternate Proof of the Form for the Magnetic Vector Potential

We can arrive at Equation 5.47 via a slightly different path, which makes uses of
Ampere's Law and the same triple vector identity we used to prove Ampere’s Law,
V x(Vxa)=V(V-a)-Va

Ampere's Law: VX(VxA)=VxB=pJ (5.53)
use vector identity: V(V-A) = V2A=poJ (5.54)
set V-A=0: VA= —poJ (5.55)

Note that the vector components of A and J line up. Thus, the last equation is a
component-by-component Poisson’s Equation. Again, under the assumption that the
currents are localized and for appropriate boundary conditions (as we assumed in
providing the alternate version of the Biot-Savart Law that we previously used to
define A), we know the solution:

QA‘(F) = o J-’(F) Iocalizggjrrents A(j _ Ho / dr {rj
r

= (5.56)

This is just Equation 5.47 again. Essentially, we can think of the three components of
the current density as sourcing the three components of the vector potential in the
same way that the electric charge density sources the electric potential.
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The Vector Potential for Line and Surface Currents

We can consider the specific cases of line and surface current densities as volume
current densities that include delta functions specifying the localization to a line or
sheet. When one does the volume integral, the delta function reduces the
three-dimensional integral over the volume to one- or two-dimensional integrals over a
line or sheet, yielding:

-

An= e [ae 00 A =te [ KO s

4 4 |F— 7

Note that the units of the vector potential are unchanged: the change in the units of
the current densities are canceled by the change in the units of the measure of
integration.
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Example 5.1: Spinning Sphere of Charge (Griffiths Example 5.11)

The calculation of the vector potential for a spinning spherical shell of charge is a
straightforward application of the definition of the vector potential. The only
complication is the vector arithmetic.

Center the sphere of radius R at the origin. Let the surface change density be o and
the angular rotation frequency be @ = wZ. Then the surface current density is

R(A)=ov(0)=0& x F=dowR sinb (5.58)
We need to calculate
27
o 0’
A(r):&RQ/ dg’ / o’ sing’ 22 Sn0°9 ¢ (5.59)
47 |F— 7|
Lo 2m sinf@’ (=X sin¢’ + ¥y cos¢’)
= —awR3/ d¢’/ do’ sing’ (5.60)
4 0 0 \r—r |

(The R? out front is because an area integral, not just a solid angle integral, needs to
be done.) This is done in Griffiths Example 5.11 via explicit integration. We will use a
different technique benefiting from our knowledge of the spherical harmonics and the
Addition Theorem.
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We use Equation 3 169, the Spherical Harmonic Addition Theorem Corollary, which
expands |F— F’|~1 in terms of spherical harmonics, recognizing |7’| = R because the
integral is over the sphere of radius R:

|, P3P Z 2£+1 1 Yinl0, 0 in(0.0)  (561)

Let's consider the X piece of the above angular integral; the other term will be similar
in spirit. We will write the numerator in terms of spherical harmonics and use the
expansion. We abbreviate fo d¢’ [ df’ sinf’ = [dQ" and recall

Yo,—m=(— 1)'"Y’i Applying these facts yields

/‘m,M = (5.62)
7= 7]
, (87 Y11(07,0") + Y1,-1(07,8") £ £
/dQ \/; 2i gm; 2£+1 £+1 Em(a ¢ )Ylm(07¢)
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The integral over Q' gives 6p,10m,1 and ¢ 10m,—1, eliminating the sum and yielding

,sin9’(—sin¢>’) 8r 1 rt
/dQ |F— 7 | 2[ 3 3 £+1 [Yl 1(9 ¢)+ Y1 71(9 ¢)] (5.63)
- Amr —< sin @ sin ¢ (5.64)
3 r2

where the 1/3 came from 1/(2¢+ 1). We get back the same type of angular
dependence, but with the 1/|F— 7’| turned into the prefactor shown, which has the
correct dimensions.

We can repeat the same kind of manipulation for the y term, yielding

ing’ ! 4
/dQ’ w -7 r—; sin @ cos ¢ (5.65)
|F— 7| 3 g
Therefore,
47 R3
A(F)_ Ko , R37rism9[ Xsing+ycosdl="—ow Ul r—§5m0¢
47r 3 r> 4 3 rs
(5.66)

where r< = min(r, R) and r~ = max(r, R). While the vector potential’s r dependence
change from r inside the sphere to 1/r? outside the sphere, the direction and angular
dependence are always ¢ sinf. One can see that A points in the same direction as K.
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Example 5.2: Solenoid (Griffiths Example 5.12)

The calculation of the vector potential for a solenoid, which is the equivalent of a
spinning cylinder of charge if one ignores the small axial current contribution, is more
interesting because one need not do it by explicit integration as done for the spinning
sphere of charge. Instead, one can use some intuition along with the combination of
Stokes' Theorem and the relation between B and A:

]4 dmz/ daﬁ.wx:/daﬁ.é (5.67)
c(s) s S

The intuition part is to recognize that, because Bis along the z-axis inside the
solenoid and vanishing outside and because A “wraps around” é it is natural to
assume A is along ¢. (This directionality can also be seen from the inherent
coalignment of A and J from the integral formula for Z) Then one can do the
calculation in the same way as one applies the integral form of Ampere's Law, except
that instead of current through a surface (“enclosed current”), we have enclosed
magnetic flux, and, instead of a line integral of magnetic field around the edge of the
surface, we have a line integral of vector potential. Please study the details in
Griffiths, as a variant on this problem will be given in homework.
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Uniqueness Theorem for Magnetic Fields
This is Griffiths Problem 5.56.

Just as we did for electric fields, we can show that, given a current distribution and a
well-defined set of boundary conditions, the magnetic field obtained is unique. We
assume that a current distribution j(F) in a volume V is specified. We will see later
how specific we must be about the boundary conditions.

First, we need something analogous to the Green's Identities we used in the case of
electrostatics. Using the vector identity V - (& x b) =b-Vx3—3-V xb, letting &
and V be two arbitrary vector fields, and applying the identity with ¥= i and

b=V x V, we may write

/vd‘r§~(ﬁ‘><(§><V)):/\jd‘r[(ﬁx\7‘)~(§><LT)—L7~(§><(§><\7))] (5.68)

Since the expression on the left-hand side is a divergence, we may turn it into a
surface integral using the divergence theorem:

jé(v)daﬁ-(ﬁx(ﬁxﬂ):/vdr (95 @) (9 x9)— - (9 x (¥ x7)] (569)

We will use this below.
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Now, suppose that we have two different magnetic field configurations B #* B>,

derived from two different magnetic vector potentials A1 # Ao, that both satisify
Ampere s Law for the same current distribution: V x 51 vV x §2 = lo J. Let

A3 A — A1 and B3 B> — By. We apply the above vector identity with

<y
Il
<i
||

(]

j’{ daf- (A3 x (V x As)) :/ dr [(ﬁ X Az) - (V x Az) — Az - (V x (V x /Tg))]
S(V) %

(5.70)
We have that V x (V x A3) =V x B3 =V x By — V x By = po(J— J) =0 by
Ampere's Law and the assumption that both field configurations are sourced by the
same current distribution, so the second term on the right side vanishes. Exchanging

the two sides, pluggmg in B3 =V x A3, and using the cyclic property of the triple
scalar product, 5- (b x &) = &- (3% b) = b - (€ x 3), we have

—

— - _ =
/ dT’B3‘ :75 dafi- (A3 x Bs) :}[ daBs - (7 x As) (5.71)
% S(V) S(V)

:74 daﬁ3.(§3xﬁ):_7§ daAs - (Ax Bs) (5.72)
sw) sW)
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From the above equation, we can see what (minimal) boundary condition information
we must have to obtain unlqueness of B: we must have that, at any given point on
the surface A B n X A or | nx B is specified. If this is true, then A3 = A2 — A1 =0
where Alis specified, B3 B,— B =0 Wwhere Bis specified,
n><A3_n><(A2—A1)_Owheren><A|sspecn‘|ed and o' x B3_n><(Bg—Bl)_O
where A x B is specified. Requiring one of these four conditions at every point on
S(V) ensures the integrand on the right side vanishes at every point on S(V) and thus
the right side vanishes. Since the integrand on the left side is nonnegative, it must
therefore vanish everywhere: §3 = 0. Hence, l§1 = “§2 and the fields are identical and
the field solution is unique.

Specifying A'is like a Dirichlet boundary condition where we specify the electrostatic
potential on the boundary, and specifying 1 x B=nx (V X A) is a lot like a
Neumann boundary condition where we specify the normal gradient of the
electrostatic potential n - \a% (which is proportional to the normal component of the
electric field, n- l::) In fact, we will see via Ampere’s Law that this is equivalent to
specifying the surface current density flowing on the boundary. The other two types of
conditions, specifying n X Aor specifying B, have no obvious analogue.
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Uniqueness of the Vector Potential?

We have already discussed how the A that generates a particular Bis unique up to the
gradient of an additional function if its divergence is left unspecified. The above
theorem for the uniqueness of the magnetic field therefore now tells us that
specification of J in the volume and of A, B, n X A, or n X B on the boundary gives a
vector potential that is unique up to the gradient of an additional function if its
divergence is unspecified. But what do we need to know to completely determine the
vector potential?

Obtaining a unique vector potential is the equivalent of being able to also know the A
function (up to an offset). We showed that ) satisfies Poisson’s Equation with V-A
as the source, Equation 5.51. So, clearly, to obtain a unique ﬁ, we would need to
specify V - A. We also would need appropriate boundary conditions for this Poisson
Equation. We may conclude from our proof of the uniquess of the scalar potential (up

to an offset) that we must either specify A or Ai- VA on the boundary to obtain a
unique A (again, up to an offset) and thus a unique A.

Which of the above conditions provide the necessary boundary condition on A7 Only

speC|f|cat|on of A on the boundary is certain to be sufficient. This gives VA and thus
fi- VA, a Neumann boundary condition for A and thus sufficient to render A unique.
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We can see speufylng # x A would only be sufficient in special cases. Doing so
specifies n x VA, which gives the component of VA tangent to the boundary. If the
boundary is either at infinity or is a single, closed boundary, it seems likely one could
then construct A on the boundary by doing the line integral of A x VA, much like one
constructs the scalar potential from its gradient, the electric field. (It is ok that we
would only know the component of VA tangent to the boundary, as i~ VA will have
zero dot product with the line element dZ involved in the line integral.) As with the
scalar potential, the offset is not important. However, if the boundary is not simply
connected, then there is no way to connect A\ on different pieces of the boundary
without specifying its value on at least one point on each of those pieces. But we do
not specify A anywhere if we are given 7ix A and thus A x VA on the boundary. So
specifying n x A (and V - A) is sufficient to make A unique only if the boundary is
simply connected.

We can be assured that specifying B or A x éjs entirely insufficient: because Bis
unaffected by A, providing information about B cannot give us any information about
A

Lastly, we remind the reader that, even if Alis specified on the boundary, one also
needs to know V - A in the volume. Providing the former without the latter is
equivalent to having a boundary condition but no differential equation to solve: the
source term in the latter is unspecified.
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The Magnetostatic Scalar Potential

If one considers current-free regions, then we have V x B =0 and the magnetic field
should be derivable from a scalar potential:

B(F) = —VU(P) (5.73)

One must take some care, though: in addition to being current-free, the region under
consideration must be simply connected. Griffiths Problem 5.29 shows a situation
where the current in a region may vanish but Vv x B # 0 because the region is not
simply connected and the enclosed volume outside the region contains current.

With the above assumptions, and noting V.B= 0, we can infer that U satisfies
Laplace’'s Equation:

V2U(F)=-V-B(A) =0 (5.74)
Our usual assumption of simple boundary conditions — everything falls off to zero at
infinity — yields a trivial result here, U(F) = 0, so we must assume less trivial

boundary conditions to obtain a nonzero U. We will return to the use of the
magnetostatic scalar potential in connection with magnetically polarizable materials.
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Boundary Conditions on Magnetic Field and Vector Potential

We will use techniques similar to those we used in determining the boundary
conditions on the electric field. We will not immediately apply these conditions to
boundary value problems for currents in vacuum because there are no nontrivial
boundary-value problems of this type. That is because there is no way to directly set
the vector potential, unlike for the electostatic potential. There is also no equivalent
to the perfect conductor, which yields equipotential surfaces in electrostatics. One
only has Neumann boundary conditions, with current densities on surfaces, from which
one can calculate the field directly via the Biot-Savart Law rather than solving
Laplace’s or Poisson’s Equation. We will find the boundary conditions more useful in
the context of magnetically polarizable materials.
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Boundary Conditions on the Magnetic Field

Recall that Gauss's Law, V-E= p/€o, implied that the normal component of the
electric field satisfied Equation 2.59

A7) - [ - EuR)] = éa(f) (5.75)

Since V - B = 0, we can conclude by analogy that

A7) - [B2(7) — Bi(R)] =0 (5.76)

That is, the normal component of the magnetic field is continuous at any boundary.
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For the tangential component, we return to the derivation leading to Equation 2.61.
In that case, we considered a contour C that consisted of two legs C; and C; parallel
to the interface and to each other and two legs normal to the interface whose length
would be shrunk to zero. We saw

L T S ST CF S
fde- E(F) = 7/ E(F) - di + Ex(F) - di (5.77)
c C1,R—A(N% Ca ot i(7) %
Ao B}
"ﬁ‘)/ ()~ Ex9)] - o (5.78)
[CHA

where the ends of the loop are near 7 and 7}, 71 is the normal to the surface (parallel
to the short legs of the loop), T is the normal to the loop area, =1t X 7 is the unit
vector parallel to the long legs of the loop, and ds is a line element along 5. In the
electric field case, the left side of the above expression vanished. In the case of the
magnetic field, Ampere’s Law tells us that it is the current enclosed flowing in the
direction t. Therefore, the magnetic field version of the above equation is:

o /C dsT(7) - R(7) = / [Bo(7) ~ Bu(R)] - df (5.79)

where C; — C» in the plane of the interface as dz — 0. We neglect any volume
current density passing through the area enclosed by the contour C because the
integral of that volume current density vanishes as dz — 0.
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Since the contour Cy is arbitrary, the integrands must be equal
[B2(7) = B1(P)] - 5(7) = o 87 - K(P) (5.80)

Next, we use £ = A X S

X1

[B2(7) = Bu(P)| - 5(7) = wo [A(7) x 5(7)] - K(7) (5.81)

Finally, using the cyclic nature of triple vector products ,
F-(bxc)=c-(dxb)=b-(Cx a):

[B2(7) — Bu(P)] - 5(7) = w0 [K(P) x (7] - 5(7) (5.82)

Note that this condition holds for any s tangential to the interface. To give some
intuition, A x K has the magnitude of K (because # L K always) but points in a
direction perpendicular to K while still tangent to the interface. The sign is set by the
cross-product right-hand rule.
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We can combine the conditions on the normal and tangential components of B to
obtain one compact expression for the boundary condition on the magnetic field. By
the definition of the cross product, Kxnis always perpendicular to n and thus has no
component along n. Therefore, the expression

Bo(F) — Bu(P) = o K(F) x A(F) (5.89)

captures both boundary conditions: the projection of B normal to the interface (along
) is continuous because the projection of the right side along that direction vanishes,
and the projection of B along any s parallel to the interface can be discontinuous by
the projection of o K x n along that direction. This is a very nice relation: given K,
it provides a way to calculate the change in the entire magnetic field across the
interface, not just the change of a component.
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We can rewrite the above in another way. Take the cross product of both sides with
n(F) from the left. The right side becomes a triple vector product, which we can

rewrite using the BAC — CAB rule, 5% (b x &) = b(3- &) — &@&- b). The second term
has 7+ K, which vanishes, while the first term has fi- 7= 1. Thus, we have

A7) x [Ba(F) = Ba(P)] = 1o K(P) (5.84)

The earlier form is more useful when K is specified, and the second form would more
easily yield K if the fields are specified. Note, however, that this form does not
preserve the information about the normal component of B because the contribution
of that component to the left side vanishes.
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Boundary Conditions on the Vector Potential

As one might expect by analogy to the electrostatic case, the vector potential itself
has to be continuous across a boundary:

A (F) — Ay(F) = 0 (5.85)

This is seen easily:

» We have chosen the divergence of A to vanish, so the normal component of A
must be continuous, just as we found the normal component of B is continuous
for the same reason.

» The curl of A does not vanish, vV x A= B. This implies the line integral of /i
around the contour C used above is nonzero and equals ®scy = fs(c) dan- B,
the magnetic flux of B through the surface S(C) defined by C. But, as the area
of the contour is shrunk to zero, the magnetic flux vanishes via an argument
similar to the one we used to show that the flux of the electric field always goes
to zero as the area through which it is calculated goes to zero: while the field
can be quite singular (1/r?), there are always cancellations that cause the flux
to vanish. Therefore, the tangential component of A is also continuous.
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While the vector potential itself is continuous, its derivatives are not necessarily
continuous because its derivatives are related to é which is not necessarily continuous.
Evaluating these discontinuities is a bit harder than in the case of the electric potential
because the derivatives are not related in a trivial component-by-component way to
the field. We need an expression involving second derivatives of A if we want to obtain
boundary conditions on the first derivatives of A. Let's use Equation 5.56:

V2A(R) = —po J(7) (5.86)
Consider a projection of this equation in Cartesian coordinates by taking the dot

product with a Cartesian unit vector on the left and then passing it through the
Laplacian, rewritten so the divergence is clear:

Vv (; Em) = —po % J(P) (5.87)

We have used Cartesian coordinates rather than a coordinate system using 7, t, and §
because the latter vary in direction depending on where one is on the surface; their
derivatives do not vanish, so we would not have been able to pull them inside the
Laplacian as we did with X.
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Given the above, we now apply the same kind of geometry we used to derive the
boundary condition on the normal component of E. That yields

A [6 (;./Tg(f)) -V (y ﬁl(r))] = —po%- K(P) (5.88)

AV [;./E(?) -z El(?)] (5.89)

where X - K is what is left of X - J as the Gaussian volume used in that proof shrinks to
zero thickness in the direction normal to the interface, just as p reduced to o in the
case of the electric field.

The above argument holds for the y and Z projections of A and K also, so we may
combine them to obtain

iV [Aa(7) = A(R)] = —po R(7) (5.90)

Thus, we see that the normal derivative of each component of the vector potential has
a discontinuity set by the surface current density in the direction of that component of
the vector potential. This is a lot like the discontinuity in the normal gradient of the
electric potential being determined by the surface charge density at the boundary.
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We may derive, from the above, conditions in the normal and tangential directions by
recognizing that

<n v) = (ﬁﬁ)?:o (5.91)

These relations should be intuitively obvious: the direction of n, 5, and ?change as
one moves transversely along the surface (along § or t), but they simply are not
defined off the surface and thus they can have no derivative in that direction. This
implies that the normal derivative of the normal component of A has no discontinuity
since there can be no surface current in that direction:

v{ [Agm Al(F)]} (5.92)

It also implies that the normal gradient of the vector potential in a particular direction
parallel to the interface changes by the surface current density in that direction:

iV {5 [Aa(M) - AR } = —nos () (5.93)
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Next, let’s consider the tangential derivatives of the vector potential. Here, we use the
vector identity

- -

V x VA(F) =0 (5.94)

where again we consider each component of A as a scalar function and the above
equation holds for all three components. If we again project by Cartesian components;

eg.

VXV (? /T(F)) =0 (5.95)

then we can apply the same type of argument as we applied for calculating the
boundary condition on the tangential components of E, which in this case yields

I
o

s [ﬁ (?-Ez(f)) -V (2 /Tl(r*))] (5.96)

5.V [3 Aa(R) - - Au(P)]

(5.97)

Since the argument again generalizes to any Cartesian component, we may combine
the three expressions to obtain

5V A7) - AR) =0 (5.98)

for any S parallel to the interface: the tangential derivatives of A are continuous across

an interface.
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Magnetic Multipoles
Derivation of Magnetic Multipole Expansion

Since the vector potential is sourced by the current distribution in a manner similar to
the way the charge distribution sources the electric potential, it is natural to develop
the same multipole expansion. We follow Jackson for the sake of generality and
variety; you can of course read the derivation in Griffiths, too. We continue to make
the steady-state assumption, and now we also make the assumption the currents are
localized. We start with the equation for the vector potential in terms of the current

distribution:
. J(F!
A(F) = &/ ar 2 (5.99)
47 Jy |F— 7|
We recall Equation 3.149:
\r— Z W=y Py(cos ) (5.100)
o=

where r< and r~ and the smaller and larger of r and r’.
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As with the multipole expansion for the electrostatic potential, we will take r > r':
we want to know what the potential looks like far away from the current distribution.
Therefore, re« =r’ and r~ = r:

AR =2t [ 4 ’I(*’)i(r/)z P 101
n=y T J(F ¢(cos ) (5.101)

where cosy = 7- 7/ is the angle between the two vectors.

There is a common 1/r we can factor out, leaving

A = 47r r Z I / dr' J(7') (r')" Po(cos) (5.102)
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Now, consider the first term, which is just the volume integral of the current density.
Under the steady-state assumption, it is intuitively clear this mtegral must vanish. To
prove this explicitly, we first use the vector identity V - (f3) = fV - 54 &V with

F=Jand f=r, any of the Cartesian coordinates:

3 3
Vi) =rV-J+J-Vr=04> JSi—r=> Js=J (5.103)

where the first term vanishes because of the steady-state assumption and so continuity
implies V - J = 0. With this, we can compute the integral using the divergence
theorem:

/vdr’ J(7') = /VdT’ v [r,-’f(?’)] = 7{5(\;) da’ A(F') - [r/f(r')} =0 (5.104)

where the surface integral in the last term vanishes because the current distribution is
localized.

Section 5.8.1 Derivation of Magnetic Multipole Expansion Page 362



Section 5.8 Magnetostatics: Magnetic Multipoles

So, we are left with

A7)

47r r Z rt / dr' A ) )‘5 Pe(cos)

(5.105)

This is the multipole expansion of the vector potential of the current distribution. As
with the multipole expansion of the electric potential, one can see that the successive
terms fall off as successively higher powers of 1/r.

It makes sense that there is no monopole term because V- B = 0: if there were a way
to make a current distribution look like a monopole from far away, then one would

have a field configuration with a nonzero Gauss's law integral of magnetic flux through
a closed surface containing the current distribution, which is not allowed by vV-B=0.

Section 5.8.1

Derivation of Magnetic Multipole Expansion

Page 363



Section 5.8 Magnetostatics: Magnetic Multipoles

The Magnetic Dipole Term

Let's consider the first nonzero term in more detail, which we subscript_‘with an
because it will look like the electric dipole potential, and let's expand J in terms of its
components so it is easier to work with:

. 1 . 1 .
Aoy = Lo = [ ar' (7)Y r' Pa(cosn) = Lo = [ dr’ J(7)F- 7 (5.106)
4w r? |y 473 )y
Ho 1 > ~ ’ —r ’
=0 (7 g dr’ Ji(r') r (5.107)
ij=1

We must first prove an identity. We start with the same vector identity as before, now
with f = rirjand 3= J:

Vorig N=rnV-J+T-V(rir)=04+rJ-Vri+rJ -V (5.108)
riJi+ri J (5.109)

where we have again used V-J=0. We apply the same technique of integrating over
volume and turning the left side into a surface term that vanishes, so we are left with

[ @ [0+ 0] <o (5.110)
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We can use this identity to rewrite the A, term as:

Ao(F) =

3
Ho 1 —~ 1 =, =
P i [ S [0y —ae]

where we split out half of the J; r/ factor and used the identity to exchange the
indices. You have learned in Ph106a and hopefully elsewhere that the cross-product
can be written

3 1 for cyclic index permutations
(&% b)k = Z €kmn am bn  with  €xmp = —1 for anticyclic index permutations
m,n=1 0 when any two indices are identical
(5.112)

where €xmp is the Levi-Civita symbol. Multiplying this definition by €;; and summing
over k gives

3 3

3
Z €ijk(ax b)x = Z €jjk €kmn am bn = Z €kij €kmn am bn (5.113)
k=1

k,m,n=1 k,m,n=1
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There is an identity for the Levi-Civita symbol

3
E €kij €kmn = Oim Ojn — Sin Ojm
k=1

(this is the identity that produces the BAC — CAB rule,
Fx (bx & = b(3-&) — &a- b)) which lets us rewrite the above as
3 3
Ze,-jk(é’x E)k = Z am bn ((5,‘,,, (Sj,, — (S,',, (Sjm) = a; bj — aj b,‘
= m,n=1

This is exactly the expression we have inside the integral above.

Using the above identity, we may rewrite the /_\‘2 term as

- o 1
A2(F)*4:Tr3 Z r,rj/dr S [J(F) x 7],

iJj,k=1

Mo 11 ~ ) / / [=t —/
=—-——= i X d x J

47Tr322’:r,{r g T [r (F )]},

Ho 11 / 1 [ =/
=———==-rX d x J

4arri2’ ) T ()]
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If we define the magnetization density ./\;l(F) and the magnetic dipole moment ni by

X7 = 5 7 x )

and rﬁ:/
Vv

-

dr’ M(7")

then the 5 term is the magnetic dipole vector potential

Ao (F) =

o M X F

4

r3

(5.119)

(5.120)

Interestingly, this form has the same radial dependence as that of the electrostatic
potential of a dipole, but the cross-product in the numerator differs from the dot
product in the numerator of the electric dipole potential. However, because the
magnetic field is obtained from the curl of the vector potential, while the electric field
is obtained from the gradient of the electric potential, we will see that the two forms
result in the same field configuration (up to normalization)!
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Specialization of Magnetic Dipole Potential to a Current Loop

Now, let us consider a current loop. The only assumption we make is that the current
throughout the loop is the same so that we can extract it from the integral. The
volume integral reduces to a line integral over the loop contour:

" 11 . 1 7 ox di’ (!
Ay =t L1 "X]{F’/ xIdl’(F’):—&—FXI% i) (5101
432 c 47 r3 c 2

The integral is now just a geometric quantity that has units of area. Separating out
the magnetic moment, we have

7 loo Ko Mijogp X F . 7{ P! x dl'(F')
AN = e =1¢ —— 5.122
2 (F) 4 3 Mioop , > ( )
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For the case of a loop confined to a plane that contains the origin, the quantity

7' x d[’/2 is the differential area element for the loop: it is the area of the triangle
formed by 7/, the vector from the origin to a point on the loop, and d[’, the line
element tangent to the loop at 7’ and in the direction of the current, and this cross
product has the standard right-hand-rule orientation. The integral thus calculates the
area of the loop! Thus, for a planar loop, the above reduces to

o 1
Ay = —1° ~ Fx1fa (5.123)

where a is the loop area and 7 is the normal to the loop with orientation defined by
the current via the right-hand rule. Therefore, for this case, we have

flat loo, Mo Miflar loop X r o —~
A, P(F) = P Miflat loop = 1N a (5.124)
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Field of a Magnetic Dipole
If we let m = mZ, then the dipole vector potential is

fo(7) = Lo MO G g, B (5.125)

4 r2

This form offers some intuition about how A}(F) behaves. In general, Ay “circulates”
around i using the right-hand rule in the same way that A “circulates” around B or
B “circulates” around J' using the right-hand rule. Since we are considering the
distribution from far enough away that it is indistinguishable from a simple circular
current loop in the xy-plane, the direction of Az just results from the fact that Alis
the convolution of J with a scalar function: the direction of A always follows that of J

If we take the curl of this in spherical coordinates, we obtain

0 o m cosf
B = 0 A =2— 12
2.(7) r sin 0 00 g S0 A20) = 47 3 (5.126)
1 Ho m sin 0
B = 5.127
2,6(F) . (f Aoe) = 3 ( )
Boo() = 0 (5.128)
or By(R) = Ho T (2?cos€ +0'sin 0) (5.129)
4mrd

which matches the form of Equation 3.239 for an electric dipole.
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Let's derive the more generic result by releasing the condition i = mZ:

, - - 3 _O0Ak Mo 3 0 myrm
BQ(F) =VxA= Eijk Fi or = 4— Z €jk Fi ar €Ekim < 3 ) (5.130)
igk=1 fi gk m=1 fi
_ Ko ° ) = [medm 3 merm 2r: 5.131
T an D iRkt s T2 s (20) (5.131)
ij,k,€,m=1

We use the cyclicity of the Levi-Civita symbol in its indices and the identities
Zi:l €kij€km = (5,‘[51',” — 5,’,-,,5]'[ and Zja k=1 Ejki€jke = 20;y to rewrite the above in a
form identical to that of the electric dipole, Equation 3.242:

3 3 3
- I | 2m; 3
By(F) = 74; > % r3’ - | m > i —r Y mjr (5.132)
i=1 =1 =1
3 " o
Po N~ 31 (M- F) —mi(F:F)
= — i 5.133
47 ;r’ 5 ( )
B 3 A
| By e 3M D (5.134)
4r r3

Section 5.8.4 Field of a Magnetic Dipole Page 371



Lecture 17:

Magnetostatics IV:
Magnetic Multipoles (cont'd)

Magnetostatics in Matter I
Field of a Magnetized Object
Auxiliary Field H

Date Revised: 2024,/02/29 06:00
Date Given: 2024/02/29

Page 372



Section 5.8 Magnetostatics: Magnetic Multipoles

Force on a Magnetic Dipole (a la Jackson)

As we did for electric multipoles, let's consider the problem of the force and torque on
a magnetic dipole. However, because there is no magnetic potential energy function,
we must begin from the Lorentz Force on the current distribution, which is given by

Frog = /V dr J(F) x B(7) (5.135)

As we did in the case of the force on an electric multipole, we Taylor expand B(7).
Again, as we did for electrostatics, we place the multipole at the origin and will
generalize the result later. The expansion is

3

B() = Bi(r=0)+ 3 m o5

(5.136)
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Thus, the Lorentz Force is

3
Frog = 3 el /v dr J;(F) B(P) (5.137)

k=1
)/dTerer---] (5.138)
g/ Jv

We have done both these integrals before. The first one contains the monopole of the
current distribution, which vanishes as in Equation 5.104. Since we will see that the
second term is in general nonzero and is proportional to the magnetic dipole moment,
let’s call it Fg;, and focus on it, dropping the higher-order terms. It is very similar in
structure to what we encountered in calculating the dipole term in Equation 5.107.
Applying the same tricks we used there to obtain Equation 5.116, we may rewrite it as

° > 0 3 0By
= > ewh [Bk(o%dwj(mmg_;l(%

i.j,k=1

3
= _ (9B 1 o
Fin= S cur (Tk ﬂ) / o7 3 Cjmn [J(7) x 7] (5.139)
i komon=1 Im g/ Jv n
3
o8B 1 .
-—— 3 e,jke,-m"?,(a k ) m,  with ,ﬁ:E/ dr [Fx J(r)]
i.Jsk,m,n=1 fm g v

(5.140)
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We use the vector identity Equation 5.114, Zf':1 €jik€jmn = OimOkn — Oindkm, and also
use €;jx = —¢€jik to adjust the indices to match this expression, yielding
3

— B
Faip = Z (0imOkn — inkm) 7i (8 k

ivk,m,n= drm
0By
or;

8Bk > :l
my — m; (5.142)
a> ‘ < on g

-B’)(a— i (ﬁ-é) } (5.143)

0
The second term vanishes. Generalizing the first term to a dipole at an arbitrary
position, we have

6) my (5.141)

Il

(]

)
— =

Il

<l
/~

3

Fap ="V [m-B(A]  with = %/ dr [7 x J(7))] (5.144)
4

The force causes the magnetic dipole to move to a local maximum of i - B. Note how
it is identical to the force on an electric dipole in an electric field, Equation 3.252.
We'll address below the implication that the magnetic field can do work on the dipole.
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Torque on a Magnetic Dipole (a la Jackson)

We may obtain from the Lorentz Force Law on a current distribution the
corresponding torque:

Nimag = /Vdrr"x 77 x B(7)] (5.145)

where we have just added up the torque volume element by volume element in the
same way we summed the force. When we Taylor expand the magnetic field, we have

Nimsg = /vdr?x [77) % B©)] +--- (5.146)

Because of the 7 X inside the integrand, the zeroth-order term no longer vanishes and
so we do not need to consider the next order term in the Taylor expansion. We will
write the zeroth-order term as Ny, below for reasons that will become clear.
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To get the above expression into a familiar form, we need to repeat the same kinds of
vector arithmetic tricks we have used before. First, we apply the BAC — CAB rule,
Fx (bx & =b(3- & — &a- b), which we can do without having to write things in
terms of indices because there are no derivatives floating around:

Nd,p_/d'rrx [J(?)xBS /dTJ?) F (*)] /vdr§(6) [Pf(r”)]

We can make the second term vanish by the same kinds of tricks we used earlier
during the vector potential multipole expansion:

Jir = [r9r] - Jp = % [9r7] - Jir) = ; [9.[P0p] - P9 07} G

In this expression, the second term vanishes under the steady-state assumption, and
the first term can be turned into a surface integral with integrand r2J{F). Since we
are considering a localized current distribution, the surface can be taken far enough
out that J(F) vanishes on the surface.
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The first term looks again like the expression we have encountered in Equation 5.107,

which becomes apparent when we write it out in component form:

3

R = 52 78,0) [ dr (7 (5.149)

ij=1

We again apply the same tricks used to arrive at Equation 5.116:

3
, o 1 - 1 - - -
Nap= S 7 B,-(o)/v dr > ey [J0) x 7], =~ B(O) x /v drFx J(7)  (5.150)
ij=1
R . . . 1 R -
B xm  with A= 7/ dr [7x 7] (5.151)
2Jy

Generalizing to a multipole distribution centered on an arbitrary point, the
zeroth-order term in the torque is (and hence the g, subscript)

_ ~ 1 -
Nyp = i x B(F)  with = 5/ o7’ [F x J(7")] (5.152)
%

The magnetic dipole feels a torque that tends to align it with the magnetic field (the

torque vanishes when i is aligned with §) again like the situation for an electric
dipole in an electric field.
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Potential Energy of a Magnetic Dipole

We can do the line integral of the force or the angular integral of the torque to
determine that we can write a potential energy

U(F) = — - B(P) (5.153)

This form for the potential energy expresses two features of magnetic dipoles: they like
to be aligned with the local magnetic field, and they seek the region of largest i - B.

The thing that should be concerning about this expression is that we argued earlier
that magnetic fields can do no work, yet here we have the possibility of such work.
That is because we are assuming i is held fixed. For a finite current loop, there must
be a battery doing work to keep the current fixed as m moves or turns relative to B:
such motion yields changing magnetic fields, which, as you know from Phlc, generate
voltages around the loop in which the current for ni flows. The battery will be the
thing doing the work to counter these voltages and keep the current flowing. If i is a
property of a fundamental particle, then there is no explicit battery: it is simply an
empirical fact that || cannot change, and one that we must incorporate as a
postulate.
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Paramagnetism and Diamagnetism

See Griffiths Sections 6.1.1 and 6.1.3 and Purcell Sections 11.1 and 11.5 for
discussions of paramagnetism and diamagnetism. This will be discussed in class
briefly, but there is little to add to their discussions, but we briefly summarize that
discussion here.

Diamagnetism arises due to the orbital angular momentum of electrons: when they
execute their orbits in a magnetic field, the magnetic field adds to (§||Q|| — m) or
partially cancels (B|| — &@||) the Coulomb force that provides the centripetal force.
This causes the electron velocity to, respective_!y, increase or decrease. In both cases,
this change in speed yields a change Ari|| — B. We will see later that an ensemble of
magnetic dipoles that change in this way yield an additional field that partially cancels
the applied magnetic field, hence the term diamagnetism.
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Paramagnetism arises from an entirely quantum-mechanical phenomenon: electrons
have a magnetic moment antiparallel to their spin and, when electrons are unpaired in
atomic orbitals, those magnetic moments are uncanceled. We saw in the previous
section that magnetic dipoles align with a magnetic field, opposite to the effect seen
in diamagnetism. We will see that an ensemble of such aligning magnetic moments
yields a field in the same direction as the applied field, hence the term paramagnetism.

We remind you that unpaired electrons are present not just in atoms with odd
numbers of electrons but also in electrons with even Z in which there are not enough
electrons to fill a particular atomic orbital shell (¢) that has multiple £, values.
Because of Coulomb repulsion, such electrons tend to spread out among different £,
values, and then there is an "exchange” term that we will discuss later that causes the
lower-energy state to be the one in which the spatial wavefunction is antisymmetric
under exchange, which then implies the spin state must be symmetric under exchange
in order for the entire state to be antisymmetric under exchange.
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The Field of a Magnetized Object

Bound Currents

Suppose we have an object with a position-dependent macroscopic density of
magnetic moments, or macroscopic magnetization density M(F), where the magnetic
moment of an infinitesimal volume dr is

dm = N(F) dr (6.1)

M is not to be confused with the magnetization density M(F); the latter can be for
some arbitrary current distribution, while the former is specifically to be considered to
be a density of magnetic dipole moments. M(F) should give M(F) for this special case
of pure dipoles. We will, confusingly, drop “macroscopic” from here on out. Assuming
we are looking at the dipoles from a macroscopic enough scale that the dipole
approximation is valid, we may use our expression for the vector potential of a
magnetic dipole, Equation 5.120, to calculate the contribution to the vector potential
at 7 due to the above infinitesimal volume at 7’:

o d(F) X (F— 7)) po dr M(F') x (F— 7")
ar  |F—F)P  4n EEEIE

(6.2)
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Integrating over the volume containing the magnetization density, we have

Apy = £ / ar M) X (P F') (6.3)

47 |F— 73

Now, we use (F— 7’)/|F — F'|3 = V|F— 7/|~! (note that the gradient is with
respect to 7/, not F!), which allows us to apply the product rule for curl,
V X (fd) =fV x3d—3x Vf:

N . - 1
A(P) = &/ dr' M(7') x V7 (ﬁ> (6.4)
ar Jy |F— 7|
V7 X M(F! - M(F’
_&/ dT’M—&/ dr' Vi x # (6.5)
T r—r’ 47 [y |F— 7"

= v (= (>
|F—F | 471' S(V) |F— 7|

where, in the last step, we have used a vector identity that we will prove on the
following slide.
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Let's prove the vector identity we just used, which is a corollary of the divergence
theorem for the curl. Let 4(F) be an arbitrary vector field and let ¢ be an arbitrary
constant vector. Then the divergence theorem tells us

/dTﬁ.[s(axa]:j[ da A7) - [3(7) x & (6.7)
v S(V)

Now, apply the cyclicity of triple scalar products (along with the fact that ¢ is
constant and can thus it can be moved past V) and bring ¢ outside the integrals
(since it is a constant vector):

5./ o7 [V x a(9)] = 5.75 da [A(F) x &(7)] (6.8)
v S(V)
Since € is arbitrary, the expression must hold for any ¢ and thus:
/ dr [6 x 5(?)] :?{ da [A(F) x &(7)] (6.9)
v %)

which is what we wanted to prove.
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Making some definitions, we recognize that the vector potential can be considered to
be sourced by a bound volume current density J,(F) and a bound surface current

density Ky(7):

(5 =9 x Fi() Rol?) = M) x () (6.10)
iy Ho [ g () pe , Ro(7")
AR = 47r/vd 7= 7] +47r?i(v)da -7 (6.11)

The way in which these current densities source A is identical to the way in which free
current densities do. Moreover, we can see the clear analogy to bound volume and
surface charges in the case of polarized materials.

Griffiths Section 6.2.2 gives a nice discussion of the physical interpretation of bound
currrents that will be presented in class, but there is not much to add here.
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Example 6.1: Uniformly Magnetized Sphere

Center the sphere of radius R at the origin. Let M = MZ. Then
WA =VXxMZ=0 Ky (A)=MZxA=MZxF=¢Msino (6.12)
We need to calculate
. 27 T M si 7z
A = He R2/ do’ [ do’ singr MSn0 9 (6.13)
47 0 0 \r—r’\
_ &szz" dqb’/ﬂ 40’ sind’ Msin @’ (—?ﬂsin?’-{-?cosqﬁ’) (6.14)
47 0 0 |F— 7|

(The R? out front is because an area integral, not just a solid angle integral, needs to
be done.) Recall that we did this calculation when we considered the magnetic vector
potential of a spinning spherical shell with a uniform charge density, Example 5.1. In
that case the surface current density was K= ¢0w R sin 6, so we can use that result
with o w R replaced by M. The result is

sinf ~

ﬁ(rgR,Q,qﬁ):%MrSinOa /T(rzR,e,¢):i‘—;(4§R3 ) é (6.15)
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Evaluating the curl of the first term to obtain the magnetic field, we have inside the
sphere

, . 1 " 2
B(r<R)=V x A(r<R) = 5MOM[z?cose—osina] =SnoM  (616)

which is a uniform field pointing in the same direction as the magnetization.
For r > R, we have

. FXTF 4 .
A(rZR):Z—Omjr m= "L RN (6.17)
T r 3

which is the vector potential (thus yielding the field of) a pure dipole with magnetic
moment given by integrating the uniform magnetization density over the sphere. This
form is exact for all r > R.
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Let's compare to the case of a uniformly polarized dielectric sphere:

., 1 - - 2 —
r<R E(r)=— P B(F)==poM (6.18)
3o 3
1 g7 o o M XT
>R V(F) = — A(P) = — 6.19
r= (" 4re, r? (" 47 r? ( )
L Am 5= . 4T _3.-
p:?RP m:?RM (6.20)

Inside the sphere, the difference is a factor of —2 and the exchange of 1/¢, for po.
Outside the sphere, the two potentials result in fields identical up to the replacement
of /3/60 by o M. The difference in the r < R expressions reflects the fact that the
magnetic field of the bound surface current (i.e., of I\7I) is aligned with M while the
electric field of the surface bound charge density (i.e., of ,‘3) is opposite to B. This
sign difference is a generic phenomenon, resulting in the very different behavior of
electrostatic and magnetostatic fields in matter.
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The Auxiliary Field H and Magnetic Permeability

Definition of the Auxiliary Field

We saw that A is sourced by the bound current density JZ =V x M in the same way
it would be sourced by a free current density Jr. Therefore, Ampere's Law is satisfied
with the sum of the two currents:

1 - . - - - - -
—VXxB=J+Jp=J+V XM (6.21)
Ho

If we want to write an Ampere's Law in terms of the free currents only, in the same
way that we wanted to write Gauss's Law in terms of the free charges only, then we
can define the auxiliary field

B
Ho

H -M (6.22)

In contrast to electrostatics, where the displacement field was the sum of the electric
field and the polarization density, here the auxiliary field is the difference of the
magnetic field and the magnetization density. The sign flip comes from the differing
signs in the definition of the bound charge and current densities: pp = —V - P while
Jb =V x M, which itself comes from the commutative vs. anticommutative natures
of the dot and cross product.
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With this definition of Fi, we then have
- — 1 - _ - — - - — -
VxH=—VxB-VxM=Ji+J,—Jp=J; (6.23)
Ho

Therefore, we have a modified Ampere's Law

—

VxA=Ji }{ di- H(7) =/ dai(7) - JH(F) = lronc | (6.24)
c S(C)

Thus, as intended, we have an Ampere's Law in terms of the free currents only, which
(partially) source H. The fact that H satisfies Ampere's Law in the free current leads
some to use the name applied field for it. That may be misleading, though, because
the free current does not tell one everything one must know to determine H (in the

same way that ps does not completely determine the displacement field 5)

To fully specify H, we need to know its divergence, which is given by applying
V-B=0:

V-H=-V.-M (6.25)
This nonvanishing of V-His analogous to the nonvanishing of V x D in electrostatics.

There is an example of how to calculate A using the above Ampere’s Law in Griffiths
Example 6.2.
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Boundary Conditions on H

From the boundary conditions on B at an interface, we can derive boundary
conditions on H. The continuity of the normal component of the magnetic field
(Equation 5.76) along with Equation 6.22 implies

A7) - [FAo(P) — Fi(A)] = ~A() - [Wha(7) — Wi (7] (6.26)

Applying the same arguments using Ampere's Law for H as we did using Ampere’s
Law for B, we can also conclude the analogy of Equation 5.82:

[Fa(7) = Fu(P)] - 5(7) = [Re(7) < ()] - 3(P) (6.27)

where R} is the free surface current density at the interface.
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Recall that we found alternative forms of the corresponding boundary conditions for
B, Equations 5.83 and 5.84:

Bo(F) — Bi(F) = po K(7) x A(F)
A7) x [Bal) = Ba(P)] = 1o K(P)
There is no trivial analogue of the first one because it relied on the normal component
of B being continuous. However, we can obtain the anal_ggue of the second equation,

though we have to do it in a different way because, for B, we used the first equation
above to obtain the second one.
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We start by using s =t x n and then applying the cyclicity of the triple scalar product
on both sides:

[H} - F/l] [Ex A =[Ax3] Ke (6.28)

T (ﬁ>< [Hz - Fll]) =T Ky (6.29)

The same equation holds trivially with T replaced by n: the left side vanishes because

n is perpendicular to any cross product involving 1 and the right side vanishes because
Ks is always perpendicular to A. This, combined with the fact that  in the above can
be any vector in the plane of the boundary, implies the more general statement

A7) x [Aa(F) = A(P)] = Re(7) (6.30)

which is the analogue of the second equation on the previous slide. But note that this
equation provides no information about the normal component of H because it is
related to the normal component of M.
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What Sources H? When Does It Vanish?

Considering the uniformly magnetized sphere example we just looked at, we see

— B(r<R -2 o 1 -
Ar<ry=BU=R G 25 gp-_lg
Ho 3 3
§(r > R) field of the magnetic dipole m = 47" R3

A(r>R)= ==
Mo Ho

This example highlights the importance of the nonvanishing of V - H. There is no free
current in this problem, so one might be inclined to think H vanishes by analogy to
the fact B would vanish if there were no total current. But the nonzero nature of

V - H means that H has another sourcing term that is not captured by Ampere's Law
alone. In this case, this sourcing term manifests as a discontinuity of the normal
component of M at r = R. This is analogous to the way that, even if there is no free
charge, there may be a displacement field D, sourced by vV x P and/or a discontinuity
in the tangential component of ﬁ as we saw in for the polarized sphere (Example 5.1)
and the spherical cavity in a dielectric with uniform field applied (Example 5.6). To
have H vanish identically, one needs to have V- M =0 and also trivial boundary

conditions on M (no change in A - M).
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This all makes sense given the Helmholtz theorem: since V- H does not vanish, His
not just the curl of a vector potential, but must be the sum of the gradient of a scalar
potential and the curl of a vector potential. Ampere’ s Law for H tells us that the free
current density sources the vector potential, while —V - M sources the scalar potential.
We will see later that the latter point allows us to use our electrostatic boundary value
problem techniques.

In particular, in the example of the uniformly magnetized sphere, we see that His
identical in form to E from the uniformly polarized sphere up to the replacement
P/eo — I\/I so the scalar potential that yields M will have the same form, up to this
replacement, as the scalar potential that yields E. we'll pursue this analogy in detail
when we discuss boundary value problems for magnetostatic systems.

We can make the same point about ps not being the only source of D; when V x P is
nonzero, then D receives an additional sourcing term. It was not convenient to make
this point when we discussed D initially because we had not yet learned about vector
potentials and how to discuss sourcing of D by a vector field, V x P. But now we do,
and so it should be clear that D received a contribution that is sourced by V x Pin
the same way that H receives a contribution that is sourced by V x H=1J.

In particular, in Example 4.5, the capacitor with two side-by-side dielectrics, we saw

such a situation, manifested by the discontinuity in the tangential component of P at
the interface between the two dielectrics.
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Who Cares About H?
Is H any more useful than D was?

The thing that limits the utility of D is that, in practice, one rarely controls free
charge, the most obvious source for D. In practice, one sets potentials using batteries
or other voltage sources. Potentials specify E, not D. Consider the example of the
parallel-plate capacitor with S|de-by side dielectrics: o ended being an output of the
calculation after calculating E rather than an input that yielded D.

On the other hand, H is sourced by the free currents, which is the thing one explicitly
controls in the lab. For that reason alone, we expect H is of greater utility than D.
We will see this more clearly when we consider specific types of permeable materials.

The other reason we will find H more useful is that, in reality, we frequently come
across ferromagnets, where M is provided and thus we are given the V M source for
A, but we rarely encounter ferroelectrics, where P and thus the V x P source for D
are provided. We would find D useful as a calculation tool if we were given a system
in which ¥V x P were nonzero or, more likely, P were tangent to boundaLies between a
ferroelectric and vacuum or between different ferroelectrics. Then V x P and any
discontinuity in A x P would source D in the same way that J and a boundary K
source B.
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Magnetic Permeability in Linear Materials

Many magnetic materials we will consider have a linear relationship between the field
and the magnetization. The magnetic susceptibility of a material is defined to be the
constant of proportionality between M and A:

M = xmH (6.33)

(One can see why H is sometimes called the applied field!) Since B= Lo (PIJr M)
we have

—

§ZMO<H+M)ZMO(1+Xm)ﬁEMH (6.34)

where we have defined the magnetic permeability ;1 = po(1 + xm). The quantity

pr = 1+ xm is the relative permeability. The definition of x,m and p follows a
different convention than the definition of x. and €. This is for the reason we
discussed above: we experimentally control the free current and thus H, whereas in
electrostatics we control the voltages and thus E. We define the permittivity and the
permeability to be the constant of proportionality relating the thing we do control to
the thing we do not control.
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Paramagnetic materials have xm > 0 because the magnetization is in the same
direction as the field and so the field due to the free currents is added to by the field
from the magnetization.

Diamagnetic materials have xm < 0 because the magnetization is in the direction
opposite the field and so the field due to the free currents is partially canceled by the
field from the magnetization.

For electrostatics in matter, we were concerned entirely with dielectric materials:
because every atom has some polarizability, every material is dielectric to some extent.
In that case, the “di” prefix went with xe > 0 (in contrast to xm < O here) because of
the different convention for the relation between E and D.

Diamagnetic materials exist via the same kind of classical argument, now involving the
response of currents in materials to applied fields.

The analogous paraelectric materials (xe < 0) do not exist for the most part — it is
hard to understand how one can get an electrically polarizable material to have xe < 0.
Metals can have negative permittivity at high frequencies (optical), but not DC.

Paramagnetic materials exist only because of quantum mechanics — the existence of
magnetic moments not caused by an applied field. There are no such
quantum-mechanics-caused electric dipole moments, mainly because such moments
violate time-reversal symmetry while magnetic moments do not. They work differently
because the “current” sourcing a magnetic dipole moment reverses sign under time
reversal while the charges sourcing an electric dipole moment do not.
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Example 6.2: Magnetizable Rod with Uniform Current (Griffiths 6.17)

Let’s consider a rod of radius R whose axis is in the z direction and which carries a
current I = 1Z distributed uniformly across its cross section. Assume the material is
linear with magnetic susceptibility xm. Let's find H, M, and B.

Let's first see how far we can get without using xm. Ampere's Law for H tells us

%I—Td[:/ dan- Js (6.35)
c S(C)

This system has azimuthal symmetry as well as translational symmetry in z, so we can
guess H = H(s) where s is the radial coordinate in cyllndncal coordinates. By the
right-hand rule and the z translational symmetry, we expect A= H(s)d) This
eliminates any concern about V- M or n M: we know M = XmH o H, therefore we
know, for the assumed form of H, V - M = 0 inside the cylinder and n'- M = 0 at the
surface of the cylinder. (I\7I = 0 outside the cylinder.) Adding in that we know

J_; = Z1/7 R?, Ampere’s Law in J_; and H tells us
I - 1 ~

s<R: 27sH(s) =7 s° = — H(s) = 5 R ¢> (6.36)
I - I 1~

s>R: 27sH(s) =7 R* — =  Hi)=-—>¢ (6.37)
™ R2 27 s
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If we do not know xm, we do not know M inside the materia_! and so we cannot
calculate B for s < R. For s > R, we have vacuum and so M =0 and B = o, H:

tol

B(s> R) = o H(s > R) =

é (6.38)

Note that §(s > R) is unaffected by the presence of the magnetizable material — this
is the same field we would have had with x,» = 0 inside the rod. We will see why
below.

Next, if we use the linearity of the material with susceptibility xm, we have

_ I s ~ p—po I s ~
M(s < R) = H <R)= — — = —_— 6.39
(<RI=xmAG <R =xms-rd=t"te 25 (630)
and therefore
. ~ I ~
Bs<R)=pH(s<R) =123 (6.40)
T R?

All three fields are azimuthal inside and outside R. For paramagnetic materials,
xm >0 (4> po), so M is parallel to H and |B| > ,uo|H| inside R. For diamagnetic
materials, Xm < 0 (1 < o), so M is antiparallel to A and |B| < ,|H| inside R.
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Let's check the boundary conditions. All the fields are tangential at the boundary, so
continuity of the normal component of B trivially satisfied (Equation 5.76), as is the
equality of the change in the normal components of H and —M (Equation 6.26).
There is no free surface current density, so we expect the tangential component of H
to be continuous. We see this indeed holds, with value

3. F(s=R) = # (6.41)

The Z tangential component is trivially continuous since it vanishes.
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For the sake of completeness, let's calc_‘ulate the bound surface current and check that
the tangential boundary condition on B is correct. The bound surface current is

Kp = M x n (Equation 6.10). In this case, n = 5, the radial unit vector in cylindrical
coordinates, so

I
z 6.42
27R° (6.42)

RKo(s=R)=M(s=R)$ x 5= —xnm

For a paramagnetic materials (xm > 0), the surface current points along —Z while, for
diamagnetic materials (xm < 0), it points along +Z. One can see this physically by
considering the direction of alignment of the dipoles and which direction the
uncancelled current on the boundary flows. From the direction of this surface current,
one can then see that the field of this surface current adds to the field of the free
current for the paramagnetic case and partially cancels it for the diamagnetic case.
(Note that we get this behavior even though the surface current is antiparallel to
(parallel to) the direction of the volume current in the paramagnetic (diamagnetic)
case. We get this behavior because the region of interest is inside the surface current
density, not outside it. We'll look at the field outside next.) With the surface bound
current in hand, let's check the boundary conditions on B. It has no normal
component in either region, so continuity of the normal component is trivially
satisified. The discontinuity in the tangential component matches Equation 5.84:

N — — N I ~ | o
nx [32—31} =35 X [uo—u]mqb:—uoxmmz:uo Kp (6.43)
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Let's also calculate the bound volume current density, fb =V x M from
Equation 6.10. It is

- - - . - I
(A)=VXM=xnVXH=xmdt=xm—52 (6.44)
mR2

For paramagnetic materials, J_[, is parallel to Jf and thus its field adds to the field of
the free current, while, for diamagnetic materials, it is antiparallel and it partially
cancels the free current’s field.

Note that the integral of J_Z, over the cross section and the integral of Kb over the
circumference are equal in magnitude (xmI) and opposite in sign, canceling perfectly.
This is why the magnetic field outside the wire is only that due to the free current.

A modest extension to this problem would be to include a free surface current in the z

direction, which would then cause a discontinuity in the ¢ component of H. You
should try this on your own.
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Boundary Value Problems in Magnetic Materials

Griffiths does not really consider boundary value problems in magnetostatics, so we
follow Jackson §5.9-5.12.

General Conditions for Linear, Homogeneous Magnetic Materials

In linear, homogeneous dielectrics, we showed pp o pr. We just saw that a similar
relation holds for linear, homogeneous magnetic materials, which we can derive
generally:

To= x M=% x (Mﬁ):(m)ﬁxﬁ:(m)ﬁ (6.45)
Ho Ho Mo

In particular, if there is no free current in a linear, homogeneous magnetic material,
then there is no bound current either. In such situations, the magnetic field is
derivable from a scalar potential and Laplace’s Equation holds everywhere there is no
free current! Boundary conditions, and matching conditions between regions, will
determine H. We'll explore such situations shortly.
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The General Technique

In general, it always holds that

- —

B=Vx

I

=HB) VxH=1J (6.46)

Therefore, one can always write the differential equation

x A) = Jr (6.47)

<l

vV x H(

If the relation between H and B is not simple, the above equation may be difficult to
solve.
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For linear magnetic materials, though, the above reduces to

. 1. 2 .
V x <7V><A) = Jr (6.48)
o

If we further specify that u is constant over some region, then in that region we have

ﬁx(ﬁxA) ﬁ(@-ﬁ)—v%:uﬂ (6.49)

Finally, if we specify V- A=0, this simplifies to a component-by-component Poisson
Equation:

VA= —pl; (6.50)

In principle, one can apply the same techniques as we used for solving Poisson’s
Equation in electrostatics to solve this component by component. Boundary
conditions must be specified either directly (recall that we proved that if any one of A
é, nx /T orix Bis specified at every point on the boundary, then the resulting field
(though not necessarily the vector potential) is unique) or by matching using the
conditions on the normal and tangential components at boundaries.
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Another technical challenge associated with the above equation is that it only
separates cleanly into component-by-component Poisson Equations in Cartesian
coordinates. If the current distribution it not naturally represented in Cartesian
coordinates (e.g., even a simple circular current loop), then separation of variables
may not be feasible. Method of images may work, or one may have to resort to other
techniques or numerical solution. None of this technical complication takes away from
the fact that there will be a unique solution for each component independently. The
technical complication just makes it hard to actually obtain that solution.
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Hard Ferromagnets (M fixed and J; = 0): Magnetostatic Scalar Potential

If there are no free currents, then V x H = 0 and we are assured that H can be
derived from a magnetostatic scalar potential. Here, we use B= Lo (H + M) with

M fixed. Then V - B = 0 gives

V- o (FI+I\7I =0 (6.51)
V2V +V-M=0 (6.52)
V2Vy = —py  with py=-V-M (6.53)

(note the canceling minus signs in the definitions!) where py is termed the
magnetostatic charge density. Note the close similarity to the definition of the bound
charge density pp = —V - P for dielectrics. This_analogy also implies the existence of
surface magnetostatic charge density oy = n'- M, which will be related to the
discontinuity in the normal gradient of V), in a manner timilar to that for V. This
equation can be solved by the standard techniques for solving Poisson’s Equation.
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Example 6.3: Uniformly Magnetized Sphere, Again

Let's apply the above kind of formalism for the uniformly magnetized sphere, which

satisfies the hard ferromagnet condition. Again, M = M Z. This implies

oM = —V-M=0and om=n- M = M cos 6. We solved this same problem before for
the uniformly polarized dielectric sphere via separation of variables in spherical
coordinates, which yielded Equation 4.15. Making the replacement P/e, — M
(because p/e, is replaced by py in Equation 6.53), we obtain

M .7 4 .
Vu(r<R) = —2  Vy(r>R)= "1 with m=-—7R3M  (6.54)
3 47r2 3
_ - _M
A=-Vvy=1{ =3 . r=R (6.55)
H field of a magnetic dipole M r > R
_ N i - 1 - — 2 i
B:uo<H+M) — BUr<Ry=po(-3M+M)=puM (6.56)
E(r > R) = po H = B field of a magnetic dipole
(6.57)

This matches our previous solution for the magnetic field of this system that we
obtained by calculating the vector potential of the bound surface current (Example

7.1).

Section 6.4.3 Hard Ferromagnets (M fixed and J? = 0): Magnetostatic Scalar Potential



Section 6.4 Magnetostatics in Matter: Boundary Value Problems in Magnetic Materials

Hard Ferromagnets (M fixed and Jr = 0) via Vector Potential

We have already done this analysis, yielding Equations 6.10 and 6.11:

Jp(7) =V x M(F)  Kp(F) = M(7) x A(7)

o Io(F’ Ky (7'
A(F) = ﬂ/ dr’ 7"“3 + &}{ da’ 7}(2)
v 7| sy r—=r

47 |F— 47

We can, in fact, directly calculate the field from the bound currents using the
Biot-Savart Law. The approach described above of using the magnetostatic scalar
potential for such cases will in general be calculationally easier if the problem is
amenable to the techniques for solving Poisson’s Equation, but the Biot-Savart Law is
certainly always guaranteed to work.

Example 6.4: Uniformly Magnetized Sphere, Again

We don’t need to do this again: the above vector potential based on the bound
current density (in this case, only a bound surface current density) is exactly how we
solved this system before in Example 7.1.
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No Free Currents, Linear Materials via Scalar Potential

If there are no free currents, then V x H=0 and again we are assured that H can be
derived from a magnetostatic scalar potential

A=—-VVy(P (6.58)

Again, if we know the relationship B = B(Fi), then we can use the divergence
equation:

V. B (—ﬁv,v,) =0 (6.59)

Again, if the relation between H and B is not simple, the above equation may be
difficult to solve.
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Again, though, for the case of linear magnetic materials, we have
V. (uﬁ VM) -0 (6.60)

In a region where p is constant, it can be passed through the divergence and we can
reduce this to

V2V =0 (6.61)

We now have Laplace’s Equation. Again, boundary conditions and/or matching
conditions will allow one to solve for V). In a region where p is constant, we could
equally well write B= 76UM and solve V2Uy, = 0 with appropriate boundary
conditions. In general, we will use V) because its boundary conditions are simpler:
the tangential gradient of Uy can have discontinuities due to bound surface currents,
while we will see we can write boundary conditions on V), without referencing the
analogue for V), the bound magnetostatic surface charge density.

The importance of boundary conditions should be even more clear in such cases: since

there is no source term in the equation, the boundary conditions entirely determine
the solution.
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Example 6.5: Magnetically Permeable Sphere in External Field

This is now a “soft,” linear material, where we cannot take M to be fixed. But it is a
situation with no free currents, so Laplace’s Equation holds (except at the r = R
boundary, but we develop matching conditions there).

Fortunately, we do not need to solve the boundary value problem from scratch because
this problem is directly analogous the case of a dielectrically polarizable sphere in an
external electric field. We have the following correspondence:

cE=—-cVV H=—-VVy (6.62)
V2V =0 V2Vy =0 (6.63)
P="%F mM=Ht"tg (6.64)

€o Mo
D=cE+P B/uo=H+M (6.65)
€ E 2% ¢, By A2 By/ o (6.66)
D"=% e By B/po =3 Bo/pio (6.67)

We have carefully avoided making correspondences in the above between p, and py
and between o}, and o) because, in both cases, these quantities are not specified
ahead of time: there is not permanent polarization, there is only polarization in
response to applied field.
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Let's also compare the matching conditions. We want to use the matching conditions
that incorporate only the free charge densities because we do not know the bound
charge densities ahead of time. For the electrostatic case, we used

A [5>(R) - 5<(R)] =0 =0 (6.68)

5. [eo E-(R) - ¢ E<(R)] =0 (6.69)

The corresponding matching conditions for the magnetic case are

A [éiiR) _ % “i 7 [B-(R)~ B<(R)] =0 (6.70)
5 [/—7>(R) - F/<(R)] =5 [Kf x ﬁ] =0 (6.71)

Thus, not only is there a perfect correspondence between fields, potentials, and

r — oo boundary conditions in the two problems, there is also a correspondence
between matching conditions at r = R. Thus, we can just apply the solution to the
electrostatic problem with the substitutions €, E—H eV — Vm, P — M, and
D— B/uo
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Applying this correpondence to Equations 4.70 and 4.71 gives us

3 3 B
i(r<R)=——2t° Hyz=—_>Ho 0, (6.72)
2o + p 2o + 1 o
.- 5 Lo
Vu(r > R) = S0y M (6.73)
o 47 r2
4 - 4 B
m=""R3N(r<R)= WR3H073(“ Ho) 5 _ 4T 3 Bo3(p—po) o
3 3 2po + 1 3 Ho 2po+p
(6.74)

From the above, we calculate the fields and the magnetostatic surface charge density
(pm = 0 because M is uniform):

_ By B M R
e <Ry 3o Bo_ Bo M <R)

Bo _ R) (6.75)
2p0 + 14 po Po 3
_ - B B
Mi(r < R)y=3 " He =0 om =3 He 0 s (6.76)
2H0+HH0 2!’LO+MMO
. By M(r<R) _
B(r<R)—,uo[H(r<R)+M(r<R)]—uo[0—(r?’)+M(r<R)
Ho
.2 - 3p 3
—Bo+ ZpoM(r<R)=(-—F )5 6.77
vt 2ot < R) = (525 ) B (6.77)
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Explicitly, we find that:

> Like E, H is uniform inside the sphere and points in the direction of the uniform
field. For xm > 0, like for xe > 0, it is smaller in magnitude than the uniform
field at infinity.

> The magnetization density is in the direction of the uniform field for xm» > 0 as
it was for P and x. > 0.

» The magnetostatic surface charge density has a cos dependence and is positive
at the north pole for x,» > 0, as it was for the electrostatic surface charge
density and xe > 0.

» B is enhanced relative to the uniform field for Xm > 0. We did not calculate D
in the electrostatic case, but we would have found that it, too, was enhanced
relative to the uniform field.

We again see the fact that H corresponds to E and B to D. In the electrostatic case,
we noted how the field of the polarization counters the uniform field so that the total
field inside the sphere is smaller in magnitude than the uniform field. That is true here
too, but for H, not for B. B itself is enhanced inside the sphere! This difference in the
behavior of the "“true” fields arises directly from the above somewhat unexpected
correspondence of H rather than B to E.
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There is a shortcut method that is much faster, so good to know from the point of
view of technique. It makes the ansatz that the sphere magnetizes uniformly so then
the total field is the superposition of a uniform field and a uniformly magnetized
sphere (Equation 6.16). This assumption is made initially without relating M and H.
It then uses the relation M = Xm H (equivalently, B= I 1-7) to relate the two and
solve for the fields.

The ansatz based on superposition gives

- - - - 2 .
B(r < R) = Buniform + Bsphere = BO + 5 Mo M (678)
i 7 7 7 Esphere v
H(r < R) = Huniform + Hsphere = Huniform + T — Misphere
o
By 1 -
==L --M (6.79)
Ho 3

Then we apply B(r < R) = p A(r < R) to relate the above two equations and solve
for M. One finds one gets the same result. One can then calculate the field at r > R
from superposition. Admittedly, this technique is somewhat backhanded; when trying
to understand things for the first time, reapplying the scalar potential to the full
problem is more straightforward.
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Example 6.6: Magnetically Permeable Spherical Shell

Consider a spherical shell of inner radius a and outer radius b consisting of a highly
permeable (u/po > 1) material placed in a uniform external field By. We shall see
that this shell shields its inner volume from the external field by a factor p/uo. This
technique is of great importance for magnetically sensitive experiments and equipment.

There are no free currents, so we may use the magnetostatic scalar potential
technique. Furthemore, V-H =0in each region since p is constant in each region.
So the scalar potential V), satisfies Laplace’s Equation, allowing us to apply our
techniques for the solution of Laplace’s Equation from electrostatics.

In particular, given the azimuthal symmetry, we may assume the solution in each of
the three regions is of the form given in Equation 3.115:

Viu(r < a,0) = Vi(r,0) = ZAg ¥ Py(cos 0) (6.80)
=0
> D
Vim(a<r<b,0)=Va(r,0) => (cg rf le) Py(cos 6) (6.81)
r
£=0
Vi(r > b,0) = V3(r,0) = —Hor cos + » %Pg(cose) (6.82)
o’
£=0

where we have already applied the requirements that V), be finite as r — 0 and that
it yield the uniform field as r — oo with Hy = By/po. We have also assumed that Vi
has no constant offset as r — oo.
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There are no free currents, so our matching conditions are (as for the magnetically
permeable sphere, Equations 6.70 and 6.71) that the normal component of B and the

tangential component of H be continuous. Using A=-v Vm, we thus have the four
conditions
ovy A% oV, oVs
o—| = p— —_— o — 6.83
or |, Hor 5 Hor or ( )
oV, oV, oV, oV
) =22 ogv2) _9¥3 (6.84)
06 o0 |, a0 a6

Note that we do not impose continuity on V). In the electrostatic case, we imposed
continuity of V and the boundary condition on the normal derivative, ignoring
continuity of the tangential derivative. In electrostatics, continuity of V comes from
constructing it as the line integral of the electric field, which we in turn were motivated
to write down in order to calculate the work done by the electric field on a point
charge. Since H does not do such work, writing down the line integral is not physically
motivated, though it is mathematically reasonable to do so because H= —VVM So,
here, we instead use continuity of the radial and tangential derivatives. This is an
arbitrary choice driven by our physical intuition. We will see below that continuity of
Vi would yield information redundant with tangential derivative continuity.
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Before we dive into a lot of calculation, let's see what we can figure out without doing
much work. The radial derivative equations only connect terms on the two sides of the
equations with the same £ because they do not modify the orthonormal P;(cos6).
What about the angular derivative equations? Recall Equation 3.156:

Py (x) = (=1)"(1 - 2)r"/2 Pe(X) (6.85)
Let's write W using this:
OPy(cosf)  dPy(cosf) dcosb P}(cos ) .
= = —sinf 6.86
09 dcosf df (—=1)}(1 — cos? §)1/2 (=sinf) (6-86)
= P}(cos0) (6.87)

where we note that, since 0 < 0 < 7, there is no sign ambiguity and thus

sinf = (1 — cos? 0)1/2. The P}(cos 0) are also orthonormal polynomials (the PJ" over
all ¢ at fixed m form an orthonormal set in order for the Yj,, to form an orthonormal
set), so the same point we made above about the equations connecting terms at the
same £ holds for these equations also. Note however that, for £ = 0, the §/96
matching condition yields zero.

Note also that, for £ > 1, these equations are the same as one would have obtained by
requiring continuity of V), since 9/96 doesn’t modify the radial factor of each term.
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Taking the necessary derivatives for the radial derivative equations and then equating
the two sides of all six equations (four for £ > 0, only two for £ = 0) term-by-term

gives us:
£>0: MOZAgaH =plCoat™t — (L + ) m (6.88)
plCo bt — (0 +1) — b¢+2 = —po Ho8p1 — fto (L + 1) —— bf+2 (6.89)
Dy
Ayal = Coat + oy (6.90)
Cobt+ 2L = tobs 6.91
4 +W——O [1+bz+1 ( )
Do Do Eo
£=0: O:ﬁu? THoy = Ho (6.92)

We explicitly write out the £ = 0 equations because they yield qualitatively different
conditions than the £ > 0 terms.
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For £ > 1, solving for C; and Dy results in both vanishing, so then A, and E; vanish
for £ > 1.

For ¢ = 0, the radial derivative matching equations imply Dy = Eg = 0. We expect
Ey = 0 because it would yield a magnetic monopole potential for r > b, which we
know is physically disallowed.

There are no equations that explicitly determine Ag and Cy, which correspond to
offsets of V), for r < a and a < r < b. We actually don't need to find them, since
they do not affect H when the gradient is taken. (Recall, there is no issue of this
potential being related to work or a potential energy, so we do not need to worry
about discontinuities due to offsets.) But we can specify them by applying a restricted
version of continuity of V), which is that we require V), have the same offset in all
regions. The lack of an offset for r > b then implies Ag = 0 and Cp = 0.
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For ¢ = 1, we can do a lot of algebra to find explicit formulae for all the coefficients
(you can find these in Jackson §5.12). These formulae are not particularly
illuminating, but they become more intuitive when we take the limit p/po > 1.
Inserting those coefficients into the solutions, we obtain

He>1 9
Vi(r,0) "= AlrcosezfﬁHorCOSH (6.93)
2#0 < 7?)
E>1 3 1 a3
Vo (r,0) "= Cr+ 5 cosf = -~ Ho r—l—f—2 cos 6 (6.94)
LQop) Lo
3
2 b3 3(1+15)
Vi(r,0) "= —Hor+ cosO=Hg | —r+—=[(1- —1n—""2 cos 0
2 2 w(1_2
Ho b3
(6.95)

Note that we include the term of order uo/p in the r > b solution so we can see that
the matching condition on the tangential derivative at r = b (equivalent to matching
of V) itself) is explicitly satisfied even in the limit pu/po > 1.
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Here are the resulting fields in the three regions:

>1 9 Hoz _ ~
Hi(r,0) "= —Eﬁ Bi(r,0) = po Hi(r,0) (6.96)
o (1™ ﬁ)
Ee>1 3HyZ 3(Ma-1)r—m = -
Ha(r,0) "= s + 347”3 2 By(r,0) = puHFa(r,0) (6.97)
w(1-%)
- E>1 o 3(dp - F— 1 = -
As(r,0) "= HoZ + % Bs(r,0) = o Fs(r,0) (6.98)
9 H 4
with iy = —2 —— % ( il a3> z (6.99)
2 u (17 a ) 3
Ho b
3

(6.100)

It is not obvious but it is true that mij, incorporates mi,, which is why there is no
explicit contribution from mi, to the field at r > b. We will see this more clearly below
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The following features can be pointed out:

>

>

Section 6.4.5

Inside r < a, we have a uniform field weakened by a factor of p/puo (for both B
and H).

In the permeable material, we have a uniform H field as well as a dipole field,
but both are of order (uo/p) Ho (i.e., attenuated) with the dipole moment
pointed to —Z. The dipole field cancels the uniform field at the poles at r = a
and adds to it at the equator.

In the permeable material, the B field receives a factor of u, so the B field
receives uniform field and dipole contributions of order By in the permeable
material, though the vanishing at the poles at r = a remains.

One caveat to the above two statements is due to the (1 — a3/b3) factor in the
denominator of both terms (explicitly in the first term, hiding in i, in the
second term). If the shell is quite thin, then a/b is close to unity and this factor
is much smaller than unity, resulting in an enhancement in both H, and B, by
the geometric factor (1 — a3/b3)~1. This factor accounts for the fact that
magnetic field lines cannot be broken, and so the vast majority of the field lines
that would have threaded through the r < b region (a fraction 1 — po/p of
them) now must flow entirely through the a < r < b region: the factor is the
ratio of the volume of the sphere of radius b to the volume of the shell.

Finally, the field outside is the uniform field (for H and B) plus that of a dipole
in the +Z direction. The dominant part of the dipole field cancels the uniform
field at the equator at r = b, leaving a small residual field of order o /p smaller.
At the poles, the dipole field adds to the uniform field, increasing the fields to

3 Hp and 3 By there.

No Free Currents, Linear Materials via Scalar Potential
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Here is a picture from Jackson of B. Note the concentration of field lines in the
permeable material and their absence in the empty central region.

© 1999 Jackson, Classical Electrodynamics
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Let's now consider the analogy to electrostatic shielding. Electrostatic shielding is
easily provided by conductors, and perfect conductors (¢/€, — c0) provide perfect
electrostatic shielding. They do this by setting up surface charge that perfectly cancels
the externally applied field both in the conductor and in the cavity.

The net effect for magnetostatic shielding effect is very similar — zero field in the
cavity as p/ o — 0o — but the physical cause is quite different, resulting in a nonzero
(and potentially high) B field in the permeable material rather than zero field as in the
electrostatic case. The fundamental reason is that magnetic field lines do not
terminate: there are no magnetic monopoles. (The one exception is the field of the
magnetic moment of a fundamental particle.) Therefore, the shielding effect is
obtained by redirecting the field lines away from the cavity and into the permeable
material, not by terminating the field lines. The high magnetic permeability of the
materials causes magnetic dipoles to orient themselves such that they generate surface
currents that cancel the externally applied field in the cavity (both H and B) and
enhance B in the material by the volume factor needed to accommodate all the field
lines that would have gone through the cavity. In the limit of the equivalent of an
electric conductor, with p1/po — o0, the shielding would be perfect, as for an electric
conductor.
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All that said, we get a perfect analogy to an electric conductor if we instead look at
the auxiliary field H and the magnetostatic surface charge density oy. H does get
very small in the permeable material and in fact vanishes in the p/po — oo limit. If
we calculate the magnetostatic surface charge density oy from the discontinuity in H
or M, one would see that o would look very much like o}, for the case of a spherical
shell of high dielectric susceptibility (¢/eo > 1) and, in the limit p/po — 00, o
would mimic the surface charge density of the electrical conductor limit (which is the
same as €/€, — 00). In particular, oy would only be nonzero at r = b: H would
vanish for r <a and a < r < b, so there could be no discontinuity in the radial
derivative of H at r = a, which would occur if oy 7# 0 there. That is, in the
magnetostatic scalar potential picture, the H field lines do _terminate on the
magnetostatic surface charge at r = b, yielding vanishing H for r < b. Of course, H is
not a physical field, so the analogy is only mathematical, not physical.

Either way one does it, this calculation has important practical implications: such
highly permeable materials are in widespread use for magnetic shielding from,
especially, Earth’s field in magnetically sensitive experiments and equipment such as
SQUIDs (very sensitive magnetometers) and photomultiplier tubes (where the
electrons’ paths can be substantially bent and thus the gain modified by magnetic
fields).
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While we have benefited from our boundary-value problem techniques to get directly
to the fields without having to calculate the bound surface currents, it would be nice
to see how the bound surface currents give the observed fields. Recall Equation 5.84,
which gives the bound surface current density from the change in the tangential
component of the magnetic field:

R(7) = iﬁ(r‘) < [B(n) - B(7)] (6.101)

where 1 points from the < region to the > region. In our case, K = Kb because there
are no free currents. Since i = 7 for our spherical surfaces and B only has
components in the ¥ and 6 directions, this reduces to

~ 1 ~ 1 15A% aV, ~
Kb(r)¢ = — [B>’9 — B<70] ¢=— _H> VM Hr< IVM ¢ (6.102)
Lo Lo r 00 . r 00 re
_ < —p>10Vu| » (6.103)
Ho r 06 |, '

where < and > indicate the two sides of the particular boundary at r and we use the
fact that the tangential component of H, which is given by —(1/r) 9V /00 here, is
continuous and thus has the same value on both sides of the interface at r. So it is
straightforward to calculate the surface currents given V).
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We also know how to calculate B given surface currents derived from a uniform
magnetization: we did it in our first calculation of the magnetic field of the
permanently magnetized sphere (Equation 6.16) and saw (valid only for K, o< ¢ sin 6!)

2 o 2 Ko
B-(r< R)= — M=Z=
il <R) =3 ke 31 Ging ©
. po 3(W-AF—m s 4 L RKed
B-(r>R) = ——_a1R*M=-"-rnR
M(r ) 4 r3 m T 37r sm@z

where the relation between M and Kb comes from the definition of the bound surface
current, Kb —MxhA=MZxF= ¢ M sin 6. Here, the H and B fields are uniform for
r < a, and the fields are the sum of a uniform field and the field of a dipole for

a < r < b. It thus looks like we have the superposition of a uniform magnetization in
one direction for r < a and a uniform magnetization in the opposite direction for

a < r < b, with the two magnetizations having a fractional difference of magnitude of
to/p. (The fact that we have permeable materials present is irrelevant for the
calculation of B: once one has all the bound currents, one can calculate B directly
from them.) So, we expect that, in this case, we can just add the field of the above
form due to the bound currents to the uniform applied field to get the total field in
the three regions.

Section 6.4.5 No Free Currents, Linear Materials via Scalar Potential Page 433



Section 6.4 Magnetostatics in Matter: Boundary Value Problems in Magnetic Materials

That is, we expect (again, valid only for K& Kb o ¢sin on)

2 Kp(a) ¢+ Kp(b)- 52

Bi(r,0) = Bo + = o - (6.104)
3 sinf
= L 2 Ry(b)-d . o 3(ia-F)F— ma
Bo(r.0) = Bo + 2 o Re(B) @ 5, o (s T)7 = (6.105)
3 sin@ 47 r3
_ _ 3(m,-7)F—m
Bu(r,0) = By 4 1o 3(Mo 1T = My (6.106)
47 r3
4 5K b 4 K b
oz bR b Lt R b g
3 sin 6 3 sin 6

and then we can obtain H from the usual relation H(7) = B(F)/u(F). Note that we
now see explicitly that i, incorporates i, as we had stated without proof above.
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The explicit results for the bound surface currents are

. —ps10Vy| ~ - 9
Ry(a,0) = < —#>1 OV ¢:_¢<i_1>7375m9
Lo a 00 |, Lo 2L< _13) Mo
Ho b
O(po/1)°  ~ 9
e/l _ - sin6 (6.108)
2( —%) Ho
1 3
Kp(b,0) = “<N 'LL>E 889M :¢<“i—1) u< 2 :j) “—0 sin 0
o b o E(]__F> o
3
Olpe/ ) ~3 1+1%
(e/r) ( 2">@sin9 (6.109)

We will explain the choice for the order of the approximation below.
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There is an important subtletly in trying to do this calculation of surface currents
using the approximate forms for the fields we have written down (valid for po/p < 1).
We expect the magnetic field for r < a to be of order (uo/p) By. But By is in the
expression for él, so that implies the second term in that expression due to the surface
currents will carry one term of order By to cancel By and then a second term of order
(po/ 1) By to give the residual field. As we explained above, our expressions for the
contribution of the surface current to the field are of the following form for r < b:

- 190V,
BK”"HOKNiP«ou Ho Z €M ~ Mo (ﬁfl) Ho (6.110)
to r 00 Mo

~ 1o (o (L)1+o<‘:’>o> 0(%)1% (6.111)
~ {o (%)0 +0 (‘Z’)l} Bo (6.112)

(In the second line, we used H ~ O(po/11)  Ho, which one can see from the

expressions for l-?l and ’:i2. It is not so obvious that this is true for Flg at r ~ b, but it
must be true because Hy is continuous. It turns out to be true because the dipole
field cancels the applied field to first order in Hg (i.e., zeroth order in po/p) at the
equator, leaving a residual field of order O(po/1) Ho. The cancellation does not
happen at the poles, but Hy = 0 at the poles.)
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We now see the problem. The term that is O(10/12)° will cancel the By term. So then
the O(uo/p) By term is all that is left and is our full field, as expected. But we have
not done the approximation self-consistently. We would have obtained a term of the
same order by including terms O(uo/1)? in the expression for H because they would
yield O(po/11)* terms when multiplied by the O(j1/ o) term from the (p/po — 1)
prefactor. Without including that term, we will get the incorrect coefficient for the
residual field.

We could have included that higher order term, but then we would run into the same
problem at the next order: our calculation of the field using the surface currents would
be correct to O(po/11)t, but our expression for the fields would have terms of order
O(po/1)? that we would not be able to fully reproduce. Given that it would be
algebraically challenging to do this even to O(uo/u)! correctly, we punt on trying to
calculate the residual field.
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However, we can self-consistently check our results (Equations 6.96-6.100) to
O(po/1)°, so let's do that because it will show us that the zeroth order field does
vanish at r < a and it will tell us interesting things for other regions.

First, for r < a, we have, to zeroth order in o/,

o= O(po/1)° 2 By 9 1 a°

CBi(r,0) A" By+ = —Z43(1+22 )| =0 6.113

2 Bi(r,0) o+31_2%[2+ (1+3%)] (6.113)

- Bi(r,0) Oluo/u)°

z- Hy(r,0) Bulr,0) Olhg/m” (6.114)
Ho

As expected, both the magnetic and auxiliary fields vanish to zeroth order in po/p

inside the cavity.
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For a < r < b, we have

O(ug/u)o

5 2 B 148 3 (i, - F) cos ) —
2 Balr0) H B+ 2B ) (145 2 ) 4 pe TR0

T 1_2  4nr r3
- Ba(r,0) Ouo/n)°
5 Fo(r0) = 2(r, 0) Oluo/m) 0
"
O(po/1)°
i, QAT (0) 1 B
3 21— % po

r3

(6.115)

(6.116)

(6.117)

The total magnetic field in the permeable material is of order By because both terms
shown are of order By. In the limit a < b, one recovers 3 By as we expect from the
case of the permeable sphere (Equation 6.77 with 1o/ — 0). The auxiliary field
vanishes in the permeable material to order (j10/11)° because one must divide the
entire expression by p to get H from B, which combines with the i, in the expression
for B to give a prefactor of o/ that vanishes at the level of approximation we are

considering. The vanishing of H in the permeable material is exact in the limit

1/ po — 0o because the above approximations become exact.
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Finally, let's look at r > b, for which we obtain

~ O(po/1)° T - ) 0 —
5. By(r,0) VM gy 4 Mo 3(M - F)cost — m (6.118)
47 r3
Opo/1)° 4 1 B 9 123
with i, OV AT _— {ffa3+b3(3) <1+fi>}2
31-Z el 2 2 b3
4 B
= 3(—”/33)—02 (6.119)
3 Ho
- Bs(r,0
z. Hs(r,0) Bs(r.6) (6.120)
Mo

One can see that the expressions for By and mp match to zeroth order in po/p the
results we obtained via the boundary value problem technique, Equations 6.96-6.100.
The expression for H has the same form with By replaced by Hy and it also matches
the expressions we obtained earlier, again to zeroth order in po/p.

So, in the end, we see that, to the level of approximation for which we can

self-consistently do calculations, the fields we calculate from the surface currents
match the fields that we used to calculate those surface currents.
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Nonlinear Materials and Ferromagnetism

There are materials whose magnetic response is nonlinear. In such materials, in
addition to the tendency of magnetic dipoles due to unpaired electrons to align with
the applied magnetic field, these dipoles interact with each other in such a way as to
prefer aligning with each other, too. This extra preference for magnetization causes
the magnetization to depend nonlinearly on AH.

Beyond nonlinearity, there is the phenomenon of ferromagnetism, in which there are
additional interactions that cause the magnetization to be preserved even after the
applied field is reduced.

Both phenomena are caused by unpaired electrons as paramagnetism is; one might
have guessed this by the fact that all three phenomena involve the alignment of
magnetic dipoles with the applied field. The additional dipole-dipole interaction that
causes nonlinearity is due to the exchange effect in quantum mechanics. We will
explain this in the following.
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The Exchange Effect in a Single Atom: Hund’s Rules

As you know, electrons in atoms occupy shells corresponding to different energies for
the electron-nucleus Coulomb interaction. Only a certain number of states are allowed
for each shell (n? for shell n), and electrons can be put in a shell with spin “up” or
spin “down” (multiplying by 2 the number of allowed states).

When a shell is partially filled, the electrons prefer to be unpaired, meaning that they
have different orbital wavefunctions (probability distributions) and the same spin
direction (i.e., aligned spins) rather than the same orbital wavefunction and different
spin directions. This behavior, where electrons prefer to be in different orbitals but
have the same spin, is frequently termed Hund'’s Rules.

The reason for this preference against having the same orbital wavefunction is that the
electrostatic repulsive energy of two electrons in the same orbital state is high: in
quantum mechanics, that energy is determined by the integral of the product of their
wavefunctions weighted by 1/|F— 7’| where F and F’ are their positions, so the less
similar their wavefunctions are, the lower the (positive) electrostatic repulsive energy is.
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Next, considering the Pauli exclusion principle, the overall state (spatial wavefunction
and spin) must be antisymmetric under exchange of the two electrons. One could
achieve this by taking the spatial wavefunction to be antisymmetric and the spin state
to be symmetric under exchange or vice versa. It turns out that, when one calculates
the Coulomb repulsion energy integral, there is a second term that arises due to the
extra terms created by requiring the overall state to be symmetric or antisymmetric
under exchange. Moreover, because of the symmetry constraints on the overall state,
this exchange term is negative when the spatial state is antisymmetric and positive
when it is symmetric. Thus, the exchange term ensures that the antisymmetry of the
overall state is preferred to be in the spatial wavefunction, not the spin state.

With the above, it would still be possible for the electrons to either have the same spin
projection or for them to have opposite spin projections and the spin state to be the
symmetric combination of the two possible anti-aligned states. It turns out that
spin-orbit coupling causes the latter state to be higher energy, so the case in which the
two electrons are aligned is preferred. Thus, we are able to explain Hund's Rules.
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The Exchange Effect Among Atoms: Nonlinearity

In addition, though, one needs a mechanism for unpaired electrons in nearby atoms to
align with each other; alignment of the unpaired electrons in a single atom is not
enough. A similar exchange interaction is required, of which there are many types that
depend on the details of the material and how the electrons in nearby atoms interact.
The key requirement for such exchange effects to occur, though, is delocalization —
the electron wavefunctions must be large enough that they spread to nearby atoms —
so that there can be exchange interactions between electrons in adjacent atoms. This
explains why nonlinearity occurs only in atoms with d- and f-shell electrons — the
electrons in these orbitals are more weakly bound than s- and p-shell electrons,
providing the necessary delocalization.

The exchange interaction leads to a nonlinear magnetic permeability, where these
interactions cause the magnetic dipoles to prefer to align with each other
macroscopically when they have been nudged into alignment by an applied field. This
would yield a relationship of the form B = F(H), which cannot be summarized by a
simple constant of proportionality, but the relation is at least well-defined.
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Interactions with the Crystal: Ferromagnetism

Ferromagnets have domains, which are regions of coaligned magnetic dipoles, caused
by the aforementioned nonlinearity: it is energetically favorable for the magnetic
moments of unpaired electrons in nearby atoms to align. By default, these domains
are macroscopic in size (fractions of a mm, perhaps), but they do not align with each
other because alignment would create a large magnetic field outside the material,
which is not a low-energy state (which we will see when we talk about magnetic
energy). When a large field is applied, though, the energy cost of not aligning with the
magnetic field (- éapp,;ed) is larger than the energy savings of not having a large field

energy (|§mate,,-a/|), and so the domains align with the applied field.

We then must consider the phenomenon of saturation, whereby, at large fields, one
gets to the point where all the unpaired electrons’ dipole moments are aligned with
the field and there are no more magnetic dipoles left to align. The magnetization
density stops increasing and saturates. The applied field H may continue to be
increased, but B = ,uo(I-7+ I\7lsat), where I\7Isat is the saturated magnetization density.
Thus, B increases due to the first term only. (At lower fields, M increases with I-7
leading to a large amplification of A to yield §)
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After bringing a nonlinear paramagnetic material into saturation, what happens when
one turns off the applied field? The large exchange interaction energy makes it
favorable for the moments to remain aligned with the direction of the applied
magnetic field that has been removed. It is not that full alignment is the
lowest-energy state, but that there is an energy barrier between the fully aligned state
and the lower-energy state with randomly aligned domains. In fact, to reduce M and
B to zero requires a significant H in the direction opposite to B. After B goes
through zero, it can then begin to align with H again and one can reach saturation in
the other direction. And so on.

This phenomenon of the magnetization (and thus §) being dependent on past history
is called hysteresis: not onlx is B a nonlinear function of H, but, in addition, B

depends on the history of H. Hysteresis curves are shown in Griffiths Figures 6.28 and
6.29.

The exchange phenomenon explains why ferromagnetics becomes less magnetized if
they are dropped. The mechanical shock of dropping provides enough vibrational
energy to exceed the barrier between the fully aligned state and the random domain
state, allowing the domains to randomize in direction again.
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We note that ferromagnets have a Curie or transition temperature, T.. This
temperature corresponds to roughly the exchange energy of nearby dipoles. When the
temperature is larger than T, the thermal energy available overcomes the exchange
energy, causing magnetic ordering to go away. If a saturated ferromagnetic is raised
above T, the ordering will dissipate. Then, when recooled in zero applied field,
randomly oriented domains will appear but there will be no overall ordering of the
magnetic dipoles. Cooling in a high enough applied field, by contrast, will result in
magnetic ordering and a permanent M.

That is, if you heat the refrigerator magnet you have dropped many times past its Tc
and then cool it slowly in a field large enough to obtain Ms,¢, it will work well again!

There is not much more we can say about ferromagnetism without considering specific
cases.
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Currents and Ohm’'s Law

Ohm'’s Law and Joule Heating: Differential Version

We state the very nonobvious point that the current due to an ensemble of flowing
charges is proportional to the force on a single charge f acting on them:

Joc f (7.1)

Since current is proportional to velocity, and force is proportional to acceleration, why
is this true? In an ideal conductor, it would not be true, we would expect current to
be proportional to the integral of the force over time. But in all real conductors, there
are two important effects that change this picture:

» The first is the random thermal motion of the charge carriers. The forces we

Section 7.1.1

can apply yield velocities that are small perturbations to this random thermal
motion. So the mean speed of the carriers is dominated by the thermal speed
Vihermal- 1 his thermal motion is even larger than would be obtained from
thermal equipartition, mvfherma,/2 = 3kg T /2, because Fermi exclusion causes
the electrons active in electrical conduction to have quite high energies (the
Fermi energy). In Cu, for example, they have Tp = 80,000 K and

Vthermal = VF = 1600 km/s in Cu.

The second is scattering, which is the cause of the randomness of the thermal
motion. The charge carriers scatter off of impurities, defects, and thermal
vibrations present in the material. This scattering is elastic in general, resulting
in no loss of energy but in a redirection of velocity.

Ohm'’s Law and Joule Heating: Differential Version
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In the presence of such effects, our picture should not be of a charge carrier smoothly
accelerating under the influence of an external force, but rather of a carrier with a
large randomly directed velocity, scattering frequently, and with acceleration by the
force between scatters resulting in a net motion in the direction of the electric force.
The scattering randomly redirects the velocity, so the velocity due to the externally
applied force is, on average, reset to zero after each collision. If the thermal speed is
Vihermal @and the typical distance traveled between scatters is A, then the time available
for the externally applied force to accelerate a carrier between scatters is

t= A (7.2)

Vthermal

The average velocity acquired from the applied force during this time is

A
Vwe=at=-L_2 (7.3)
Vthermal

N~
N =
3=

This velocity is the average overall velocity because of the zeroing of the
instantaneous velocity after each collision.
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If we then use J'= n g Vave Where n is the number density of charge carriers and q is
the charge per carrier, and we use f = q E, we then can write

- 2)\ — - . 2)\
J:(L)E = J=0E o=—92 (7.4)

2 m Vihermal 2 m Vihermal

Thus, we see our earlier expression is justified. This is Ohm’s Law.

There is power dissipated in this process — the work done on the charge carriers by
the electric field is lost to random motion when they scatter. The infinitesimal amount
of energy lost per unit time dP in an infinitesimal volume d7 is equal to the work
done by the electric field on the charge carriers:

dT:nVaveﬁ?dT:ni- quT:j'EdT
ng
(7.5)

fe
dP = number density - velocity - oree

carrier

This is known as Joule Dissipation or Joule Heating.
We note that the possibility of E # 0 does not contradict our earlier discussions of

conductors in electrostatics; here, we have non-stationary charges, where in that case
we considered the final static situation after any currents had flowed.
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Integral Version of Ohm's Law and Joule Heating

We integrate the above to obtain a more familiar version of Ohm's Law. We start with:

Iz/daﬁf:/ dach-E (7.6)
S S

Let's assume the cross-sectional area of the conductor is constant and the conductor is
uniform. This lets us do the area integral trivially, yielding I = o An- E. If we then do
a line integral directed along the wire, such that d/ o n, we have

Ie:/du:aA/deﬁ-E:aA/dZ.E:aAv (7.7)
1 1

= V=IR with R:ﬁfzﬁp and p=— (7.8)
Ao A o

which is the familiar version of Ohm'’s law in terms of current, voltage, and resistance.
This is the integral version of Ohm's Law while J'= o E is the differential (or local)
version. We also define the resistivity p as the reciprocal of the conductivity o. We
can also integrate the Joule heating expression to get the usual integral expression for
Joule heating:

- I - V2
P:/dP:/dTJ-E:/da/défﬁ-E:IV:IzR:— (7.9)
v v s A R
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Steady-State Assumption and Uniform Conductivity = Zero Charge Density

Do we need to worry about charge accumulation in conductors? Let's calculate the
divergence of E to find the charge density, assuming uniform conductivity:

V-E==-V.-J=0 (7.10)

SRR

where the first step was possible by Ohm’s Law and the assumed uniformity of the
conductivity and the second step by the steady-state assumption on macroscopic
scales. So the answer is no, as long as the conductivity is uniform and the system is
steady-state, no charge density accumulates. Note that this is not a circular argument:
the steady-state assumption corresponded to Op/0t = 0, not p = 0. Now, with the
combination of p/0t = 0 and Ohm’'s Law, we conclude p = 0.

Later, we will see how it is possible for charge to accumulate when we consider
non-steady-state systems (in particular, with sinusoidal currents).

Note that our microscopic picture is not consistent with the steady-state assumption,
but, averaged over time, our macroscopic picture is. On the microscopic scale, there
are nonzero positive and negative charge density fluctuations away from the mean
density associated with the nonuniform motion of the carriers (even on scales over
which we can treat the carrier density as continuous), and then, of course, on the
most microscopic scales, the smooth charge density consists of individual electrons
that have some finite spatial extent.
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Uniformity of Electric Field in a Uniform Wire

We implicitly assumed in proving the integral version of Ohm’'s Law above that the
uniformity of the conductor implied that the field and thus the current were uniform
over the cross-sectional area. We can prove this. We did not explicitly require that the
electric field also be uniform with position along the wire, but we can prove that, too.

We define a uniform conductor to be one with uniform conductivity and uniform
cross-sectional area.

We proved above that the charge density vanishes in a uniform conductor with steady
currents. Therefore, the conductor satisfies Laplace’'s Equation. Dirichlet boundary
conditions are set at the two ends of the conductor by the potential difference AV.
We assume these equipotentials are (by connections to a battery) transverse to the
wire axis at z = 0 and z = £. On the outer surface of the wire, J'- 7 =0 because no
current flows out of the wire, which implies that E.- A= 0, which provides a boundary
condition on the normal gradient of the potential (a Neumann boundary condition).
(Equivalently, this implies the charge density vanishes at the surface.)
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We guess a solution that satisfies these boundary conditions,

v(r):%z = Ezfvv2772 (7.11)

Note that we do not need the sinusoidal solutions from separation of variables here —
we only need the linear solution (which we ignored in our discussion of separation of
variables in linear coordinates). This will be of relevance for the homework, too!

This linear solution satisfies the boundary conditions — equipotential surfaces at
z =0 and z = £ and vanishing normal derivative at the outer surface (whose normal is
always perpendicular to Z) — and therefore it must be the solution.

Therefore, it is valid to assume that the field is uniform over the cross-sectional area
of the wire and along the length of the wire if the wire is of fixed cross-sectional area,
the conductivity is uniform, and the currents are steady-state. The latter two
conditions told us Laplace's Equation is satisfied, while the former one provided the
z-translation symmetry needed to guess the solution.

What happens to this argument if the wire changes in some way along its length; e.g.,
the conductivity changes, or the wire diameter changes?
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Motional Electromotive Force

We deviate from Griffiths somewhat in the introduction of electromotive forces; his
§7.1.2 just seems confusing.

Moving Rectangular Loop

Consider a rectangular loop with a resistor in it with part of the loop's area
intersecting a region of uniform magnetic field perpendicular to the loop into the page,
as shown in the figure.

@y
X
!
}
!

(© 2013 Griffiths, Introduction to Electrodynamics
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Let's consider the force on a charge carrier in the portion of the wire that intersects the
field. If V= vX and B = —B7Z (into the page), then these charges feel a Lorentz force

Frag = (qvX) x (~BZ) =qvBy (7.12)

Since this force is aligned with the vertical portion of the wire, the carriers in that
section can move. Assuming for the moment the charge carriers are positive (the
argument can be reversed if they are negative), they would start to collect at b at the
top end of the vertical portion and a deficit would appear at a at the bottom end. The
local electrostatic repulsion between like charges would cause the charge carriers to
start flowing through the rest of the circuit and would prevent this clumping of
carriers. In this way, a current is generated around the loop without the influence of a
large-scale electric field in the circuit. If the loop is pulled at constant speed, one
satisfies the steady-state assumption, with no charge buildup.
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There is work done on a charge carrier during its movement up the vertical portion of
the wire

b
Wab:/ dl- Freg =qvBh (7.13)
a

We will see below that this work is not done by the Lorentz force as suggested above
(recall, the Lorentz force can do no work because Emag L V), but it is nevertheless
done. The energy gained by the charge carriers via this work is dissipated as Joule
heating in the resistor because the carriers quickly reach some steady-state velocity
and a steady-state current flows.

We define the work done per unit charge on the charges as they move from a to b as
the motional electromotive force or motional emf.

g=Web _ gy (7.14)
q
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Let’s think about how we can interpret £. Let I be the current that flows. I is g times
the number of charges that flow per unit time past a given point. Therefore 1 £ is the
power being supplied to the ensemble of charges, the work done on them per unit
time. By conservation of energy, it is also the power being dissipated in Joule heating
in R. But we know that latter quantity is also I?R. Equating the two, we see

E=IR (7.15)

That is, £ plays the role of voltage in Ohm’s Law for the resistor. £ has the right units
for this purpose. In fact, if one attaches a voltmeter across the resistor R, it will
report a voltage V = £: a voltmeter works essentially by measuring the current in a
very large resistor R’ > R placed in parallel with R, and the current that will flow
through R’ is identical to what would flow if a battery £ were placed across R with R’
in parallel. So, what appeared to just be a work done on a unit charge now can be
interpreted as equivalent to a voltage! But be sure to remember that the current is
generated by movement of the circuit in a magnetic field; it is not due to an electric
field! We will return to the distinction between £ and a voltage later when we consider
electromagnetic induction and Faraday's Law.

Section 7.2.1 Moving Rectangular Loop Page 460



Section 7.2 Electrodynamics: Motional Electromotive Force

Let's now think about what force is doing the work. As we discussed some time ago,
the Lorentz force does no work because F L V. However, a force must pull the loop.
There is a force counteracting this force that the pulling force must match to keep the
loop at constant speed: the Lorentz force due to the velocity the carriers have
acquired in the y direction, which we will denote by & = uy. This force is

—Fout = Fog = quy x —BZ=—quBx (7.16)
The total velocity of the charge carriers is
W=vV+od=vxX+uy (7.17)

The pulling force must cancel I—:,,’,ag, so the work done per unit time by the pulling
force is

dw, =
T;]u“: pu/l'M—;:qUBS(\'(V?""uS/\):qUBV (718)
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Note that the charge carriers move on a diagonal line relative to the lab frame as they
move from point a to point b on the wire, with this line partly in the direction of I—:pu/,.
It takes the charge carriers a time t = h/u to move on this trajectory since their y
direction speed is u. Therefore, the work done by I—:,,L,,/ during the movement of a
charge from a to b is:

dW, h
Woun = P —gBvh 7.19
pull dr u q ( )
w,
= P _pyh=c¢ (7.20)
q

That is, the work done by the pulling force, per unit charge, matches the motional
emf. The pulling force provides the energy that is eventually dissipated as heat as the
carriers flow through the resistor.
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Mechanically, how does this work? A magnetic field does no work, so it should only
change the direction of the velocity of the charge carriers. So, initially, when the
pulling force begins to act and the carriers start to move in the x direction and feel a
Lorentz force in the y direction, their x velocity starts to be transformed into y
velocity. But the loop is being pulled at constant speed v X, so the walls of the wire
exert a force so the carriers’ x velocity remains equal to v X as the magnetic force
acts. Similarly, as the carriers acquire a velocity in the y direction, they feel F”’,ag in
the —X direction, and the walls of the wire must exert a force to keep them moving at
v X in the x direction. By Newton's third law, the charge carriers exert a reaction force
on the walls of the wire, which would slow down the loop if there were not a force
pulling it. Thus, we see it is the force pulling the loop that ultimately provides the
work to drive the current.

And note: All this motion is accomplished without a large-scale electric field. Of
course, it relies on the microscopic Coulomb repulsion between like charge carriers and
the Coulomb binding to the wire that keeps the charge carriers from flying out of the
wire.
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Returning to the emf itself, we can rewrite it in a useful form. We define the magnetic
flux to be the integral of B dotted into the normal to a surface over the surface:

® :/Sdaﬁ- B(R) (7.21)
Using the definition of x in the figure, we have in this case
b =Bhx (7.22)
The time derivative is
%:Bh%:thv (7.23)

(x decreases with time for v > 0) which is just the negative of the motional emf. That
is, we have

do
E=—— 7.24
T (7.24)
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Moving Arbitrary Loop

Let's prove rigorously that this rule holds more generally for any shape of loop with
any type of motion through an arbitrary magnetic field. Consider the motion of a
closed loop of arbitrary shape over a time dt. The loop is defined by a contour C(t)
that depends on t. Each point on the loop has a velocity v that may depend on the
position on the loop. Regardless, each piece of the loop moves by the vector V dt
during this time where V is position-dependent. The charges in that piece of the loop
acquire a velocity 7 along the direction of the loop due to the action of the Lorentz
force during that time.

Section 7.2.2

Surface §

P il .
vdt a”
P
Loopat Loopat
Enlargement of da time ¢ time (1 + df)
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We can see, through some work, that the motion V also describes the change in the
area of and flux through the loop. The flux changes by

dd>:/ daﬁc~l§—/ dafic - B (7.25)
S(C(t+dt)) S(c(t)

We subscript n with C to distinguish it from a different 1 we define below. Let's
rewrite this expression in a more usable form. Consider a closed surface that consists
of the surfaces defined by C(t) and C(t + dt) as well as the ribbon-like surface
connecting the two contours. (If the two contours were circular loops, the ribbon-like
surface would be the wall of the cylinder formed by the two contours.) V-B =0 tells
us the surface integral of ng - B (where ng is the outward surface normal, identical to
A for only some parts of the surface) through this surface vanishes. That surface
integral is related to the above integrals by

0:}[ daﬁs-éz—/ daﬁc-§+/ daric B+ [ dans-B
closed S S(C(t+dt)) S(C(t)) ribbon
(7.26)

where we have used the fact that is = —A¢ on the S(C(t + dt)) surface and Ais = A
on the S(C(t)) surface. (The direction of A is set by the direction of dZ in the figure
and the right-hand rule.) The negative sign is present in the former because the
orientation of A¢ that maintains its direction as the contour moves has ¢ (t + dt) on
this surface pointing into the enclosed volume rather than outward.
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The first two terms give —d®, so

do = dafs - B (7.27)

ribbon

The area element on the ribbon (with outwardly directed normal as in the above
integral) is given by

fis da = dF x d (7.28)
where: d7 is the line element along C(t) with orientation set by consistency with A
for S(C(t)) and the right-hand rule; and dr is the change in the vector position of

that line element between t and t + dt. The difference between these two positions is
related to V, dr = vV dt, so:

fis da = vdt x di (7.29)

Therefore, d® = 7{ <\7dt X dKA) B (7.30)
c(y)

We turned an area integral into a line integral, but it still calculates magnetic flux.
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Since 7 || d?, we can add 7 to V to obtain w without affecting the integral:

do = (w dt x dZ) B (7.31)
c()

Using the cyclic property of the triple vector product, reversing the resulting cross
product B X w, and moving dt to the left side, we obtain

do R .
- = - (wx B .32
o ?i(t)dz (W>< ) (7.32)

The quantity w x Bis just the Lorentz force per unit charge:

® ~ Fnm
4 _ —7{ dr. % (7.33)
dt c() q
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The integral of the Lorentz force per unit charge integrated around the loop is the
generalization for arbitrary loops of our earlier expression for the motional emf for the
rectangular loop (earlier, we integrated over only the section of length h from a to b
of the rectangular loop for which ﬁmag was nonzero), so

~ F, do
&= ?{ dr. % — moving circuit (7.34)
c(y) q dt

The motional emf, as defined by the line integral of the Lorentz force per unit charge
around the loop, is given by the negative of the rate of change of the magnetic flux
through the loop. The signs of the line integral and the flux are set by requiring that
the orientation of the line integral (via d[) be consistent via the right-hand rule with
the orientation of the surface normal n¢ used for the flux calculation.
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Example 7.1: Alternating Current Generator (Griffiths 7.10)

The classic and pervasive use of the above relationship is the alternating current
generator. Consider a square loop placed in a uniform magnetic field and rotated
about a midline at constant angular speed w. That is, the rotation is such that, at one
point of the motion, the magnetic field is normal to the loop while, one fourth of the
period before or after this time, the magnetic field is in the plane of the loop. What is
the motional emf around the loop generated by this motion?

(el >N ()] The magnetic field is constant, so the flux is
just given by B times the area of the loop pro-
\ » jected onto the direction of B:
a
> d(t)=a’B-A(t) = AB coswt  (7.35)
— B a
where we have chosen 7 || B at t = 0 and

written a2 = A. Thus, the motional emf is

‘ ﬁ et)= 9% — ABwsinwt  (7.36)
) dt
®

. ] This is of course how 60-Hz AC voltage is gen-
(@© 2013 Griffiths, Introduction to Elec-

) erated.
trodynamics
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It is instructive to think again about the Lorentz force experienced by the charge
carriers in the loop and see how it generates the motional emf. Let the magnetic field
be B = BZ and let the axis of rotation be +y. Suppose the loop is just moving past
having i = —X, as shown in the figure. Then the carriers all have a velocity parallel to
+X due to the motion of the loop (this is V). (They also have motion in the Z
direction, but this is parallel to B and thus no Lorentz force is generated.) The
carriers in the sections of the loop parallel to Z (perpendicular to the axis of rotation,
parallel to the field) cannot move in response to this force because they feel a force in
the y direction, transverse to the section of wire they are in. Those in the parts of the
loop parallel to £y (parallel to axis of rotation) also feel a force along ¥, and they can
move along y. As the loop turns away from this orientation, the arm at +Za/2 has
velocity in the +X direction and vice versa for the arm at —Z a/2. Positive charge
carriers in these arms feel forces in the —y and +y directions, respectively. This forces
a current to flow in direction defined by the —n = +X orientation by right-hand rule,
generating a field through the loop in the —n = +X direction.

As the loop passes through this orientation, the flux is zero and is changing from
negative (i B < 0) to positive (7- B > 0). One can see that the driven current is in
the direction needed for its field to counter the change in magnetic flux. This is a
manifestation of Lenz’s Law, which we will return to later.
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If one taps the loop as is typical for such a generator, as shown in the figure, the tap
connected to the +Zza/2 arm will have positive voltage and the tap connected to the
—Z a/2 arm will have negative voltage because they need to drive a current in an
external circuit that carries current in the direction consistent with that argued above,
from the +Zza/2 arm to the —za/2 arm.

Note the polarity of the above statement: we decide the sign of the voltage at the
taps not by what is needed to drive the current in the loop (which is driven by the
Lorentz force, not by this voltage) but rather by the sign needed to drive the current
in the external load (the resistor) so that current exits the loop, goes through the
load, and returns to the loop, where it is needed to conserve charge.
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Electromagnetic Induction
Faraday's Law

We are going to consider three different physical situations:

» Moving loops: As we considered above, the magnetic field is stationary but the
loop is moving.

» Moving magnetic fields: The loop is held fixed but the magnetic field is
changing because the currents sourcing the field are being translated.

» Changing magnetic fields: Both the loop and the sources of the field are
stationary, but the currents sourcing the field are changing.

We just proved using the Lorentz Force Law that the first situation results in a
motional emf. a force that causes the flow of a current around the loop, given by
Equation 7.34:

- F, do
& :?{ dr- € = moving circuit (7.37)
c(t) q dt
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Faraday’s Law consists of the empirical observation that the same rule applies for the
second and third situations. The subtlety is this: this law could not have been derived
using the Lorentz Force applied to the situation described above of a fixed loop and a
moving and/or changing magnetic field: there is no magnetic force if the charge
carriers are not being forced to move in the magnetic field by the loop being pulled. A
natural and important corollary is that the emf that appears for a moving or changing
magnetic field is not due to a magnetic force. Rather, since the loop is at rest in the
second and third situations, the force that appears arises from a true electric field.
Mathematically, we write Faraday’'s Law as

. F, do
E= 7{ di. “elee Ty moving or changing magnetic field (7.38)
c(t) q

We see that it is identical in form to the Lorentz Force law applied to a moving loop
with the replacement of Fmag by Fejec.
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Combining the two forms, and defining Eind = I—je/ec/q where ;,4 indicates that the
electric field here is not an electrostatic one due to Coulomb’s Law but rather an
“induced” field due to the changing magnetic flux, we then may write a common law
that applies in any situation:

£ :?{ de-
0

If there is any ambiguity in the sign, one should apply Lenz’s Law: the emf has a sign
such that the polarity of the current it would drive produces a magnetic field that
counters the change in magnetic field. We will prove Lenz's Law explicitly later.

_de__d
dt ~ dt

. F .
Epng + —2| = / dan(Ft)- B(Ft)| (7.39)
q s(c(r)
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Quasistatic Assumption

Note that we have implicitly assumed in our derivations that the current everywhere in
the loop responds instantaneously to the total emf on the left side, that there is no
time delay between a buildup of charge at one point in the circuit and the driving of a
current around the loop. We made the same assumption in deriving Ohm’'s Law. This
is the “quasistatic assumption,” that all fields and currents everywhere change
instantaneously and that information is propagated infinitely quickly. Formally, this
assumption consists of saying that, given a typical physical scale for a system ¢ and a
typical timescale for variation t, we have

t>{/c (7.40)

where c is the speed of light that will be defined later.

We will release this assumption when we discuss electromagnetic waves and radiation.
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Motional EMF, Faraday's Law, Galilean Relativity, and Galilean Field
Transformations

When first proposed, Faraday's Law was an empirical observation. However, it could
have been justified using the principle of Galilean relativity: physics is the same in all
inertial reference frames, those moving at constant velocity.

Consider the problem of the magnetic field moving at fixed velocity. One could go to
the rest frame of the magnetic field and consider the loop to be moving at fixed
velocity as in our moving loop cases. The magnetic force implied by the motional emf
appears. In Galilean relativity, forces are invariant upon change of inertial (fixed
velocity) frame. This would imply that the magnetic force in the field-fixed frame is
still present in the loop-fixed frame, but now we interpret it as an electric force
because the loop is not moving.

In the case of changing magnetic fields, we simply have to invoke the expectation that
the loop has no way of knowing whether it experiences a changing field because the
current sourcing the field is moving or because it is changing: it only knows about the
field that results, not the source of the field.

This Galilean relativity argument was, however, not recognized until after Faraday's
observation.
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We can make use of this argument to understand how electric and magnetic fields mix
with each other under such Galilean (nonrelativistic) transformations. Let's assume we
have written down our law, Equation 7.39, in both the rest frame of the loop and in
the lab frame in which the loop is moving. The fields and position vectors in the loop
rest frame are given ’ symbols, the ones in the lab frame have no primes. The total
emf can be determined explicitly using a voltmeter to measure the voltage across the
resistor in the loop, and it is a scalar that is independent of frame (the reading on the
voltmeter doesn't change if you see the voltmeter moving with the loop!). So we can
equate the lab and rest frame expressions through &:

?{ dZﬂE,.;d:j[ dé-
c’ c(t)

(C’ =C(t = 0) can be assumed by appropriate choice of when the lab and loop rest
frame coordinate systems coincide). Now, let's use our expression for the magnetic
force term from our derivation of Equation 7.34, dropping the i contribution that we
had added in:

. F
Eing + T’ag] (7.41)

cdf"’::,-,',d:]i()dz'[’::infr‘”é] (7.42)
/ t
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Since the circuit is arbitrary, we may thus conclude
E'r’)d = Eind =+ \7 x B (743)
The equation can be taken to be completely general because adding a standard

electrostatic field to both sides would leave the statement true while accounting for
such electrostatic fields:

—

EIZE+\7Xé E:ECOUI+Efnd (7-44)

Therefore, this is a rule for how electric fields transform from one frame to another
under Galilean relativity, regardless of the source of the field. Electric fields are not the
same in a fixed and a moving frame if magnetic fields are present, even before special
relativity is considered! Special relativity then only adds correction coefficients to the
above equation.

It is important to note that the expectation that the electrostatic fields do not depend
on frame has been an assertion so far, based on the assumption that Coulomb’s Law is
unaffected by whether the charges are moving or not. We will return to this point
later in connection to Mal(well’s _[Equations, as it will lead to a symmetrization of the
above equation between E and B.

Galilean relativity is consistent with the quasistatic assumption. We need only consider
special relativity when the nonzero travel time of light becomes important because
special relativity says the speed of light is the same in all frames.
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Example 7.2: A Stationary Alternating Current Generator
Recall the previous example of an AC generator that used a rotating square loop in a

constant magnetic field. Instead, hold the loop fixed but assume that the magnetic
field is being varied sinusoidally, B(t) = By cos wt. Then the flux is

d(t) = AB(t) - A= ABy coswt (7.45)
Therefore, the emf generated is
do
E(t) = T =AByw sinwt (7.46)

just as before.
Note, again, the polarity of the emf! As before, the emf’s polarity is such that it

causes current to flow in an external resistor attached to the two ends of the circuit in
a direction consistent with the current that flows in the loop.
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Something one has to be careful about is incorrectly believing that, because of the
emf’s sign, it should also drive a current in the zero-resistance loop in the direction
implied by the emf. That erroneous belief arises because one is assuming the electric
field is conservative, that the integral of E around a loop vanishes. No: that sign of
emf would drive current in the wrong direction! For the current flowing in the loop,
the emf measures the work per unit charge done by l::,-,,d + l-:mag/q as they push the
current around the loop, but they are not pushing the charges down an electrostatic
potential! The effect of having this current flow is that the same current flows
through the resistor, creating an apparent potential drop across the resistor that we
can measure with a voltmeter. But the voltmeter is just measuring the current flowing
through a known resistance, which, by Ohm’s Law, is proportional to the line integral
of the electric field through the resistor. The voltmeter’'s ability to measure something
that looks like a voltage does not imply that an electrostatic potential can be defined
everywhere in the loop and resistor!

In thinking about what causes the current to flow, it is better to visualize the electric
field: one recognizes that the changing magnetic field generates an electric field that
pushes current in the direction it needs to flow to counter the change in magnetic
field. This electric field has nonzero loop integral around the circuit! Therefore, the
existence of the emf £ at the ends of the circuit does not imply the same emf is
experienced by the current flowing in the loop itelf; the nonzero loop integral of the
electric field invalidates the rule that the total voltage drop around a loop must
vanish, which is the source of the misconception that £, appearing at the ends of the
circuit, is also the driver of the current in the loop.
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Differential Version of Faraday's Law

Consider the special case of an arbitrary closed contour C fixed in space.
Equation 7.39 tells us

y{df. E= —i/ dan(F) - B(F, t) (7.47)
c dt Js(c)

Let's use Stokes' Theorem on the left side, and, since the contour is time-independent,
we can move the time derivative inside the integral on the right side. We turn it into a
partial derivative to make it clear that we do not need to worry about any possible
time-dependence of 7 (of which there is none here). This yields

. o B(F,
f dan(r) - [V x E(7)] = —/ dan(7) - 2B (7.48)
s(C) S(C)
Since the loop is arbitrary, the integrands must be equal:
. B(F,
V x E(F) = —% (7.49)

This differential version of Faraday's Law is the generalization of V x E =0 for
time-dependent situations. We now explicitly see what was said in the previous
example: a changing B creates a nonconservative electric field!
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Biot-Savart and Ampere's Law for the Induced Electric Field in the Absence of
Charges

If we consider the special case of no charge density, then we have

.- . - 8B
V-E=0 VXE=—— (7.50)
ot
This is mathematically identical to the equations of magnetostatics,
V-B=0 VxB=poJ (7.51)
In magnetost_gtic§, we saw that the above two equatiorls, combingd with the
assumption V - A = 0, yielded Poisson’s Equation for A with p, J as the source
(Equation 5.56). By correspondence, we can thus state
.o . 8B I
E=V x A vaE:a V-Ag=0 (7.52)

—

This is of course very interesting: we see that E receives a contribution from a vector
potential that satisfies Poisson’s Equation with 9B/0t as the source!

Section 7.3.5 Biot-Savart and Ampere's Law for the Induced Electric Field in the Absence of Charges Page 484



Section 7.3 Electrodynamics: Electromagnetic Induction

Now, if we assume appropriate boundary conditions — fields falling off at infinity, no
other surfaces on which the vector potential or field are specified — then we know
from Equation 5.56 that the solution to the Poisson's Equation for Ag is

- 1 —
Ae(7) = _7/ dr/ ot (7.53)
4m Jy |

Finally, we may take the curl of the above expression to recover the analogue of the
Biot-Savart Law. We did this backwards in the case of magnetostatics: we started
with the empirical Biot-Savart Law and derived that the field could be written as the
curl of the form of the vector potential corresponding to the above. Nevertheless, that
proof could be reversed, so we may conclude that the analogous Biot-Savart Law
holds (compare to Equation 5.32)

9B(F") _ (= F—Y)
B L [or X 10 Bl
41 \ \

|F—F'|3 47 Ot |F—F'|3

(7.54)

where we pulled the time derivative outside the integral under the assumption that the
volume itself is time-independent.
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We also note that, because E satisfies the analogue of Ampere’s Law, one can apply
standard Ampere’s Law techniques for finding E when %—f is given.

Caution: We have made the quasistatic assumption, that all time derivatives are small
enough that the propagation time for disturbances in the magnetic fields is much less
than the timescales on which the field vary. This is what allows us to use the
magnetostatic formulae in time-varying situations. If the time derivatives become
large, then one needs the full formalism of electromagnetic waves, which we will
develop later.
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Poisson’s Equation for Induced Electric Field, Proof of Lenz's Law

Further pursuing the analogy to magnetostatics, let's see what we get if take the curl
of the curl of the induced electric field:

T % (9 x Eua) =¥ ¢ <_i‘f> — 2 (9x8) =l s

We may rewrite the left side using the vector identity for the curl of the curl as we did
when deriving Poisson’s Equation for A in terms of J (Equation 5.56):

aJ

> (7.56)

6 <§ . Eind) - v2E‘ind = —HMo
If we again assume no charge density (valid since we are considering only the induced
electric field Ej,4) and that the currents are localized so the fields fall off appropriately
at infinity, we have a Poisson’s Equation for E;,4, whose solution we know:

= oJ i
VQ Epg = pro 2= localized currents md(F) _ Ko dT/ - gt_) (7.57)
ot 47r |F— 7|

Because of the vector alignment of E,-,,d and 78Jﬂ/8t, we thus have Lenz's Law: the
induced electric field is in the direction needed to drive a current to counter the
change in the current that is causing the changing magnetic field.
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Furthermore, using Equation 5.56, the relation between A and J obtained by solving
the Poisson Equation V2A = —qu we have

= 0 pio / RF/) oA
Ein =-——— /| d =—— 7.58
4(") 81’477/\; TP T e (7.58)

which is a rather remarkable statement — this is an almost trivial sourcing equation
for Ejng, certainly much simpler than the sourcing equation involving 8J/0t or the
Biot-Savart Law for Ej,y sourced by 9B /dt.

We will return to this contribution to the electric field when we reconsider our scalar
and vector potentials after writing down Maxwell's Equations and in light of the fact
that Faraday's Law implies the electric field is not curl-free and thus cannot be derived
from a scalar potential.
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Example 7.3: Induced Electric Field for Coaxial Conductors (Griffiths 7.16)

An alternating current I = Iy coswt flows down a long straight wire of negligible radius
and returns along a coaxial conducting tube of radius a and negligible thickness. Both
conductors are assumed to be perfect (infinite conductivity). We want to find the

induced electric field as a function of the transverse radius s in cylindrical coordinates.

For reasons that we will be able to explain later when we discuss EM waves in the
presence of conductors, the currents flow in sheets at the surfaces of the conductors
because they have infinite conductivity.

In the region between the wire and the outer conductor, the field of the wire is the
usual B(s,t) = ® o I(t)/27s. The magnetic field of the return-current cylinder is
zero inside (consider an Amperian loop in the xy-plane with radius s < a: none of the
return current flows through the surface enclosed by that loop). Outside the
return-current sheet, its magnetic field is that of a wire carrying the total return
current, which has the same magnitude but opposite sign of the field of the inner wire.
Thus, the total magnetic field is the inner conductor’s magnetic field between the
conductors and is zero outside the outer conductor.

The system has azimuthal and z-translation symmetry, so the induced electric field
must have the form £ = Es(s)s + Ey(s) b+E. (s)z.
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If we think about what kind of Amperian loop has a nonzero flux of 98/t (not Ji), it
is a loop in the sz plane with normal in the $ direction. Let’s first consider a loop of
this kind with one z leg at infinity and the other at s > a. The contributions to the
loop integral of the electric field along the two radial legs cancel, and the contribution
from the leg at infinity vanishes assuming the fields fall off as s — oo, so this loop
only gets a contribution from the z leg at finite radius, which picks out E;(s > a).
The enclosed flux of 8“§/8t vanishes, so we can conclude E;(s > a) = 0.

Now, repeat with one z leg at s between 0 and a and one z leg outside the outer
conductor. The radial legs cancel and the z leg outside the outer conductor
contributes nothing. When calculating the enclosed flux of 9B/dt, a similar thing
holds: there is no magnetic field outside a, so the area integral only goes from s to a.
If the loop’s z dimension is ¢, we have

dBy(s',t 2 ds’
E(s<a)l=— /dz/ ds’ "’s ) _ &ﬂe/ di, (7.59)
s

2w Ot s
=22 Lol sinwt In 2 (7.60)
27r s
= E;(s<a)= g— wlp sinwt In2 (7.61)
7r s

Note the sign: taking the loop normal to be $ implies that the z leg with the nonzero
contribution yields a positive contribution. Then the usual minus sign enters, which is
cancelled by the sign of the derivative of coswt.
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We can see E4(s) vanishes by using a loop in the s¢ plane that has radial legs (¢
constant) and azimuthal legs (s constant). One azimuthal leg can be taken to infinity
so it yields no contribution, and the radial legs’ contributions cancel, leaving only the
contribution from the azimuthal leg at finite radius. But, unlike the E; case, this loop
has no magnetic flux and thus no 85/t through it, so Ey(s) =0.

Finally, consider Es, which we can show to vanish by both a conceptual and a
mechanical argument. As we argued above, Es can be a function of s only and must
be independent of z. Suppose Es points outward along S at a particular s and consider
Es(s,z =0). If we rotate the system about this direction by 180°, then the current
changes direction. But Es(s,z = 0) cannot change direction (sign) — it is tied to the
current distribution. Yet the reversal of the direction of the current changes the sign
of B and thus BB/Bt Then, by the Biot-Savart Law for E, E should change sign. We
have a contradiction unless Es(s,z = 0) = 0. Because of z-translation symmetry, the
same must hold at any z.

More mechanically, consider the Biot-Savart integral for E. Given that B and Bé/at
are both proportional to $ the vector r— F’qmust have a piece proportional to Z to
yield a contribution to the s component of E. But B is independent of z, while the Z
component of 7 — 7’ is odd about z = z’. So the integrand is odd about z = Z’,
causing the integral to vanish.

Thus, E(s<at)= 25—" wlp sinwt In 2 E(s>at)=0 (7.62)
T S
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There are many other approaches to this problem.

> We could have derived the same E by first determining A and taking its time
derivative. We calculated A of a wire in Ph106b Problem Set 7:

- I
Ais)=—Hoon s (7.63)
27 a

The vector potential vanishes for s > a because the vector potential of the
return current cancels the above vector potential of the wire. If we take

I =1Ipcoswt and calculate E = —9A/0t, we get the same result as we obtained
already.

» We could have also used the same Poisson’s Equation solution form for the

Poisson’s Equation in which 8J/8t sources E.

> Lastly, instead of using the Ph106b PS7 solution for A, we could have obtained
A from B using the same types of loops we used to obtain E from E)B/Bt

No matter how one finds E one can see the sign makes sense. This E tries to drive a
current parallel or antiparallel to the current already flowing in the wire. When the
current is decreasing, the electric field is increasing to try to drive a current in the same
direction in which current is being lost by the decreasing current. It tries to generates
a magnetic field that would compensate for the magnetic field that is being removed
by the decreasing central conductor current. And vice versa for an increasing current.

Note how, when we can calculate the induced electric field directly, there is no
ambiguity about the direction the driven current would flow, unlike for £.
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Mutual Inductance
Except for the example we just did, We have so far considered magnetic fields and
fluxes in the abstract, without any concern about where they come from. But they are

generated by currents, so it is natural to want to connect the Faraday’'s Law emf to
changing currents. We do that through mutual inductance.

Consider two circuits C; and C,. Suppose a current I is flowing in C;. The magnetic
flux at Ca is

. :/ das Py - Bu(7) :/ dar - [V x Au(7)] :7{ iy - Ay(B) (7.64)
S(Ca) S(C2) [

where we used the fact that B is derived from a vector potential followed by Stokes’
Theorem. Now, let's use the relation between A; and the current in C; using the usual
solution of the Poisson’s Equation for A; (assuming appropriate boundary conditions):

T, d?; dbs - di
by = Fo 7{ 1dl 7{ 7{ 2-dlh (7.65)
c2 o B —al 47F o Jey 1B — il
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We rewrite this as follows:

®o = Mo 1y My = }{ ]{
Cy JCq

d@z

1B — Al

df1

Neumann Formula (7.66)

where M1 is the mutual inductance between C; and Cy and has units of Henries
(volt-second/amp). Two important characteristics:

» Mb; = Mj2 because the definition is symmetric.

» Mo is a completely geometric quantity: it does not care about the amount of
current flowing, just on the relative positions of the two contours. It is like the

capacitance matrix in this respect.

We may now take the time derivative to calculate the emf at Cy due to a change in Ij:

d®o

&= —
2 dt

dIy
2

(7.67)

If unclear, the sign should be chosen to satisfy Lenz's Law.
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Self-Inductance

The above derivation works even when C; and C» are identical: a current loop induces
an emf on itself. In practice, calculating the integral can be difficult because of the
singularity at 4 = P, but one can be assured that self-inductance exists and is not
infinite. The symbol used is L and the corresponding equations are

& =LI 7{?{ oty - dby g=—1 9 (7.68)
C

|r2fr1\ dt

In both the cases of mutual inductance and self-inductance, one rarely does the
integral directly. Instead, one tries to find the field using Ampere's Law, then calculate
the flux, and finally get M or L from ®/I. This eliminates the need to deal directly
with the singularity in the above integral.
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Generalization to Volume Currents

We may generalize the above to volume currents by using the usual relation between
the vector potential and the volume current density (assuming appropriate boundary

conditions):
. 1 (7!
A= | ar A7) (7.69)
T |F— 7’
. ,
= M= / dT/ PREIGAEIG) f' ) (7.70)
47rI I; F—F|

L:47r12/d7—/ dr?i{a‘) (7.71)

where V; is the volume of the ith inductor. We notice that the currents do not drop
out as cleanly, but, assuming linear behavior of the current flow (the current does not
flow differently as the overall magnitude of the current is changed), we expect Jox1
and indeed, once the functional dependence of the current density on position has
been established, the inductances are purely geometrical quantities as for the case of
line currents.

This is not a rigorous proof. We will return to this when we discuss magnetic energy.
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Example 7.4: Self and Mutual Inductances of Solenoids

Let's first calculate the self-inductance of a solenoid of radius a. Recall that the field
of a solenoid is only nonzero inside it and has value

B=ponlz (7.72)

where n is the number of turns per unit length, the solenoid axis is along Z, and the
current flows along the ¢ direction. The magnetic flux threading the solenoid and the
self-inductance are therefore

b =nlna’B=p,n’lna’l = L=pon*lma® (7.73)

If we have two interpenetrating solenoids with turn densities n; and n, radii a1 < a,
and lengths ¢1 < {3, then the flux into solenoid 1 of the field from solenoid 2 and the
mutual inductance are

¢12:n1€17ra§ By = o m ngﬁlwaflz = M = po nny 6171'3% (7.74)

It is interesting and useful to note that we may also calculate ®;; using M given the

symmetry of M. This is very convenient, as calculating the contribution to ®5; from

the portion of solenoid 1's field past its ends would be nontrivial. It is also interesting
to see that the mutual inductance is not manifestly symmetric under index exchange

1 <+ 2. This reflects the asymmetry of the setup between solenoids 1 and 2.
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Magnetic Energy and Forces
Magnetic Energy in Terms of Currents

Let's consider the work that has be done to drive current against the emf in an
inductive object (e.g., a simple loop or a solenoid). The emf is sometimes called the
“back emf"” because it is the line integral of a force that tries to drive a current that is
intended to counter the changing field due to the current one is varying and so the
current one is varying must be driven against the emf.

That is, when a varying current is driven through an inductive object, it has to be
driven against a force per unit charge whose line integral (note that we did not say
potential!) along the current’s path is £. (The force is due to an induced electric field
for this case of a stationary loop that is experiencing a d®/dt due to its own current
varying.) The force that must be exerted, and the work that must be done, is above
and beyond the force needed to overcome the inertia of the charge carriers (i.e., the
Newton's Law force F = m a).

The rate at which this work is being done is given by the same expression we derived
before for the work done by the pulling force in the case that the field was fixed but
the loop was moving: it is the work done per unit charge by the battery to push the
current against the back emf, —&, times the charge flowing past a given point per unit
time, I:

dw dI

—— = Power = -1 = L1 — (7.75)
dt dt
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We can integrate this over time to get the total work done and the magnetic energy
created:

W=2Z2LI? (7.76)

It is natural to ask why, when we considered the situation with the loop being pulled
through a magnetic field, we did not worry about this magnetic energy: we said that
the work done by the pulling force was completely dissipated in the Joule heating of
the resistor. Or, put another way, why did we not need to include a resistor in the
calculation here? When we include the resistor, some of the work done by the pulling
force as the loop was accelerated from rest to V goes into this magnetic energy, the
LT%/2 energy. Once at fixed velocity, however, the current and thus this energy stay
constant. The pulling force continues to do work, however. Since we specifically made
the steady-state assumption — that the loop had been moving at fixed v for all time
and would stay moving for all time — this transient process of creating L12/2 was not
relevant, and our conservation of energy argument was valid; we just neglected noting
the path that the energy took through the magnetic energy in the steady state. Now,
without the resistor, we are focused entirely on the transient portion of the process,
hence the importance of the magnetic energy.
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Let's generalize the above result. Consider a system of N inductive elements with
inductance matrix My (Mj; = L;, My = Mj;). We turn on the currents in the order
i=1,2,---,N. We first have to maintain the current I; against the emf on inductor i
felt due to its changing current. Once it has reached its final value, we also have to
maintain it as the currents in the inductors j > i are increased from 0 to their final
values (note: j > i, not j < i as we had in electrostatics). The required power is:

N

— Z => IM,,dI+IZMUdI
= i=1 i=1 dt dt
N
= W= Z I\/I,,I2+I > M| = ZMUII (7.77)
Jj>i ij=1

where we have symmetrized the sum over j by including a factor of 1/2, and then we
combined the cross-terms with the self-terms. If we rewrite all our relations using
matrix notation, with I being a column vector of currents, ® being a column vector of
fluxes, and M being the matrix of mutual inductances, we have

®=MI W=-0"l=

1"M1 (7.78)

I\)M—l

Note: we could have calculated the above somewhat differently, considering the work
done to maintain the loops j < i at their final current values, plus the work done in
loop i itself, while loop i is begin ramped to its final value. The result would be the
same.
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Magnetic Energy in Terms of Magnetic Field

Let's manipulate our circuit equations above to try to get the energy in terms of the
magnetic field. First, we can rewrite the circuit expressions using the vector potential:

LI:¢:/ daﬁ-é:y{d[-ﬁ (7.79)
5(C) c
1., I Lo . -
= W=ZILP=-0¢dl-A==¢ deT-A (7.80)
2 2 Je 2 Je

We can obviously generalize this for volume currents to

= 1/ drJ- A (7.81)
2Jy

Aside: The above equation now justifies Equation 7.71: if one uses Equation 5.56 to
write A in terms of J'and then calculates L = 2 W/I2 one recovers Equation 7.71. By
considering two separate volume current distributions, one can recover Equation 7.70
also.
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We can use Ampere’s Law to obtain

= 5. [ arA- (¥ B) (7.82)

We use the product rule for the divergence of a cross-product,
V- (@x b)=b-(V x3)—3-(V x b) to rewrite this as

W:2l1lo/‘}d~r[§-<§><ﬁ>f§-<ﬁ><§ﬂ (7.83)
:i Vd7|§|2fi?fiw) dan- (Ax B) (7.84)

Now, the original volume integral was over only the region containing the current, but
the volume integral could be extended to a larger region since there would be no
additional contribution. So we do the usual thing and expand the volume to include
all of space and take the bounding surface to infinity.
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We assume that A x B falls off more quickly than 1/r2 (true for finite current
distributions) so that the surface term goes to zero, or that the particulars of the
configuration ensure the integral vanishes even if the current distribution is not finite
and we expect a finite energy. Therefore,

1 B
W= —/dT|B|2 (7.85)
2 pio

Thus we see that the magnetic energy is just given by the integral of the square of the
field. We now see that the magnetic energy created as the currents are ramped from
zero to their final values is stored in the field. (We specifically avoided saying earlier
where it was stored!)

It is interesting to think about how it is possible to store energy in a magnetic field
given that the field can do no work. One has to think of this as the work done to drive
against the induced electric field as the field was increased from zero to its final value.
As usual, this work is supplied by a battery, not the magnetic field.
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On the point about the surface term in the case of configurations for which the fields
do not fall of at infinity:

» For an infinite solenoid, the surface term only includes the endcaps of the

Section 7.5.2

solenoid, since B vanishes outside the solenoid. The contributions of the two
endcaps vanish because Ax B points along S in cylindrical coordinates, but the
endcap’s normal is along Z. While the surface term vanishes, the energy is still
infinite because the volume integral is over an infinite volume with a constant
energy density.

For an infinite wire, even when calculated per unit length, all the terms are
logarithmically infinite. This is because the current and the fields do not die off
quickly enough at infinity. The calculation fails even if one does the calculation
using J - /T, and even for a finite diameter wire (if one accounts for the fact that

J becomes a surface current in the perfect conductor case).
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Example 7.5: Magnetic Energy in a Solenoid

A solenoid of radius a with n turns per unit length and current I has a field
B = po n1. Therefore, the magnetic energy in such a solenoid of length £ is

1 1
W =ma’t o B? = 5 Ho 127w 2% ¢ (7.86)
Mo

Note that we can extract from this the self-inductance using W = LT1?/2, yielding

L = po n?wa® ¢ as we obtained by calculating the flux. To put some numbers on this,
the LHC CMS experiment (http://home.web.cern.ch/about/experiments/cms) has
a solenoid with a field of 4 T with radius a = 3 m and length 13 m. The stored energy
is therefore about 2.5 gigajoules, an enormous number.

Example 7.6: Magnetic Energy in a Coaxial Cable

This is Griffiths Example 7.13. For a coaxial cable of length £ with inner and outer
conductor radii a and b, the energy and resulting self-inductance are

b b
w=Htppn? L=Fegim?2 (7.87)
47 a 27 a

Section 7.5.2 Magnetic Energy in Terms of Magnetic Field Page 506


http://home.web.cern.ch/about/experiments/cms

Section 7.5 Electrodynamics: Magnetic Energy and Forces

An Alternate Logical Path

We followed Griffiths in first developing concepts for inductance and energy using
current loops and then generalizing both to volume current distributions in a fairly
obvious way. That said, there is a more rigorous way to do all of this by first
considering the work done in maintaining current densities in the presence of the
electric field generated by changes in those current densities. This then leads to the
idea of J- A being the energy density in the magnetic field. Then one can define
inductances by writing the field energy in terms of the total currents that normalize
the current distributions. It can then be shown that these inductances relate currents
to fluxes and thus rates of change of currents to emfs. This alternative logical path is
followed in Jackson §5.16-5.17.
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Magnetic Energy of an Assembly of Free Currents in the Presence of
Magnetizable Materials

This analysis is done similarly to the electrostatic case and follows Jackson §5.16.
Recall that we discussed the distinction between the total energy needed to assemble
the final configuration, including the construction of the bound dipoles, and the
energy needed to bring the free charges in assuming the bound dipoles already exist
and neglecting the potential energy of creating them. In this case, we assume the
bound magnetic dipoles are created and maintained by someone else — someone else
has built them and raised their currents to their full values for us and also maintains
those currents in the presence of back emf generated when the free currents change —
and we need only consider the work that has to be done to turn on some free currents
in the presence of these bound magnetic dipoles.

This separation is not academic: all naturally occurring magnetic materials rely on the
magnetic dipole moments of fundamental particles. Those magnetic dipoles are
unchangeable, and thus the energy stored in them is effectively a constant offset that
we have no experimental access to. It therefore makes sense to ignore it in
calculations of magnetic energy.
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Consider the differential of work the battery must do to maintain the free currents J;
during a change in the magnetic field §B. (We need not specify whether this change is
due to a change in Jr and/or the location of the magnetizable materials — all that
matters is éé.) Equation 7.80 implies that the change in energy would be (holding the
geometry fixed)

[0} — - o oo
5W:—IS5t:Id—5t:IJ¢:I§ / dan-B :Ié{%d€~A:|:I%df-6A
dt 5(C) c c

(7.88)
for which the volume generalization would be

5W=/drff.5ﬁ:/df (ﬁxﬁ).aﬁ (7.89)
% %
Apply the same algebra and the same discarding of the surface term as in free space:
5W:/d7ﬁ~<€xaﬁ):/drﬁ~5§ (7.90)
% %

For nonlinear materials, we would need to apply the specific §(I—7) function go further.
For linear materials, we use 6B = udH to do the integral and obtain the expected
analogue to the free-space result:

1 B 1 o
WZ*/dT|B|2:E/d’T‘H|2:*/d7H~B (7.91)
2p Jy 2 Jy 2Jv
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Magnetic Energy of a Magnetizable Material in an External Field

We can do this derivation along the lines of what we did for polarizable materials,
following Jackson §5.16. Let's assume that we have a configuration of currents that
generates fields §1 and 1-71 in a volume containing a permeable material p;. Now,
bring in a material of permeability po such that it occupies a volume V» contained in
V while holding the free source currents fixed. The fields (everywhere) change to B
and H2.

The energy difference we want to calculate is

1 Lo L
UQ—Ulzi/dT[BQ-HQ—Bl-Hl] (7.92)
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We can apply similar manipulations as we did for the electrostatic case. First, we
rewrite the above as

U2—U1:%/dT|:§2~I:i1—§1~f:i2]+%/dT|:§1+§2:|~[Fi2—f:i1} (7.93)

Since V - [él + ég] =0, it can be derived from a vector potential /T allowing us to
rewrite the second term as

% / dr [Fo — ] - (V x A) (7.94)

We use again the vector identity V- (Fx b) = b- (V x §) — - (V x b) to integrate by
parts, and we turn the divergence into a surface term that we can discard because

I:i2 — H; should vanish as we go far from the permeable material, yielding for the
second term

%/drﬁ- Vx (R~ Fir) (7.95)

The curl in the integrand vanishes because Flz and Fll are sourced by the same free
currents.
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We are thus left with the first term from the equation we started with
1 - .
U= th =2 /dT [Bz - Hy — By - HQ] (7.96)

Applying linearity, B= uFi, we then obtain
1 [
U= U= 5 /dT (12 — 1) Ao - Fr (7.97)

Finally, we recognize py — 1 = 0 except in Vs, so

1 L1 1 1\ - -
U2*U1=*/ dT(sz,ul)Hz'f‘h:*/ df(***)Bz'Bl (7.98)
2 Vo 2 Vo H1 M2

This is the analogue of Equation 4.86 aside from a sign flip, which mechanically is due
to the fact that B = p H (rather than H = " B) If we take p1 = po and pp = p, we

can use Mo = (p2/p0 — 1)Fo = (11/ 10 — 1)Ha to rewrite this as

1 -

1 Lo .
W:Urul:f/ drM- B =>M-B (7.99)
2 Jy, 2

where now we replace M, by M since My =0 if U1 = Mo. So M is the magnetization
density of the volume occupied by p and B, is the magnetic field in the absence of the
permeable material. There is a sign flip relative to the electrostatic case

(Equation 4.87) that, mechanically, came from the sign flip in Equation 7.98.
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How do we understand this sign flip conceptually? Trying to track the sign through
the derivation is not illuminating. But it can be understood by comparing to our
calculation of the energy of magnetic dipole in an external field, Equation 5.153,
where we assumed that the magnetic dipole moment and field were given and held
fixed without our having to account for hovsithis was done. In that case, the potential
energy of the configuration was U = —ni - B. (The factor of 1/2 here comes from the
linear relationship between i and B and the integration from zero field to é, which is
not important for this discussion). We see that we have a sign flip relative to that
situation. It is sensible, then, to attribute the sign flip to the fact that, in deriving the
expression w = |B|2/2 11 that was the starting point for this derivation, we accounted
for the work done by the batteries to maintain the free currents as the permeable
material was brought in. No such work was required in the previously considered case
of a fixed dipole moment i and fixed field B.

Note that, importantly, we do not account for how the magnetizatign density M is
maintained. This is to be distinguished from not considering how M is created, which
we argued was just an unchangeable offset. We may ignore this additional
consideration here because, again, the magnetization density is, in naturally occurring
systems, due to fundamental magnetic dipoles that require no batteries to maintain
their magnetic moments.

When we compare to the electrostatic analogy, Equation 4.87, we recognize a sign flip,
too. The rationale is the same: in the electrostatic case, we glp not have to do any
work to maintain the free charges sourcing the applied field E at their nominal
positions, while here we do have to do work with a battery to maintain_‘currents at the
nominal values and positions due to the back emf from the changing M.
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Magnetic Forces from Magnetic Energy with Fluxes Fixed

To evaluate magnetic forces, we need to consider what happens if we have an
infinitesimal generalized displacement of one of our inductors. Because it is more
straightforward, let’s first consider the fixed fluxes case, which is analogous to holding
charges fixed in electrostatics. If d®/dt = 0, then there are no emfs and there is no
need for a battery to do work to drive currents against those emfs. So we only need to
consider dWyejq|e. We can directly calculate the generalized force from the energy
holding the fluxes fixed:

—1

, om;t
Fe| =— (L‘gf’ew) =_= Z ®; O, = —%QT [83%—1} ®|  (7.100)
® 3 ¢ u 1 ® 3 ®

which is the analogue of Equation 4.90.

It's not clear at a microscopic level (i.e., what has to happen to the currents) how one
maintains fixed fluxes as inductors are moved around. But, certainly, one is assured
that, if one sets up a system of inductors with currents and then disconnects them
from their batteries, any movement of the loops must keep the fluxes fixed and change
the currents accordingly since there are no batteries to work against the emfs and
maintain the currents. This issue will be revisited in homework and is discussed in
Griffiths Section 8.3 (4th edition).
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Magnetic Forces from Magnetic Energy with Currents Fixed

We follow Jackson §5.16. Let's approach this case like we did in electrostatics, first
fixing the fluxes (charges), allowing the currents (voltages) to change, and then
returning the currents (voltages) to their original values. The contribution to the
change in energy from the fluxes-fixed portion is

N
1 -1
deield‘d) =3 Z ;P d[M ]ij (7.101)
i,j=1
This causes changes in the currents (at fixed flux)
N
1 = -1 .
di| = Zd[M ]'_jzbj (7.102)
j=1
If we add back current to return to a fixed-current situation, then changes in fluxes
result:
N N
-1
dd>k‘1 = 21 My (—dT})g = — Zl Mkid[M ]U¢j (7.103)
i= ij=
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The above infinitesimal flux changes cause emfs. The currents I; must be maintained
by batteries in the presence of these emfs. The work done by the batteries over the
infinitesimal time dt needed to make the flux changes is

dwbat "o
awpa =dt dft'e'd 1 ;( I &) = dt Zlk K 1 (7.104)
n
:ZIkdtbk‘ - Z IkMk,-d[M_l] o (7.105)
k=1 I i k=1 Y
S Z o ®; d[ ] - de,e,d‘ (7.106)

ij=1

Note that we did not need to worry about the work done by the battery to make the
canceling change in current dI; because this current change would be multiplied
against dt & = —d®y, which is already infinitesimal. We need only consider the
above term consisting of the nominal currents I, multiplied against dt £,. We had the
same situation in electrostatics, where we did not consider the dVdQy terms, only
the V,dQy terms.

Section 7.5.7 Magnetic Forces from Magnetic Energy with Currents Fixed Page 516



Section 7.5 Electrodynamics: Magnetic Energy and Forces

The total change in the field energy is then obtained by adding the two contributions
to the field energy: the field energy change at fixed flux followed by the energy added
to the field by the batteries as they return the currents to their initial values:

deield‘I =d Wfie/d‘ ol dWes

= dWﬁe/d’q) — 2 dWieig o= —dWeid o (7.107)

We thus find a perfect analogy to the electrostatic case, where we found

dWieid|v = —dWieid| - We may thus use the same guidance: the force cannot
depend on whether the situation used is fixed flux or fixed current, and so the forces
calculated at fixed flux and fixed current must be the same. Thus, we must conclude

0 Wrietg ) (3 Weield )
F. — = | g = F, 7.108
§|I ( ag I 8£ ® f!d) ( )

That is, just like in the electrostatic case, when the battery is involved and we
consider the energy of the entire system, we see we must take the positive gradient of
the field energy at fixed current, rather than considering only the energy of the field
and taking the negative gradient of the field energy at fixed current. The reason these
two gradients are different, with a sign between them, is because the derivative is
calculationally different depending on whether I or ® is held fixed.
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We can see this works mathematically by trying it:

= %17 {EM} 1 (7.109)

Since BM_I/E)f = 7M_1[8M/8§]M_1 (one can see this in the same way we proved
the analogous relationship for C), this form yields Equation 7.100 for F5|¢. Thus,

0 Wﬁeld) (3 Wfield)
Fel| = = - = F, 7.110
E{I ( o¢ I o¢ ® é‘q) ( )
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Maxwell's Equations
The Inconsistency in our Equations

Let's write the full set of equations we have come to:

V. E="L V-B=0 (7.111)
€o

L - 9B Lo -

VXE:—E VXB=pol (7.112)

Now, we know that the divergence of a curl vanishes: it's a vector identity. We should
check that it holds! For the electric field, we have

W - . . OB 9 - -
V. VxE=V.-—=_-2V.B=0 (7.113)
ot ot
If we repeat with § we obtain
o o - N dp .
V- VXB=p,V- :—/.LOE#O in general (7.114)
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There is a more physical way to see this by applying Ampere's Law to a circuit
containing a parallel-plate capacitor. Construct an Ampere's Law loop around the wire
carrying the current. Ampere's Law is satisfied because there is magnetic field in an
azimuthal direction around the wire (giving a nonzero line integral of é) and there is
current passing through the disk-like surface whose boundary is the contour.

Now pick another surface that passes between the capacitor plates. This is an equally
valid surface; nothing about our proof of Ampere's Law from the Biot-Savart Law
assumed a particular choice of surface for the Ampere's Law surface integral. But this
surface has no current intersecting it because it passes through the capacitor!

The reason this problem happens and we never noticed it before is because we have a
non-steady-state case here: charge piles up on the capacitor plates giving dp/9t # 0;
we had assumed all along during magnetostatics and during our discussion of
induction that dp/dt = 0.

While charge cannot jump across the capacitor plates so that there can be a current to
keep Ampere's Law satisfied, we do recognize that, as charge enters one plate of the
capacitor, an equal amount of charge leaves the other plate, ensuring that dQ/dt =0
for the capacitor as a whole. This is suggestive of the idea that perhaps there is some
sort of current flowing across the capacitor gap, just not the physical movement of
charges we are used to. This new current will be called the displacement current.
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The Displacement Current

In order to solve the above problem, we need something that will cancel

oV - T = — Z’t’ — o ag (eo e E) = oV - <eo aE) (7.115)

Let's just add the necessary term to Ampere's Law:

. - oE

VXB:qu-l—uoeoa (7.116)
Physically, what we have done is defined a second current density so that the
divergence of the total current density J + €, OE /Ot vanishes. This vanishing is
equivalent to the vanishing of the flux of the total current through any surface, which
is what is needed to solve the problem we pointed out: now the surface integral of the
enclosed current does not depend on the surface chosen.

Was it ok to do this? Does it V|oIate any of our previous conclusions? The only
equation we have modified is the vV x B equation, so we only need to consider our
study of magnetostatics, where we applied this equation. The addition preserves the
usual behavior of ¥V x B for magnetostatics because 8E/3t = 0 in magnetostatics.
Why? Two things can result in time dependence of E. The first is time dependence in
p- But in magnetostatics, we make the steady-state assumption, explicitly requiring no
buildup of charge and hence ap/at = 0. The second is time dependence of B, which
can yield time dependence of E via Faraday's Law. But magnetostatics assumes Bis
constant in time, so there is no worry there.
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The added term is called the displacement current density,

(7.117)

This is the “current” we foresaw we needed. It is not a physical current carried by
charges, but it represents the fact that, when charge builds up in some point in a
circuit because of a gap that prevents physical current from flowing, it causes a
changing electric field that then pushes charge away from that point, causing current
to flow. One needs a changing electric field because otherwise one would quickly
reach a steady state in which no new charge would move and thus there would be no
source for current. (Maintaining fixed charge on a capacitor does not require current
to flow.) Effectively, the displacement current carries the current across physical gaps
in the circuit. It is therefore justified, both on the basis of units and on physical
intuition, to call it a current. One could even argue that the name is suitable: the
“displacement” current causes the displacement of charges on the two sides of a gap
across which true current cannot flow. (This argument is in disagreement with
Griffiths’ statement that the displacement current has nothing to do with current.)

More importantly, we also now see for the first time that a changing electric field
sources a magnetic field. Unlike with Faraday's Law, however, there is no negative
sign and the induced magnetic field does not act in such a way as to try to cancel the
changing electric field.
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By construction, Jy solves the problem with V-V x B, and we already intuitively
expect it will sove the problem with the integral version of Ampere's Law, but let's see
that explicitly. The electric field in the capacitor is

Ai=—5 (7.118)

where 7 is the normal from the positive plate to the negative plate. Therefore, the
displacement current is

Jy=eo—— A (7.119)

- OE _1dQ -
at A dt

>|
D=

The integral form of Ampere's Law with the displacement current is therefore
f dl- B = pio Tenes + to / dafn-Jy (7.120)
c s(C)

If we choose the first surface we discussed earlier, the flat surface in the plane of the
contour C, we get the first term but the second term vanishes, yielding po I. If we
choose the second surface, the one between the capacitor plates, the first term
vanishes but the second term gives po I. Thus, the inconsistency seen earlier has been
eliminated.
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Example 7.7: Displacement Current for Coaxial Conductors (Griffiths 7.36)

This is a continuation of the example from earlier. We want to calculate the
displacement current density and the total displacement current and to compare
quantitatively I and I,.

The displacement current density is fd =€ 85/81&:

w?1

Ho Y0 coswt In 2 (7.121)
s

- s} a
Jy(s<a)=¢eo—Z—wlpsinwtIn—=Zpoe
( ) °ot 2n 0 s Ho €o

Let's integrate over the (s, ¢) plane to get the total displacement current:

o 27 21 a
Id:/ ﬁ-JD:/ dd),uoeow 0 coswt/ sdsin2
S(C) 0 0

s
2 1 0
:uoeowzlocoswt a2 x Inx — =
2 2 x=1

2
= o €o w? Io% coswt (7.122)

where the indeterminate form x2Inx as x — 0 must be evaluated by L'Hopital’s rule
(write it as (In x)/(1/x?)) to be seen to vanish.
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We did not include the displacement current in the calculation of the magnetic field in
the system. Is that a problem?

Well, the problem is, in principle, even worse: we ought to include the displacement
current in the calculation of B but then our calculation of E via Faraday’'s Law needs
to also be corrected for the B due to the displacement current, yielding a correction to
E, which itself will yield a correction to Jy, and so on. The proper way to handle this
is to develop the formalism for electromagnetic waves, where we self-consistently solve
all of Maxwell’s Equations.

For now, it is instructive to look at the relative size of J; and J so we can understand
why these corrections are small and thus why our previous results, while not precisely
correct, are an excellent approximation.
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The ratio of the amplitudes of the displacement current and the true current, up to
factors of order unity, is

I4(t) _ Mot w? a? Ty coswt _ w? a? _ (a/c)? (7.123)
1(t) Ip coswt c? 1/w?

The numerator of the final expression is the square of the light travel time over the
length scale of the problem, a. The denominator is, up to a factor (2 7r)2, the square
of the oscillation period. Thus, this quantity is a measure of how quasistatic the
system is. We have mentioned before that, if a/c < 1/w is not satisfied, then our
quasistatic approximation is invalid. This calculation corroborates that point: if the
oscillation period becomes comparable to the light travel time so the system is no
longer quasistatic, then the displacement current will approach the real current in
magnitude and our prior calculation of B ignoring the displacement current will be a
bad approximation.

The ratio of the displacement current to the true current scales as w?, so one must go
to high frequency to notice it. Quantitatively, if we ask how high in frequency one
must go to obtain I/I = 0.01 if we take a =2 mm as the dimension of the coaxial
conductor, we obtain

1 I 1 1011
pow o Le Jlo 1 3x107mm/s oo o GHe (7.124)
27 27 a I 27 2 mm

GHz oscillators were not available in Faraday's time, so the fact that he did not
observe the effects of the displacement current is not surprising.
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Maxwell's Equations in Vacuum

Putting it all together, we obtain Maxwell’s Equations:

- -

V.-E=

P 7.

€o

_ - 0E
VXB:MOJ—keouoE

—

These, combined with the force law and continuity:

I—::q(l::-i-\?xg)

(7.125)

(7.126)

summarize classical electrodynamics in vacuum. (The above explains why the V x B
term is not needed explicitly in the differential version of Faraday's Law: it is a
consequence of the force law, not of Faraday's Law.) We may rewrite the first set of

equations in a way that emphasizes better the source terms:

Q
oot

-

v.E= 2L

€o

V x E+ =0 §><§—eouo

Q

t

—

OE

at

—

= po J

Section 7.6.3 Maxwell’'s Equations in Vacuum

(7.127)
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Maxwell's Equations in Matter

Just as we found it convenient to rewrite the individual equations of electrostatics and
magnetostatics using only the free charges and currents, it makes sense to do the
same for Maxwell's Equations. The new twists we must take into account are the
time-dependence of P and M. (We have already considered time dependence of p, J,
E, and B for quasistatic situations, corresponding to all length scales in the system
small compared to ¢/v.)

How to treat P is motivated by the expression

pp=—-V-P (7.128)

If Pis time-varying, we expect there to be a current J:, associated with the resulting
changes in pp. In fact, the above expression suggests a good definition of Jp:

- 9P - - 9P 8

== = V.- L,=-V.——=-—Vv.P=-2 (7.129)

That is, the definition on the left naturally gives the continuity relation between J:,
and pp, one would like.
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Intuitively, think of J; as follows. Suppose one has a cylinder of polarizable material of
length dz and cross-sectional area da and with polarization vector P=P2Z The
definition p, = —V P implies that there is a bound surface charge

Q=oda= n Pda = 4P da at each end. If, for example, we allow P to vary
sinusoidally, P= Po sin wt, which corresponds to the surface charge obeying

Q(t) = Py da sinwt, then the current is

- d
h:#ﬁw:%&wmwhrf (7.130)

as would be necessary to transfer charge back and forth between the two ends of the
cylinder to yield the corresponding time-dependent surface charge. This current is,
literally, the motion of the charges that make up the dipoles as they flip back and
forth sinuisodally.

Do we have to worry about time dependence of M? Recall that M yields a bound
current density

b=V xM (7.131)

Time dependence of I\7Iﬁyie|ds time dependence of jb, which produces time
dependence of B and H. These time dependences are now fully accounted for by
Maxwell’'s Equations.
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Let’s use all this to rewrite Maxwell's Equations in terms of free charges and currents.
The charge and current densities have the following parts:

—

Y. L 9P
P:pf+pb:pf—V~P J:Jf-‘y-Jb-l-Jp:Jf-ﬁ—VXM-i-E (7.132)

Using Gauss's law, V- E= pF— V - B, and the definition of the displacement field,
D = €, E + P, we obtain

V-D=pf (7.133)

Ampere's Law with the displacement current term is

L . - - 9P oOFE
VXB=po|Jr+V XM+ — o o — 7.134
X u<f+ x *m)““at ( )
We use B = Lo (I—?—&- I\Z) as well as D = eol::-i- P to obtain
. - . 8D
VxH=Js+ B (7.135)

Now it is clear why the last term is called the displacement current — it is the
apparent current due to the time variation of the displacement vector D!
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Faraday’s Law and V - B = 0 are not affected since they do not depend on the free
and bound currents. Thus, Maxwell's Equations in matter are (again, putting all the
fields on the left sides and the sources on the right):

(7.136)

Q
]l

V x H-— =J (7.137)

Q

t

Note: the vacuum Maxwell’s Equations (Equations 7.125 and 7.127) remain valid, but
the above are more practically useful. Similarly, Equations 7.126, the Lorentz Force
Law and the continuity equation, remain valid but it is more practically useful to have
a version of the continuity equation involving only free currents (note that
V-Jp=V-V x M =0 by mathematical identity):

F:q(E+\7><§) V.J=-=- (7.138)

These equations must be supplemented by specific constitutive relations between E
and D and between B and H to completely specify the behavior (and, of course,
boundary conditions must be provided). For linear media, these relations are:

linear media: P =x.eo E M=xnH D=¢E B=pH| (7.139)
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Boundary Conditions for Maxwell's Equations

For both Maxwell's Equations in vacuum and in matter, we need to review how the
fields change between regions that may be separated by surface charge and current
densities and which may have different polarization and magnetization.

We recall from our prior calculations of this type that the discontinuity in the normal
component of a field is determined by its divergence and the discontinuity in the
tangential component by its curl. We also recall charge and current densities can
become J-function singular on a boundary but fields cannot. Thus:

» An integral of charge density over a volume containing a boundary reduces, as
the height of the volume normal to the boundary is shrunk to zero, to the
surface charge density integrated over the intersection of the volume with the
boundary. The volume component of the charge density yields zero contribution.

» An integral of a current density through an area reduces, as the width of the
area normal to the boundary shrinks to zero, to the surface current density
passing through the area. The area component of the current density yields zero
contribution.
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Fields themselves never have singularities like this, so any integral of a field vanishes
as the volume or area is shrunk to zero. Hence, the addition of the displacement
current does not modify the boundary conditions we have calculated in the past! For
Maxwell’'s Equations in matter, J, has been introduced but it also cannot have
d-function singularity because it is based on ,5,ﬂwhich we have defined to be a volume
density of dipoles, and so its contribution to 9D/t is consistent with the above.

Individual electric or magnetic dipoles, or a_‘line or sheet of then_j, WhLCh could in
principle yield §-function contributions to P or M and thus to D or H, cannot be
handled using our macroscopic picture of polarizable and magnetizable materials
because the fields are §-function like on the dipoles only (e.g., Griffiths Problems 3.48
and 5.61) and our macroscopic picture assumes that it is valid to average over
infinitesimally small volumes. They affect how the field changes at a boundary over an
infinitesimally small area, and so we should not even consider their effect. If we want
to consider their impact on the fields in such regions, they would need to be treated as
free charges and currents and would again not affect the above statements about
fields.
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Motivation and Analogy: Conservation of Charge

Back when we first discussed the Lorentz Force, we discussed conservation of charge
and the continuity equation:

(8.1)

This is an interesting equation because it enforces local conservation of charge: not
only is there no creation or destruction of charge over the whole universe, there is also
no creation or destruction of charge at a given point. Charge cannot jump from one
place to another without a current flowing to move that charge.

In electrodynamics, we want to ask the same question for energy and momentum
because we want to understand whether the fields we have constructed have true
physical meaning or are just mathematical constructs. Determining whether they carry
energy and momentum is one way to answer that question, and such a consideration
leads to the question of conservation of these quantities.

We will do all this in vacuum. It of course applies to polarizable and magnetizable

materials, too, since our study of them is just a rewriting of our vacuum equations in a
more convenient form.
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Poynting's Theorem: Conservation of Energy

We have shown that the work required to set up distributions of charge or current is

= 1 _,
W. — E—"/dﬂE\Z Wi = 7/d7\5\2 (8.2)
2 2 lo

Recall that this is the work needed to move new charge in from infinity due to the
repulsion from the charge already there or the work that needs to be done to raise a
current from zero to its final value against a back emf (induced electric field). It is thus
natural to expect that the total energy density in the electric and magnetic fields is

1 = 1 =
Ufield = — (60|E‘2 + 7|B|2> (8.3)
2 Ho

We will show this is valid by considering the exchange of energy between the fields
and charges/currents. We use the term electromagnetic field to reflect the fact that
the fields influence each other and their energies are on the same footing.
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Given a single particle of charge g acted on by the electromagnetic field, the work
done on it as it moves by d/ is

dW:ﬁ-df:q(E—i—vXB)dt*qE 7 dt (8.4)

Now, if we consider aﬂcontinuous distribution of charge and current, we may replace
q = pdt and pV = J, giving that the power is (as we saw from Ohm’s Law)

aw /drE J (8.5)
dt

Let's manipulate the integrand using Ampere’s Law:
(8.6)

One subtlety here: we started off talking about Jﬂbeing acted upon by an
electromagnetic field, and now it seems like we are treating J as the source of that
field. It is not the sole source of the field because, now with the displacement current
term combined with Faraday's Law, there can be electric and magnetic fields that are
sourced by each other’s time variation rather than by physical currents. The above
substitution is nevertheless valid because the second term subtracts off the
displacement current term that is due to changing fields rather than physical current:
one should not be able to do work on the displacement current!
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Another subtlety is the issue of whether J can create fields that do work on itself.
This is entirely possible, as we saw in the example of the time-varying current in the
coaxial conductor: a time-varying current generated a time-varying magnetic field that
generated a time-varying electric field aligned with the original current. If there were
no battery driving the current, then the work being done by the field on the current
should reduce the energy in the current in exactly the way that would be needed to
conserve energy. Of course, if a battery is involved, then it can supply energy and we
do not expect the energy of the currents and fields alone to be conserved.
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Returning to our expression for E - J. we can use the product rule

V-(Gxb)=3-(Vxb)—
- 1 = - 5 1 - - "
E~J:—B~(V><E)——V~<E><B)
Mo Ho
T o
_ 1 -83—505 OE
Lo ot ot

- OF
ot

— e E -

b- (V x &) to rewrite it and then use Faraday’s Law:

(8.7)

(8.8)

(8.9)

Incorporating the above and applying the divergence theorem to the last term, we thus

obtain Poynting’s Theorem:

aw d 1
aw _ /dff (60|E|2
dt dat

with the Poynting vector defined to be

Poynting's Theorem says that the work per unit time done on the charges and

(8.10)

(8.11)

currents in a volume V by electromagnetic forces is equal to negative of the sum of
the change per unit time of the energy in the fields and the energy flowing outward
through the surface of V. S has units of energy per unit time per unit area and is

considered the energy flux density.
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Another useful form is given by putting the field energy density term on the left side:

dw d

L, 1 = 1 .
e CIT* (60|E|2+ ;|B|2) =—-— dan-S (8.12)

S(V)

dt

d =
- (Emech + Efield) = _% dan-S (813)
sV)

The rate of change of the total energy in the volume is given by the flux of the
Poynting vector through the boundary of the volume — this much more explicitly puts
mechanical and field energy on the same footing and shows that both can be
transported by the Poynting flux.

Note that this allays our fears about a current doing work on itself: while it may do
so, energy remains conserved as long as one takes into account the field energy.
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We may write both versions in a local form by recognizing that the volume being
integrated over is arbitrary. If we define upnech(F) to be the density of mechanical
energy (W = [}, d7 tmec) as a function of position and

1 . 1 -
s = 3 (<l EOP + - BOP) (814)
2 Mo
to be the energy density of the electromagnetic field, then our two versions of

Poynting's theorem yield the local relations (after converting the surface integral of S
back to a volume integral using the divergence theorem):

aumech(F) _ 8Ufield(F)
ot ot

VSR = e + wran(A] = 9 5(7)
(8.15)

This is the kind of local conservation theorem we wanted, relating the rate of change
of a density (here the energy density) to the divergence of a current density (here the
Poynting vector).

When there is no change in mechanical energy — e.g., in empty space — then we can
specialize the above to obtain the continuity equation for the energy of the
electromagnetic field:

dE;, . L dug
Umech = 0 : ﬂ:—?{ dafi-§ V.S(F):—M
dt S(V)

o (8.16)
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Example 8.1: Power Transported Down a Coaxial Cable (Griffiths Problem 8.1)

Consider a coaxial cable with central conductor of diameter a and outer conductor of
radius b and zero thickness. A static current flows along +Z on the central conductor
and back along —Z on the outer shell. We used a similar geometry in a previous
example, but with a time-varying current in that case. The inner conductor is held at
voltage V and the outer conductor at V = 0 (ground) at one end of the cylinder, and
there is a resistive sheet of sheet conductivity o (definition to be provided) capping
the other end.

Because the inner conductor is assumed to have infinite conductivity, there can be no
electric field inside and thus all the current must flow on the surface (consequence of
Ohm's Law: J = 0 because E = 0). The calculation of the magnetic field is thus the
same as the prior example in the same geometry with time-varying current. The
magnetic field between the conductors is

—

¢ (8.17)

=1 Ho
B =
() 21s

where I is the current due to V (value to be determined). In the prior example, we did

not explicitly have a voltage on the inner conductor (effectively, the conductivity of
the sheet at the end was infinite).
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Here, since we have such a voltage, there is a line charge density on the inner
conductor and a radial electric field. You are no doubt familiar with the Gauss' Law

A5 (8.18)

calculation of this configuration, which yields
E(s) = 5
(s) 27T €n S

Let's find A\ by matching to the applied voltage. The potential and field are
A = 14
27 € sIn

g

= V(a) In ;

V(s) xIns

The Poynting vector is
- 1 - o Iv
S:—EXBzib? (8.20)
o 27s2In 2

The energy and energy current are between the conductors, not in them! The power
flowing down the cable is found by integrating the Poynting vector over the

cross-sectional area where the fields are
IV rbds
/ — =1V
a

27'r
= n §5 / sds/
/ an-S(s) = 27r52ln s

(8.21)

Tk
a
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Let's calculate the power dissipated in the resistive sheet at the end. The sheet does
not disturb the potential because the sheet continues to satisfy Laplace’s equation
with the same boundary conditions in s: V(a) = V, V(b) = 0. Therefore, our electric
field above is valid in the conducting sheet, and the surface current density and total
current are

" = vV
K(s)=onE(s) = 2225 (8.22)
sin?Z
where op is the conductivity per square, which can be thought of as o = limy_0 0/t
where o is the usual conductivity and t is the thickness of the sheet. The total current
is
2m 2mogV
I:/ sd¢K(s):27rsK(s):|7b (8.23)
0 n 2

Page 545



Section 8.2 Conservation Laws: Poynting’s Theorem: Conservation of Energy

We do not need it, but it is interesting to note that the resistance is

b
R:K: In;
I 27 on

(8.24)

The power dissipated in the resistor is

P:/Sdalz(syE(s):/é,bsds/()2ﬂd¢ag <S|:§>2 (8.25)

2
v b 2 V2 V2
_2MD<I> /§:£:1vz12/?:? (8.26)
a

nt s In b
a a

as expected since this is the power coming down the central conductor and it cannot
go beyond the resistive sheet since the fields go to zero out there (no current or
charge density beyond the sheet).
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The Maxwell Stress Tensor: Conservation of Linear Momentum
(Skip)

We showed in the previous section that fields carry energy and that one must account
for that energy in order for conservation of energy to hold. The natural next question
to ask is whether the electromagnetic fields carry momentum. The matter and fields
are related by the fields exerting forces on the matter, so let's use these forces to
connect the momentum of the matter and fields. The Lorentz Force Law is

dﬁmech

mech _ g (17 xB) (8:27)

Integrating this over a charge and current density gives

dﬁmech / = Ty B
_— = d E+JxB 8.28
il (PE+JxB) (8.28)

Using Maxwell's Equations, we can write this purely in terms of the fields:

%ZﬁdT <eo [6E]E+

We recall the same subtleties as for energy: p and J now being taken as source of
fields, and the last term subtracts off the displacement current since the magnetic field
exerts no force on it.

1~ = 9E] <
VxBeo} ><B> (8.29)
Lo ot
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After a remarkable amount of manipulation that we will not reproduce here—see
Griffiths §8.2.2 or Jackson §6.8—one arrives at

dfmech = aS
_— = dr |V - T — €0 o — .
dt [; " [ £ Colle at] (8:30)

where l is the Maxwell Stress Tensor

3
I 1 1 1
(M= TiAr5 Ty =-c [EiEj — 5% 52} S [B,- Bj =5 9 52}

ij=1 o

(8.31)

(we do not show the fields’ dependence on position for brevity) and where the vector
dot products and divergence of T are given by

3
Zai (8.32)

Tij
i=1 j=1 i=1 or;

L
I~
Il
L
|
(]
N
L
Il
)
;|
K
\]

Note that Tj; is symmetric in its indices. We are not terribly concerned in this course
with the transformation properties of scalars, vectors, and tensors under coordinate
system rotations, so we will not comment further on what a tensor is. Recall we
encountered the quadrupole moment tensor earlier.
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Using the divergence theorem on the first term and moving the time derivative in the
second term outside the integral, we obtain

d '5 mech

_ d -
- :fém dan(r*);(f)—eouoa/vdrsm (8.33)

This equation states that the rate of change of the mechanical momentum in a
volume V is equal to the integral over the surface of the volume of the stress tensor’s
flux through that surface minus the rate of change of the volume integral of the
Poynting vector.

Let us consider a situation in which the second term vanishes and we are left with the
flux of 7~ over the surface. This justifies the naming of 7 it gives the force per unit
area due to the electromagnetic fields, or the stress. T,'J'TS the force per unit area
acting in the ith direction on an area element who normal is in the jth direction. The
diagonal elements are pressures and the off-diagonal forces are shears. More generally,
the force per unit area in the n; direction on an area element whose normal is in the
ny direction (not necessarily parallel or perpendicular to n1), or vice versa, is

F(F, 1, n2)

T = T(P) - e (8.34)
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We may abstract out mechanical momentum and force densities ppech(7) and £(F);
i.e., per unit volume expressions:

Fmnecr(7) = pm(PI(7) AR =9 1(7) ~ como 250 (8.35)

where pm(F) is the mass density
V(F) is the velocity field of the mass density

We may conclude that these quantities are related locally because of the arbitrariness
of the volume over which we are integrating:

. P N

/ dr O Pmech _ i/ dT Prech = m :/ dr f (8.36)
) ot dt Jy dt v

. 3'%576:(?) — (A =% T(A) - oo 62(? (8.37)

This is the kind of conservation law we wanted to get to, a local one that relates the
rate of change of the local momentum density to the divergence of the local stress

tensor and the rate of change of the Poynting vector. It can also be viewed as a local
force law, the generalization of Newton's Second Law.
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As we did with the energy, and motivated by the appearance of a time derivative on
the right side, we may rewrite the above as

d (= .
- (Pmech + € ,U‘o/ dr 5) = f dan-T (8.38)
dt v S(V) =

We are thus motivated to define the linear momentum density and linear momentum
of the electromagnetic field as

Brera(7) = B(7) = €o pto $(7) = € E(F) x B(F) Py = /v drg|  (839)
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With that definition, we obtain

d /= = . o . . =
E (Pmech + Pﬁeld) = é(V) dan 7:— — a [pmech(F) +g(?)] =V 7:’(F)

(8.40)

We thus see that the rate of change of the total (mechanical + field) linear
momentum in a volume is given by the integral of the stress tensor over the surface, or
that the rate of change of the total momentum density at a point is given by the
divergence of the stress tensor at that point. The stress tensor is thus seen to be the
momentum current density in the same way that J is the electric current density and
S is the energy current density (up to a sign): all satisfy local continuity equations.

The second equation can also be considered a generalized force law, where now we
consider the rate of change of the momentum of both the particles and the fields, with
V - T being the “force” that acts on both.

When there is no change in mechanical momentum—e.g., in empty space—we obtain
the continuity equation for the linear momentum of the electromagnetic field-

dpy, N -
Froh — 0 ﬂ:}[ daf T = V-T(F)=
S(V) - - ot

dt
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It is interesting to note that both S and T play two roles:

> Sis the power per unit area transported by the electromagnetic field, while
g = €5 o S is the linear momentum per unit volume stored in the field. This
intimate connection between energy and momentum for the electromagnetic
field reflects the photon’s masslessness in quantum field theory.

> Similarly, T plays two roles; both as a force per unit area (the stress) applied by
the electromagnetic field as well as the momentum current density carried by
the electromagnetic field (with a minus sign; units of momentum per unit area
per unit time). This makes sense: for the electromagnetic field to exert a force,
it must provide momentum.

Note this issue of the sign. If we wanted 7 to have a continuity equation like current
and energy, where the rate of change of the conserved quantity is equal to the
negative of the divergence of the current (loss of conserved quantity corresponds to
outflow of current), we would have had to define 7 with the opposite sign. But the
sign given ensures that 7 can be used to calculate forces without a sign flip. This
makes sense: 7~ pointing into a volume should have a positive surface integral so that
it indicates it is adding momentum to the volume. The only way out of this choice
would be if we wanted to flip the sign and interpret 7 as the force that the
mechanical system exerts on the field (and then the continuity equation would behave
the way we want), but that would be nonintuitive since we generally want to calculate
the forces the field exerts on the mechanical system.
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Example 8.2: Magnetic Force Between Two Spinning Charged Hemispheres
(Griffiths Problem 8.3)

Given two hemispherical shells of radius R and uniform surface charge density o
spinning at angular frequency w about the z axis, what is the magnetic force between
the north and south hemispheres? (Griffiths Example 8.2 calculates the electrostatic
force for a similar situation.)

We have calculated the magnetic field for a similar configuration when we calculated
the field of the uniformly magnetized sphere, which was

2
B(r<R)== 3 Mo Mz (8.42)
) CaEAF-d L 4 R
B(r>R)= “— 3A-DF=M  ih =2 RIMZ (8.43)

47 r3 3

The surface current was K= qb M sin 6. In the new problem, the surface current is
K= d)aw Rsin @, so we just need to replace M with ocw R, giving

B(r<R)=ZjpoowRzZ (8.44)

o 3(-P)F— i

4
with M= -nR'ow? (8.45)
47 r3 3
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To calculate the force, we would nominally expect to calculate the flux of the stress
tensor over the hemisphere (the plane at z =0 for r < R and the hemispherical shell
r =R at z > 0). However, the derivation implies that any volume containing the
matter on which we would like to calculate the force suffices for the calculation. So
let's do the calculation more easily by setting the surface to be the z = 0 plane. The
force will only be in the z direction by symmetry, so we need only the T3; components.
Moreover, because the plane we want to do the calculation for has a surface normal
only in the z direction, we can restrict to the T33 component:

1 2
T3 = B — Ts(r<R,z=0)= > poc’w?R? (8.46)
2 o 9
2,2 p8
Lo 0% w* R
T >R,z=0)= ——— 8.47
33(r z=0) 18,6 (8.47)
We can do the area integral easily (7 = —Z because we want the force on the upper

half space and —Z is the outward surface normal):

2w R oo
FZ:—/ do |:/ rdr Tz3(r < R,z:0)+/ rdr Tz3(r > R,z =0)| (8.48)
0 0 R
R? 2 2 2 p2, Moo’ w? R 7T 24 2
=27 {7§uoaw R +W}:_ZMOJ R*w (8.49)
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Conservation of Angular Momentum (Skip)

One can go back and write analogues of everything we did for linear momentum for
the case of angular momentum. The key point is that the manipulations that led us to
Equation 8.30 did not rely on any transformations of integrals; we just needed to
manipulate the integrand. Those manipulations remain valid, but now with a 7 X in
front inside the integral. That is, we start with

dEmech v 2 - =3 o =
T_N_er_rXq<E+va) (8.50)

Again, we integrate over the charge and current density to obtain

dLmech _ - = Ty B
T_/vch-rx (pE+J><B) (8.51)

Then we perform the same manipulations of the expression in parentheses as before,
obtaining

% :/vdf [FX (v-7) —eouo% (7x §)} (8.52)
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Let's manipulate the expression " X (6 . I): we would obviously like to turn it into a
pure divergence. Using Equation 8.32,

3 3
= - ~ aTi' e - E)T,--
x (V-T(M) =7 > 7 o = 2 xXhi ! (8.53)
ij=1 i i k=1 i
3 3
— P 0 . . ()rk
,Zrerj<dr.rk7—'j>_,,z erJTUd— (8.54)
iy, k=1 ! iJj, k=1 i
3 9 3
= E(WMTU@) D P x Ty 6 (8.55)
ij k=1 i ij k=1
3 ) 3
- Z E(merm) Z Tk X 1; Ty (8.56)
ijk=1 "1 ij,k=1
=§~(*l(r‘)xf)=ﬁ.g(f) with  M(F) = —T(7F) x 7

(8.57)

(we did not show the explicit 7 dependence for the intermediate steps for brevity)
where the second term in the penultimate line vanishes because it is the product of
quantities that are antisymmetric in j and k (7 x 7;) and symmetric in j and k (Tj;).
M is the analogue of the stress tensor, but now for torque which we will call the
torque tensor. We reordered 7 and 7 to obtain —7 X 7 rather than 7 x 7T so the
coordinate index of the divergence matches up with the first coordinate index of M.
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Explicitly (undoing the reordering of 7_and r'so we get X, not X, below, and not
showing explicitly the position dependence for brevity):

3
M=-TxrF=— E Tinih X et =—
i k=1

3
ijk,m=1

GO[FXE]E+

eo{FXE]E+

1

Ho

1

Ho

g Tm T Ik €mkj (50 |:E/

E;

1 1
Y EQ} + = {B»
5 Lo ]

3

E rirm €mjk TU Fi
ij,k,m=1

(8.58)

B — %@; B2D (8.59)

3
oo 1 1
[Fx B} B=2 > Fmfincema {eoEz + —82} (8.60)

[?x §}

ik, m=1 Ho

(8.61)

Aside: In Ph106a, one shows that angular momentum is more rigorously written as an
antisymmetric second-rank (pseudo)tensor, but, because such an object has only 3
independent quantities, it can be reduced to a (pseudo)vector (first-rank tensor) using

cross-product notation. That applies here to both L, and to ¥ x S. By
extrapolation, M may be written as an a completely antisymmetric third-rank
(pseudo)tensor. Since we do not use any of the transformation properties of these
objects under rotations in this course, there is no need to use these higher-rank
objects and so we stick with the less sophisticated vector notation for cross products.
But this concept will return when we consider the relativistic generalization of M
because the reduction to a second-rank tensor is only possible in three dimensions.

Page 559



Section 8.4 Conservation Laws: Conservation of Angular Momentum (Skip)

With our expression in terms of the divergence of M, we may write the analogue of
Equation 8.30 for torque:

dEmech o = % - c
T_/‘de{v-g%ouoans)} (8.62)

Using the divergence theorem, we may rewrite as we did the force equation

dEmeCh

d .
= dan(r) - M(F) — e o—/dT?XSr 8.63
Gt = f R0 MO —copo g [ a7 SR @6

We thus have a relation between the rate of change of mechanical angular momentum
and the flux of the torque tensor M into/out of the volume and the rate of the
change of integral of the funny quantity containing the Poynting vector.
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Let’s turn this into a differential version. We need to define the mechanical
momentum density and the torque density:

Omech(7) = F X Brech(P) = 7 X pm(P)(F)  Fitorque(7) = V - M(F) — €0 pto % <F>< §(F))

(8.64)
Then we have
/ dr Ol mech _ d / dT[mech _ dLmech :/ dr ﬁtorque (865)
v ot dt Jy dt v
. anicth(?) — Frorque(7) = ¥ - M(7) — co 10 zi (7x5(M)|  (850)

We thus obtain a local conservation law that relates the rate of change of the local
angular momentum density to the divergence of the local torque tensor and the rate of
change of the rate of the change of the funny quantity containing the Poynting vector.
It can also be viewed as a local torque version of Newton's Second Law.

Page 561



Section 8.4 Conservation Laws: Conservation of Angular Momentum (Skip)

As before, it is natural to define a field angular momentum density and move it to the
left side of the above equations:

Tt () = 7% B(F) = cotio 7 x S(7) = o P x (E(F) x B(F)  Lped = / dr Creta
\z

(8.67)

With that definition, we obtain

IS

o [/~ - -
<~ a <£mech(’:) + eﬁe/d(ﬂ) =V M(F)

d /- - s
p (Lmech + Lﬁe/d) = 7{;(\/) dan-

(8.68)

Again, we obtain an integral conservation equation relating the rate of change of the
total angular momentum in a volume to the integral of the torque tensor over the
surface and a local conservation equation relating the rate of change of the total
angular momentum density to the divergence of a current density, here now the
angular momentum current density (which has units of angular momentum per unit
area per unit time). The second equation is a generalized local “torque” equation.

Note the choice of sign for M follows the same convention as for the stress tensor: it
gives a continuity equation with a sign flip but is the correct sign for torque. Be aware
that this sign convention is the opposite of Jackson's (his Problem 6.9).

Note that field angular momentum is not the same as photon spin or circular
polarization; we will come back to this later when we discuss polarization of EM waves.
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Introduction and Study Guidelines

Maxwell’s Equations have in them the seeds of self-propagating disturbances in the
electromagnetic field: though time-varying charges and currents must generate the
waves, they can propagate on their own once initiated. So, in this section, we will
develop the theory of such waves propagating in either free space or linear dielectric
media, without any free charges. Later on, we will discuss radiation, the process by
which time-varying charges and currents generate electromagnetic waves.

We deviate from Griffiths’ ordering of topics because you have seen the wave equation

three times before, in Phlc, Ph2/12a, and Ph106a, so we do not need to reintroduce
it from scratch. Let's just launch into it and bring the formalism of waves in as we go.
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Electromagnetic Waves in Vacuum

From Maxwell's Equations to the Wave Equation

As noted earlier, we will consider Maxwell's Equations in free space with no sources:

—

= OE
=0 V xB-— — =0 9.1
: X €o Ho ot ( )

Q
a1

V-E=0 V-B=0 VxE+

QD

These equations couple E and B, so let's try to find uncoupled equations by
eliminating B from the V x E equation and E from the V x B equation by taking the
curl again and using one of our standard vector identities:

= = 2 = B - . - OE
VX(VXE):VX<_81‘> VX(VXB)ZGOMOVX<—8t>
G(V-E) = V2E = —copo -V x B V(V-B)~ V2B = —copo =V x E
ot ot
. 2E o 2B
27 _ 23 _
VEfeoHoﬁ VBfeo,uoﬁ

where V - E = 0 because there is no charge density. These are copies of the wave
equation.
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Specifically, these are component-by-component versions of the equation
V(R 1) = = 25 f(F 1) (9-2)
v

One can see by substitution that any function of the form
F(Ft)=g(w) with w=k-F-wt (9.3)

satisfies the wave equation. To prove this, we first need to calculate the derivatives:

3 3 3
0?f 0 dg ow 0 dg
V(R =S 2L -5 L %8 9W _ N~ 9 9% 04
(r.1) ,z:; Bri2 :z:; Or; dw Or; ;Br,. dw (9:4)
3 3
d?g Ow d?g -, d%g
=) k-——=——=) K¥—= =K== 9.5
D kigna ar = 2K g = K g (9.5)
i=1 / i=1
02 J dg 0O 9 d d’g 0 d?
S fRe = L = S5 ()= 0 SETH 228 (o)
ot? Ot dw 9t Ot dw dw? ot dw?
The wave equation is satisfied by the assumed form if
2
T w
k2 =5 (9.7)
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The above condition says we can rewrite the argument, eliminating either w or |l?| as

w:i/?.?—\ﬂvt:f(i??—vt) (9.8)

v

where we have chosen w and v to be always nonnegative while K is allowed to take on
any sign and direction. We can see that surfaces of constant w are given by

Sw=0 = w(ii-arxv&):o —  tk-Z=v (99

That is, the surfaces of constant w propagate in space along the direction +k at
speed v. This implies that the “shape function” g(w) propagates at this speed.
Returning to our electromagnetic wave equations, we thus see that these waves in the
electric and magnetic fields propagate at speed v = 1/,/€ 1o which is now, by
definition, the speed of light, denoted by c.

The interpretation of w and k = \I:\ are not clear yet, and in fact they are no longer
strictly necessary (the factor w/v = k could be absorbed into g(w) now that we know
w and k are not independent), but they will become so below when we consider
sinusoidal waves.
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General Properties of Solutions to the EM Wave Equations

We can use Maxwell's Equations to derive some general properties about
electromagnetic waves. Many of these connect to the fact that E and B are vector
quantities. We will begin by assuming the waves are sinusoidal solutions of the most
general form allowed so far

E(F,t) = Egcos (I?E-F— wEt+55) (9.10)

B(7,t) = By cos (EB‘F— w5t+63> (9.11)

where we have allowed different w, propagation directions E and phase shifts §
because nothing has restricted that freedom yet. (The sign freedom on k has been
absorbed into ?) We have assumed sinusoidal solutions because they form a complete
basis for solution of the wave equation, so any solution can be decomposed in terms of
them.

This sinusoidal assumption now enables an interpretation of w and k. The time
dependence at a given point in space has angular frequency w, frequency v = w/2m,
and period T = 1/v. The quantity k is the propagation constant, and the spatial
dependence implies a wavelength A\ = 27 /k = v/v. When we consider more general
solutions that are the sums of sinusoids, these interpretations fail again because the
sum does not correspond to single w and k values.
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With the sinusoidal assumption, we can demonstrate the following:

» Transversality
We can rewrite the divergence equations:

Section 9.2.2

- - dE

0=V .E="=

dw

- - dB
0=V:-B=

dw

-6W:7g7(\5-50 sin <EE-F70JE1'+5E) (9.12)
c
7-§W:—w752(\5'§0 sin(EB-F—w5t+53) (913)
C

For the above equations to hold at all points in space, it is necessary for Eo and
By to be perpendicular to their respective propagation directions. EM waves are
thus transverse waves: the field disturbance is in the direction perpendicular to

propagation.

It is somewhat remarkable that the same equations that relate fields to charges
(and, in particular, imply there are no magnetic point charges) also show that,
in the absence of charges, the fields are transverse. This turns out to be a very
profound fact. You may recall from Ph106b PS1, when we considered a
Coulomb law in which the potential included an exponential decay. In this case,
V-E # 0 even when charges are not present. The non-vanishing of V - E would
permit a longitudinal component to the wave. In quantum field theory, a
non-vanishing transverse component implies the particle corresponding to the
field has mass and the static potential for the field is short range with decay

length A < 1/M.
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» Orthogonality and Equality of K, w, and &
Let's write the curl equations. First, we take the necessary derivatives:

3 3
= = _ O0Ey _dE, 0w
VX E= Zﬁijkriiz Zﬁijkriii
iy, k=1 an; ij k=1 dw Or;
3 - N
_. dEy - dE  wg ~ dE
- - ke = ke x — = “Ekr x —
Z Cok i dw Y EX dw c 'E x dw
ij k=1
:—gj(\EXE()Sin (EE~F‘—UJEI’+(5E) (914)
C
9E  dE ow dE T
azaﬁz—wt-%:wEE05|n(kE~r—wEt+6E) (9.15)

B has similar derivatives. Plugging the above into Faraday's Law and Ampere’s
Law:

—WiEEXgosin (EE-F—wEt—‘réE) :_WBEO sin (EB~F—wBt+5B)
Cc

(9.16)
ijBX éosin (EB~F—WB1‘+§B> :—w—fgosin(fg~?—wgt+6g)
Cc C
(9.17)
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We can conclude two things from these equations:

> In order for the equality to hold at all points in space and at all times, the
arguments of the sin functions on the two sides must be the same,
kE = ka WE = wg, and 6E = 53

> E Eo, and l§0 form a mutually orthogonal set of vectors

In the end, we therefore have the following relation between E and B:

E(7,t) = Eycos (E-?—wt+5) (9.18)
B(7,t) = By cos (E-rxwuﬂs) (9.19)
L1~ _ - .
By = — k x Eg <~ Eo = —ck x By (920)
(o}
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One note on the behavior of independent polarizations. Given_a propagation direction
k we can plck two_directions, n1 and n; ny, to form a basis for E. A natural choice is to
requlre n X = k which also implies k x N1 = n»>. Then Eo = E;m + E>n» and
Bo = By ny + By ny. Ey and E; are the two possible polarizations of the electric field.
(Of course, we can pick any A1 we want; once 11 has been picked, then the
polarization directions are set.) The curl of E relation then implies

o 1 - E; 1 E;
Bg:Bg-nzsz(]-nlzfl BlfBo n1:—7E0 nQ*—fZ (9.21)
C (o C Cc

We thus see that, aside from picking consistent E n1, and no, there is no connection
between the (Ei, B2) pair and the (Ep, By) pair. The waves in the two complementary
polarizations can have different w and thus different k. They are two completely
independent waves. There is no fixed relationship between the waves in the two
polarizations, and they can get out of phase with each other as they propagate if they
have different w.

If we consider two waves that have the same w, then the two waves propagate
together — their relative phase does not change with time or position. But there
remains no condition connecting E; and Ejp, or By and By, so there is no requirement
that the complementary polarizations have matching amplitude or phase (§). We will
see later that this independence of the two polarization amplitudes and phases can be
used to generate a diverse set of possible polarizations: linear, circular, and elliptical.
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Rewriting EM Waves using the Auxiliary Field

It is interesting to note at this point that B is not the most natural field quantity to
vxiork \Lvith: it is smaller than E by a factor ¢, which is large. If we instead use
H = B/ o, then we obtain

L1~
Ao=—kxB Zy=,/" (9.22)
2y €o

The quantity Zp &~ 377 2 is known as the impedance of free space and has units of
resistance (impedance). We see that H is now only a factor of 377 smaller than E.
We also recall that H has units of surface current density. This foreshadows the way A
will be related to the surface currents that the electric field drives in
polarizable/magnetizable media and in conductors.
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Energy and Momentum in Electromagnetic Waves

The energy density in an electromagnetic wave, now using |B| = |E|/c = |E|\/es fio, is

1 1 1

u=7(60E2+fB2):7<GOE2+ME2>=EoE2 (9.23)
2 Mo 2 Mo

The energy flux per unit area is the Poynting vector:

1 - - E?
— ExB=
Ho C o

S= k=ceE2k=cuk (9.24)

Thus, we see that the energy transported by the electromagnetic wave travels at the
speed of light, just as the wave does. The momentum density vector is

EOEzfl;

c

ngoMog:g;: (9.25)

Note that the energy flux and momentum density differ by a factor of ¢2, not just ¢
(as we would expect for a relation between energy and momentum) because one is a
flux (energy/area/time) and the other is a density (momentum/volume); the difference
in spatial and temporal units introduces another factor of velocity between the two.
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We can also write down the stress tensor. First, consider the special case k=kZso
np =X and ny = y. Consider a wave polarized along X. Then the fields are

= = E
E=EX B=By=—y=\ltotoEy (9.26)
c
The stress tensor is
1 1 1
T =6 (52 - E2> + — (—7 B2> =0 (9.27)
2 Lo 2
1 1 1
T = ¢ (*7 E2) + — (32 - Bz) =0 (9.28)
2 Lo 2
1 1 1
Ts=c (—=E?)+— (-=B?)=—u (9.29)
2 Lo 2
Tio=Tiz=Ta=0 (9-30)

=  L=-u3z (9:31)

The stress tensor for the complementary polarization is the same.
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It is reasonable to extrapolate from the above that the generic stress tensor (now
making the time dependence explicit) is

T = —kkeo E} cos? (I:-Ffwt+6) (9.32)

One explanation of the reason for the negative sign is that 7 is the negative of the
momentum current density.

From the stress tensor, we can calculate the radiation pressure, the force per unit area
that would be applied to an object that absorbs the electromagnetic wave. Recall that
ny - T - mp gives the force acting in the ny direction on a surface element whose normal

is in the ny direction. Since 7 o —k k, the force is only nonzero (and positive) in the
k direction on an area element whose outward normal is in the —k direction. (Recall
how, in our example of using the stress tensor to calculate the force between the two

spinning charged hemispheres, the surface normal was in the —Z direction for
calculating the force on the hemisphere in the upper half-space.) The radiation

pressure in the k direction is then
Pressure:?-l'—E:Eg cos? <E~F—wt+6) =u (9.33)

We will see Iater that, if the wave is not absorbed but reflected, the wave maintains its
amplitude \E\ but its k reverses sign, implying that the momentum transfer and thus
the pressure are increased by a factor of 2.
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It is not particularly useful to write down the angular momentum density and the
angular momentum tensor for a plane wave. They are position dependent, reflecting
the fact that, if a charged particle absorbs energy and momentum from a plane wave
at some nonzero distance from the origin, it acquires a linear momentum p’ and thus
an angular momentum 7 x p. The latter carries no information beyond that of the
former. Only if the wave has a nontrivial dependence of E and B on position — for
example, ExBx ¢ — is the angular momentum of the wave interesting. Such waves
are beyond the scope of our current discussion of plane waves.
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Time Averaging for Plane Waves

For sinusoidally oscillating plane waves, it is standard to take time averages of
quantities. Obviously, the fields themselves time-average to zero. But energy and
momentum do not:

(u(R))={co E cos? (E n—wt+ 5)>7 ~ €0 Eg (9.34)
(3)=LewBE  Em)=2“BL (7)) —LteEkE (03)

The average power per unit area transported by the wave is the intensity
. 1 5
1=<\5|>: 5o ks (9.36)

Note that the magnitude refers to the vector magnitude. Starting with the next slide,
when we consider complex notation for fields, we will always define Sin such a way as
to be real, so the magnitude will continue to refer to vector magnitude even for
complex fields.
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Complex Notation for Plane Waves

For the sake of convenience in manipulation, we will from now on use complex
notation for plane waves,

_ ~ .7 - kxn ~ T

E(7,t) = AR [ B 1] B(rt)= =R [Ee " 0] (037)
c

Eo = Epe”® (9.38)

where Eo is now a complex number into which we have absorbed the phase factor eid

and R means “take the real part.” We will not carry along tildes on the vectors E and

Eg because it would be too cumbersome for the notation. It will be clear from context
whether we mean the complex or real fields.

To calculate quadratic quantities like u, S, g, and T with full space- and
time-dependence requires that one first take the real part and then apply the
previously provided formulae for these quadratic quantities.
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Fortunately, if one is only interested in time averages, there is a simple extension to
the prescription for time averages involving complex conjugation and multiplication by
a factor of 1/2:

1 N - 1 - =3 wvac 1
(u(R))= = (EOE* E+ —B*. B) P Z e, B2 (9.39)
4 Lo 2
. 1 L 1 -
2N\ 2z * pwvac L 2
<5( o)>7 ¢ (@) =5 -R (E x B) 2 o Bk (9.40)

<(£)U(6)>: % {eo (R [EFE]] — %5,—1-5“* : E) + Hio (R (B Bj] — %5,-j§* . é)}

(9.41)

1 PPN
:7§EDEgk-?,-k~?j (9.42)

where the first expression for each quantity is always valid (even later for conductors
when E and B can be out of phase) while the final evaluation is only valid for the

. . . . pw vac .
plane waves in vacuum we have been considering (indicated by the "' ="" notation).
The factors of 1/2 in front come from time-averaging. Note that there may be spatial
dependence remaining in the result if the wave amplitude has a dependence on
position outside of the sinusoidal wave-propagation factor (not possible for plane EM
waves, but it will happen for radiation). It is not necessary to take the real part for u
and certain pieces of 7  because they are manifestly real.
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Types of Polarization

So far, we have only discussed linear polarization, wherein the direction of Eata
particular point in space stays constant over time (aside from sign flips). However, by
combining two orthogonal linear polarizations with appropriate complex coefficients,
one can obtain more “complex” behavior.

The simplest extension is to consider what happens when you add two orthogonal
polarizations of the same amplitude but with a possible phase shift:

E(7,t) = % (ﬁl + e"5) ei(kP=wt) (9.43)

If § =0 or § = =, then one just obtains a linear polarization in the direction

(M +m) /V2.
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But, if 6 = +7/2, then the wave polarized along 7 is m/2 out of phase with the wave
polarized along n1: when the n; mode has zero amplitude, the A, mode has maximum
amplitude and vice versa. If we take the real part, it is clear what is going on:

R[E(F‘,t)] :% [ﬁl cos(l?-F'fthr&o)Jrﬁz cos<E-F’7wt+§oig)]
(9.44)
Eo

= ﬁ [ﬁl cos(E-F‘fujtJr&o) F ny sin (I?-F‘fthr&o)] (9.45)

The polarization vector maintains an amplitude Eo/\ﬁ but it sweeps around in a circle
with period T = 27 /w: this is circular polarization. To understand which direction
the polarization vector rotates, let’s look into the wave (toward —E) while sitting at a
fixed point in space (fixed 7). The time-varying component of the arguments of the
sinusoids is —w t, and thus, as time evolves positively, the arguments of the sinusoids
evolve negatively. For § = +7/2, the sign on the second term is negative, the rotation
is counterclockwise, and the wave is called left circularly polarized. Conversely,

0 = —m/2 yields clockwise rotation and is called right circularly polarized. One also
speaks in terms of helicity, in which case one considers the rotation of the polarization
relative to the direction of motion using the right-hand rule. The left circularly R
polarized wave has positive helicity because the polarization vector rotates around +k
according to the right-hand rule (thumb along +k). The right circularly polarized
wave has negative helicity because it obeys the left-hand rule.
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The next possibility is to allow unequal coefficients:
E(Ft) =B (a Ay + B 7 efé) ei(kF-wt) o+ g =1 (9.46)

When § = 0 or § = 7, we again obtain linear polarization, but now making an angle
0 = tan—1(£8/a) with the Ay axis (sign is the same as sign of e’® = £1).

If we now consider § = +7/2 and « # 3, we obtain an elliptically polarized wave: at a
fixed point, the polarization vector sweeps out an ellipse whose semimajor and
semiminor axes are along ny and n,. If § is an arbitrary value, then the semimajor and
semiminor axes are rotated from the n1—n, system by an angle related to §. We also
obtain an elliptically polarized wave if we consider ¢ # 0, +7/2, or w but a = 3,

It turns out that elliptically polarized waves are easier to analyze if they are rewritten

in terms of the two helicities (or circular polarizations). That is, if we take as our
polarization basis and field decomposition

—

1 . ~ ~ T
Ay = —— (ﬁl £ eim/2 ﬁ2) E(F,t) = (E+ A+ E_ ﬁ_) e(k7=wt)  (9.47)
V2
then the parameters of the ellipse traced out by the polarization vector are:

re

0 E- semiminor axis ‘ 1-— r'

0
1Ty angle wrt i = 5 (9.48)

E, semimajor axis

where the angle is measured looking into the wave (i.e., looking in the —k direction).
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It is interesting to note that a circularly polarized plane wave is, in terms of angular
momentum, no different from a linearly polarized plane wave according to the
definition of the angular momentum density, Equation 8.67:

€o Eg

C

Zﬁe/d = €0 X (E X é) = F X 7(\ (9.49)
One can see that the angular momentum has to do with the relative orientation of the
propagation direction and the position vector, not with the nature of the polarization.
This reflects the fact that, in quantum mechanics, the helicity of the wave becomes
the intrinsic spin angular momentum of the photon, while the quantity calculated
above is the orbital angular momentum of the photon and has to do with the spatial
distribution of the EM wave, in much the same way that orbital angular momentum in
quantum mechanics is determined by the spatial distribution of the wavefunction and
is unassociated with the particle’s spin.
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Electromagnetic Waves in Perfectly Nonconducting, Linear,
Isotropic Matter

Propagation in Linear, Isotropic Media
Maxwell’s Equations in matter in the absence of free charges and currents are

. . - 0B . - 9D
vV.-D=0 V-B=0 VXxEd =0 VXH—Ezo (9.50)

As noted earlier, we need relations between D and E and between H and B to make
use of these. If we assume linear, isotropic media (e and p scalars, not tensors)

=cE B=uH (9.51)

o]}

then the equations reduce to

s ]!

0

= -

V.-E=0 V.-B=0 VxE+

.o oF
=0 VxB-epu—=0 (952
; L (9.52)

Q

These are the same as our equations in vacuum, leading to the same kinds of waves,
but with the modification

1 c
v = = - with n= i

\E L n €o Ho
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This mathematical transformation reflects a remarkable fact: the complicated
polarization and magnetization of the medium occurring as the wave passes through it
do nothing except change its speed and, we shall see, affect the wave amplitude. This
is a consequence of the linearity of the medium we assume.

Most materials in which waves can propagate (as we will see, this means materials
that do not have high conductivities) have pu & o, so n & \/€/eo = Ver. Since e, > 1
in general (there are very few paraelectric materials that enhance the field rather than
act to decrease it), light generally goes more slowly in dielectrics. Though, creation of
metamaterials in which the effective index of refraction is less than unity (over a
limited frequency range via use of resonant structures) is an area of active research!

The relation between B and E Equation 9.20, is modified in the obvious manner:
. 1~ =
B(r,t) = — k x E(F, t) (9.54)
v

As we did for free space, we also have that H and E are related by an impedance,
Z = \/p/¢€, which we now call the wave impedance. With it, we have

A(F.t) = @ _ %E x E(7. 1) (9.55)

Recall that H carries units of surface current density.
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Energy density, the Poynting vector, the momentum vector, and the stress tensor take
on unsurprising forms given the above modification:

1 1 = 1= = ~ ~
u:5(652+7s2):652 S="E*"xB=veE’k=vuk (9.56)
7

g=epnS= k=—k lszEZEE:quE (9.57)

The time averages for a sinusoidal wave of (real) amplitude Eg are (now including

intensity):
(u):%eEoz <§>:$<E*X§>:%veE§;:v<u>E (9.58)
oy 1
1:<|5\ = SveES = v(u) (9.59)
2 1 eE2 -~ 1 —— PN
<g’>:e/1,<5>: = EVO k= <V>k I>: —5cEkk=—(u)kk  (9.60)

Since v > c is possible, we cannot so easily interpret the above equations as implying
that energy propagates at speed v. You know from Ph2/12 that energy in a wave
propagates with the group velocity v; = dw/dk and so it becomes important to know
v(w). We will build an approximate physical model for v(w) in §5.
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Boundary Conditions

Recalling our boundary conditions for linear media (Equations 2.61, 4.23, 72, 7?) and
applying our assumption of no free currents, we have (7 = normal from 1 to 2, 5 =
any tangential vector at interface):

N = = 2~z . B . B
AclEi=n-eb» s =356 s —2=35 2 (961)
H1 w2

We will apply these to calculate the reflection and refraction of EM waves at the
interface between different linear media. We will write the magnetic field boundary
condition in terms of H because it makes them look like the electric field boundary
conditions, which will be convenient during our discussion of reflection and refraction:

AepF =R o Ao q - A (9.62)
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Reflection and Refraction: General Considerations

We will skip past the case of normal incidence, which you studied in Phlc, but we will
consider it as a special case of our generic results.

Assume we have a wave with propagation vector l_<‘, propagating in medium 1 and
incident on an interface with medium 2, with normal i pointing from 1 into 2. We
expect there to be reflected and transmitted waves. We write these all as

. L _ 1 ~ -

Ei(r,t) = Eo,;i el(kir=et) Hi(r,t) = Z ki x E; (9.63)
1

Zir ) — B oi(Re-wt) T LT LB

E/(F,t) = Eo,, e'\" H (7 t) = > kr x Er (9.64)
1

2o 2 i(ReP-wt) (= L -

E1:(I’7 t) = Eo,t € t Ht(r, t) = 7 kt X Et (965)
2

We use I:I‘_‘instead of B because the boundary conditions are more easily written in
terms of H. We have already applied the condition that the frequencies of the three
waves are identical. This is necessary for any boundary conditions connecting them to
be applicable at all time. Then

1%

kvi=kw=kw=w =  k=k hk="k="2k (9.66)
Vo n

Since k = 27 /), this implies the wavelength differs by n>/n; in the two media!
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Now, consider the kinds of matching conditions we will write down. They must always
hold over all 7in the interface. In particular, if we take the interface to be the z =0
plane, with 7 = Z, then the matching conditions that must hold at all x and y are of
the form

( )ei(/_<}<(x?+y7)7wt) +( )ei(I?,A(XQJFy}?)fwt) _ ( )ei(l?t'(x?#»y?)fwt) (967)

In order for these to hold at arbitrary x and y, it must be that

ke | k&
% Kk=%k=%-F 9.68) o <. K
vki=y-k=y k (9.69) AN A

ki

These conditions imply that if you project all three propagation vectors into the plane
of the interface (whose normal is 1), then their projections in that plane are equal.
Furthermore, there is a plane formed by this common xy projection of the propagation
vectors and the normal i (which is normal to the projection plane), and all three
vectors lie in this plane.
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Each propagation vector makes an angle with the interface normal, n. We label them
0;, 0;, and 0:. The projection of a given wavevector parallel to the normal is therefore
|E| cos 6 while the projection perpendicular to the normal (in the plane of the
interface) is \E| sin§. Since we have argued that these projections into the plane of the
interface are equal, we thus have

ki sin0; = k; sin0, = k¢ sin 0 (9.70)

Now, using our relations k, = k; and k: = :—f ki, we may conclude:

law of reflection: 0; =06, (9.71)
law of refraction (Snell’s Law): ny sin@; = ny sin 6; (9.72)

Snell's Law tells us that the light ray bends toward the normal if n, > nj, and it bends
away from the normal if ny < nj.

Total internal reflection occurs when ny < ny and sin6; > na/n;: in this case,

sinf; > 1 and there is no solution for k¢. This happens because, when ny < ni, then
the magnitude k: < k;, so then the projection k; sin6; can be (but doesn’t have to be,
depending on the value of sin ;) too large for k; to match. We will study this case in
more detail in a homework problem.

Note that none of these results depending on knowing anything about Maxwell's
Equations or boundary conditions: these are generic properties of any waves, which is
why they hold for sound waves, phonons, etc. They result only from matching time
and space dependences at the boundary.
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Reflected and Transmitted Field Relations

Now, let’s apply our electromagnetic boundary conditions to figure out how the
amplitudes and energies are related. We may drop all the exponential factors because
we have established that they are identical at the interface. We need to define two

new unit vectors:

2

A (9.73)

It doesn’t matter which k we use to define & because we argued earlier that all of
them lie in the same plane with 7, so the direction normal to the plane containing
them and 7 is independent of which one is used. (The equality of the three
cross-products follows from Equations 9.68 and 9.69.) Clearly, then, U is perpendicular
to this plane in which 7 and the propagation vectors lie. W is then the obvious third
direction, and it and n define the plane that the k live in.
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With these definitions, our boundary conditions can be written as

n-e (Eo,i+ EO,r) =h-eb: [ g } . (EO,i + EO,r) = { g } Eoe  (9.74)
n- ("70,/ + FiO,r) =7 poHo,e [ g/ ] . (Fio,i + F’o,r) = [ g } Fo,e  (9.75)

where the stacking of U and w is just meant to indicate that those equations apply
with either 7 on both sides or w on both sides.

Now, we must consider two cases for the polarization of the incoming wave: in
(parallel to) the plane of incidence or perpendicular to the plane of incidence, also
termed transverse magnetic (TM) and transverse electric (TE) for obvious reasons:

in (parallel to) the . N
plane of incidence Epi-U=0 Hy;- |: W } =0 (9.76)
or transverse magnetic (TM)

plane of incidence Ep ;-

perpendicular to the = [
or transverse electric (TE)
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In (parallel to) the plane of incidence (TM):
When Eg ; is in the plane of incidence, we can decompose it into pieces along w and
along n. There is freedom on the sign convention, and we choose

Eo.; = Ep,i (W cos; — isin 0;) (9.78)
We pick the conventions for E&, and l::o,t so that all three electric field vectors align
for normal incidence. (The H orientations are then defined by this choice and the
direction of the corresponding k vectors.) With these choices, we then have
(remember, H=k x E/Z):

Eo., = Eo., (W cosf, + fisin6,) (9.79) - .

_ ~ - . - Eoy’ Eo+
Eo,: = Eo,+ (W cos0: — nisin ;) (9.80) ke s ’
7 Eo,i z
Hy ;= — 9.81

0,i Zl ( ) 0, d et‘ kt
_ E = n
Floy = — 2L G 082 BN !

Z;

_ E 2

Hor= 2tg (9.83) ki
2>
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So, restricting to the boundary conditions with information, we obtain

n: €1 (—‘Evo,,- sin0; + EO,r sin 6,) = _625071: sin 0 (9.84)
w: 507; cos 0; + Eo,, cosf, = Eoyt cos 0t (9.85)
~ 1/~ =~ 1 -

G % (EO,‘ - EO,,) = 5 Bou (9.86)

Since the incident wave amplitude must be allowed to be arbitrary, we expect to only
be able to determine the ratios E; g/Ej o and E;o/E;o. Only two of the above
equations can therefore be independent. (One can easily see that the i and T
equations are equivalent via Snell’'s Law.) Picking the last two because they are
easiest to work with, we obtain Fresnel’s Equations in (parallel to) the plane of
incidence (for TM waves):

cos 0 4

a= e 8= 2 (9.87)
Fresnel’s
E, a—B E. 5 _Equations
= = ( ) = = ( ) in (parallel to) (9.88)
Eo,i a+p Eo,i at+p the plane of
incidence (TM)
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Perpendicular to the plane of incidence (TE):
When Eg ; is perpendicular to the plane of incidence, it must be parallel to T because

U defines the normal to that plane (again, up to a sign choice.) Now I-_I'O,,- is in the
plane of incidence. We have

Eo;=Eo ;0 (9.89)

We again pick the convention so that all three electric field vectors align for normal
incidence. With these choices, we then have (again, H = k x E/Z2):

EO,r = EO,rﬁ (990) .
Eo,t = Eoﬁtﬁ (9_9]_) . Er E@;Lr
= E
) EOi O,r@ .
Ho,i = (—w cos0; + A sin 6;) (9.92) 0, ke
2 “
_ Eo, ‘ —
Ho,r = ZO (W cos O + nsin6,) (9.93) 9,\ n
! )
= Eo ¢ Eo,i %
Ho,: = Z (—w cos0: + 7 sin 6) (9.94) ki
2

Section 9.3.4 Reflected and Transmitted Field Relations Page 598



Section 9.3 Electromagnetic Waves: Electromagnetic Waves in Perfectly Nonconducting, Linear, Isotropic Matter

Restricting to the boundary conditions with information, we obtain

n: % (Eo,i sin0; + Eo,r sin 9r> = %z EO,t sin 0¢ (9.95)
. 1 /= = 1 -

W 71 (EO’,- cosf; — Eo,r cos@r) = 72 Ep,+ cos 6 (9.96)
T Eoi+Eo, = Eoy: (9.97)

Again, we only need two of the equations, so we use the latter two because the 7’
equation can be reduced to the U equation via Snell's Law. We solve to obtain
Fresnel’s Equations perpendicular to the plane of incidence (TE):

Fresnel’s
Eo . 1-ap Eo . 5 Equatiot?s
L = <7) - = (7) perpendicular (9.98)
Eo,i 1+ap Eo,i 1+ap to the plane of

incidence (TE)

with o and 3 as defined earlier.
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Reflected and Transmitted Energy

The energy flux (intensity) at a particular point is

= cos §; (9.99)

1 , 1
Ij:<|51\>: 56 v Ej cost) = 27 5

We can calculate from this the reflected and transmitted energy or power ratios:

~ 2

I Eo,r (a - 5)2
R=— ==L = arallel (TM 9.100
o (Eo,i> Py p (TM) ( )

1- 2
= (1 n ZZ) perpendicular (TE) (9.101)
~ 2
N Zy [ Eot cos 0 2 2

=—=|[= —_— = llel (TM 9.102
T I, 2 <Eo,i> cos f; aﬁ(a-Fﬁ) parallel (TM) ( )

2 2 )
=apf (m) perpendicular (TE) (9.103)

By calculating R + 7T explicitly, one can see that R + 7 = 1 always in both cases.
Notice the a3 prefactor for 7.
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Normal Incidence

Let's summarize the results for normal incidence, 6; = 6, = 6 = 0, for which things
simplify substantially: a = 1 and thus the TM and TE cases are equivalent, yielding:

£, 1-8 1-%2 e [(1-2Y)

For _ _l3 R:( ) — % (9.104)
E; 1+6 1+ 1+8 1+ 2

~ 2 2

E 2 2 2 z 2

e 7-:5( ) =2 y (9.105)
By 1+8 1+% 1+8 £ \1+ 2

We will see that we get similar equations for transmission lines and waveguides. The
concept of “impedance matching” becomes apparent: when the wave impedances of
the two media match, then R = 0.

For the special but frequently encountered case pu1 = 2 = po, 8 = Zi1/Z» reduces to
ny/n1 = vi/vo and we recover the results for a wave on a string from Ph2/12:

%),r:m—nz _w-w R:(M)zz(ﬂf (9.106)
Ep,i ny + o 2+ vy ny + ny 2+ v

E 2 2 2 2 2 2

Foe _ _2m _ 2w T (i) - ( i ) (9.107)
EO,i n 4+ no Vo + v ny \n + m 2 \v2+vi
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Typical Behavior

We first show the simplest case p1/pp = 1, which implies np /ny = (22/21)71 = B.

Notice how, for i, = 14, ffit, = 1.0, = 14

nzlp, = 0.7, Hz/lhf lr.O, Bf 0;7 .

the np/m < 1 2T T T T
' M), ref [ M), refl.
case, the o ) e Lo [ e
P bkrp. (76) el - : . (TE). refl. 3.
:

transmitted field
amplitude exceeds
unity but the 1
transmitted power
T does not and, in
particular, how the
transmitted field o
amplitude appears
to diverge but the
transmitted energy
vanishes at E s e e !
1R = '
sinflnz/nl_ 0. :
These behaviors L 3
are simultaneously o 3
i
i
i

perp: (TE), ransm

perpi(TE), transm

LTI

EJE, EJE,
A

Ll

possible because F
of the a8 L
pre-factor in 7.
For both cases of L
ny/ny, notice also 02 -
the nonmonotonic L Pr et 1

e | 6 1

R, T

/| B 4

behavior in R and 00F: e
T near the 0
Brewster Angle

(0, to be defined later) for the parallel incidence case: this behavior occurs because the reflected field, while
monotonic, passes through zero, requiring the squared quantity R to be positive, zero, and then positive again.
Note also that the transmitted field does not pass through unity magnitude even though 7 does. Both this
behavior, and 7's non-monoticity, occur because of the « prefactor, which starts at 1 at normal incidence and
then grows with 6;.

80

40 60 40 60
angle of incidence [degrees] angle of incidence [degrees]
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Now we allow py/p1 # 1. In general, 8 = Z1 /Zy = (n2/n1) / (12/101), so we first take a value for ny /n; > 1
and consider different cases for pp/py such that all three cases for 8 — 1 are explored, and then we do the same
for np/n; < 1. In the 8 = 1.0 case (pp/p1 = np/ny), we have impedance matching and thus unity transmission
at normal incidence, but the deviation of 15 /p1 from unity results in nontrivial behavior away from normal
incidence (a # 1). Notice how 9‘;—M = G;E = 0 for 8 = 1.0 and how the TE and TM behavior in energy are
identical (though not in field). There is no 6 1jg because ny/n; > 1.

n,/n; = 1.4, W/, = 1.4, = 1.0

ar_(TM), refl.
r.{TM), transm. -
perp. (TE), refl

perp:(TE), transm.

P

o. )
-t /4
@ f A

o /

L ) i
L / ]
L y, ]
0.2, - b
L S i
T el L
Lex e 1
0.0 RO it
0 80

40 60
angle of incidence [degrees]
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We now consider values of 15/ that change the sign of 3 — 1 for the chosen value of ny/n. G;E appears for
B=21/Z, <1and BgM for B > 1. Again, we have no Oz because ny/n; > 1.

n,/n, = 1.4, u,/u,=1.7,=0.8 n,/n, = 1.4, u,/u, = 0.6, B=2.4

ar (1), el
ol E

. (T 1

par{TM), transm. - = - -
rp. (TE), refl, — 3~

perp:(TE), transm. — & —

rp. (TE), refl, —%.-om
perp:(TE), transm. — i —

!

EJE, E/E,

R T

04

02

0.0

40 60 80 [ 40 60
angle of incidence [degrees] angle of incidence [degrees]
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In this case, we hold the sign of 3 — 1 fixed but allow the sign of pp/p1 — 1 to change. We see it is not pp/pq
that matters but rather it is 8 = 71 /Z;.

n/n, =14, ,/u,=1.2,=1.2 n,/n, = 1.4, u,/u, =0.8, =17
o ' ar (T, e E E ar (), el E
F ' par (M), transm. — £ - - F par {TM), ransm. — < - -
F ' 1p. (TE), refl. F (TE), refl. —-3-mom
E ' perp3(TE). transm. E perp;(TE), transm. — % —
B i - 0 g
e f - ' ]
uuer i o 3 ]
o F ' £ ' |
L F i E i ]
uf . £ . ]
3 1 3 ]
E g E 1
10F =t -
L ' . L
o. 1
L H L ]
0. L
oL : i ]
¢ [ i L ]
0.4 : .
L ' L ]
0.2 T o ,
L ' -~ b o
L - o L S W
C o E e ]
00 T i 1
0 80 0 80

40 60 40 60
angle of incidence [degrees] angle of incidence [degrees]
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We now take ny/n; < 1, which yields a 67z for these and the remaining cases. Here, we again consider the
B = 1 special case, for which we again see G;M = 0;5 =0.

Section 9.3.7

n,/n,; =0.7, w,/y, =0.7, = 1.0
T

ar. (TM), refl

r{(TM), transm. — = - -
rp. (TE), refl. —-3.——

perpi(TE), transm. — § —

}

B

LT

i
[

)
'
]
'

Liliiii

o

1 B
j

Ll

Lop

:
i

[ o 1
|

40 60 80
angle of incidence [degrees]
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We now change the sign of uy /@1 — 1 to change the sign of 8 — 1, yielding B;M for 8 < 1and 8,73—5 for 8 > 1.

Section 9.3.7

R T

nzln,—07 W/, =1.7, =04

n,/n, =0.7, W/, = 0.6, = 1.2

ot (TH) 1.

perpH(TE), tranem.

v
Fi
LT

i o (T, e

i perpA(TE), trdnom

LT

Ll

Ll

IR

E B
E ™ o
pv - -
It 1t i \ B
¥ 1 : \ ]
- % 1r : i
o — 1 1 5
L T ' 1t : h 1
L S 1+ i i 1
0. L : |
C I 1F | ]
L 7 1 b ! 4
04 A :
[ [ 110 i 7
L ' 1F 1 ]
o2l s ' 17 \ f 1
“F 14 Bg 4 F . {16 4
[ Vi 1r i / ]
L o 4t MG 1
0.0 o
[ 40 60 80 0 40 60 80
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Typical Behavior
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Here we again see how [ is more important than pp/p1: we change the sign of py/p1 — 1 while holding the sign
of B — 1 fixed and we see the behavior is qualitatively unchanged.

n,/n; =0.7, w,/p, = 1.2, = 0.6 n,/n; =0.7, u,/y, = 0.8, 3= 0.8
g ar (7). 1ol sar_ (). el
A par. {TM), transm. — < - - par. {TM), ransm:
T 1p. (TE), refl. —-5.-.— perp. (TE), refl.
T perp;(TE), transm. — i — perp (TE), transm.
T
o E I | 1
a f A i H ]
“oE 5 ' A ]
g F B ] i = ]
e P e ] [ ]
ui [H 3 e i ]
r i B 1 : | B 1
E : 9;»: ] : o H 1
b ! | ' 1
o JE AT 1T R ]
b S B [ 1
oaf & 1f . ]
r 5 1t ' i ]
r 1 4 F ' 1 -
I L I ]
i ”n 4
i il
i A g
1t ' il ]
) : I
¥ T
L ] /1 O i
[ g, ,’( ] 1
1F e ! ]

80 0 20 80

40 60 40 60
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Understanding the Signs and Magnitudes of the Transmitted and Reflected
Fields

> Sign of transmitted wave
To understand the sign of the transmitted wave, we just need to notice that «
and [ are always positive numbers. « is always positive because 6; and 6, are
restricted to the first quadrant. Therefore, all the quantities in the expressions
for Eg,; are positive, and thus the transmitted wave always has the same sign
electric field as the incident wave.

Since /I;,- -nand Et - have the same sign and Ho k x E we may also conclude
that the sign of the magnetic field of the transmitted wave is unchanged.
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» Sign of electric field of reflected wave (general case) and Brewster’s Angle
The sign of the reflected wave depends on the sizes of « and 8. What general
statements can we make?

We know that, for a given pair of media, either sin;/sin6; < 1 or
sinf:/sinB; > 1 is true for all angles because this ratio is set by Snell's Law,
sin0;/sin0; = n1/np. Since sin and cos are monotonic over the first quadrant,
we can conclude that a = cos 0/ cos 6 is also either smaller than or greater
than 1 for all angles, with the case being determined by nj/na:

ny sin 0¢ cos 0+
—>1 = - >1 <= <l <= a<1l (9.108)
n sin 6; cos 0;
ny sin 61» COSQ:
—<1l = —<Kl1 = —>1 <= a>1 (9.109)
n sin 0; cos 0;

However, 8 = Z1/Z, = (n2/n1)/(p2/p1), so the size of na/ny relative to unity
does not completely determine the size of 3 relative to unity. No generic
statement can be made about the relative size of «, /3, and 1/5.
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Section 9.3.8

That said, we can make conditional statements that depend on whether we are
considering the parallel (TM) or perpendicular (TE) incidence cases and
whether 3 is smaller or larger than unity. We break this up into two steps: what
is the sign of the reflection at normal incidence, and whether that sign changes
as the angle of incidence changes:

> Sign of reflected wave at normal incidence, 0; = 6; = 0 (parallel (TM)
and perpendicular (TE) incidence degenerate at this angle)
The sign of the denominator of the expression for the reflected amplitude
is always positive, and @ = 1 because #; = 6; = 0 at normal incidence, so
the sign of the reflection at normal incidence is set by the sign of the
numerator 1 — 3, which is set by the ratio of the wave impedances:

z E
if 8= na/m =2251 —  sign <~O’r> <0 (9.110)
6;=0

p2/m 22 Eo,i
Z E
if B= mim _ A4y sign [ =" >0  (9.111)
p2/m 22 Eoi /g0

> Does the sign of the reflected wave change with angle of incidence?
We can answer this question by determining whether there is an angle at
which zero reflection occurs. If so, the sign of the reflected wave will
change from its sign at normal incidence to the opposite sign. Whether
there is such an angle depends on the relative sizes of o and 3. We will
call this angle Brewster’s Angle, though that nomenclature generally only
applies for the case p1 = pu2 = po, which we will consider shortly.

Understanding the Signs and Magnitudes of the Transmitted and Reflected Fields
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> Parallel incidence (TM)
The condition for zero reflection is a = . If we square this

requirement, use a trigonometric identity, and use Snell’s law, we
find

2
ny .

1-— —;smz 93
m

g -1

=p? < sin’6g= >
p-3
n

B 9.112
1—sin’6g ( )

It is clear that the condition is driven by 8 = Z1/Z>, the ratio of the
wave impedances, and n;/n2, the ratio of the indices of refraction.
We have to consider multiple cases to determine when there is a
solution for fg, which can only happen if the above expression takes
on a value between 0 (numerator and denominator have same sign)
and 1 (numerator smaller in magnitude than denominator):

Z
o= M Ay need ™ sp, 2 B2 (9113
2/ 7> m moop
V4
if 8= n2/m =2lc1l = need2<1, 2o (9.114)
w2/pr 22 m nom
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Section 9.3.8

> Perpendicular incidence (TE)
The condition for zero reflection is « = 1/3. Repeating the same
process to find a solution, we have

2
1_%Sin293 in20 éil (9.115)
—_— = = < sin = .
1—sin20g B2 BT ®
gz

This is basically just the converse of the TM case, so the same set
of requirements for a solution for g implies

V4
it op= M Dy e <1, ™5 P2 (g116)
w2/pr 22 m nom
V4
op=TM Ay need ™y 2 H2 (g7
w2/pr 22 ny m g

Note how the pairing of the two n2/n; conditions changes between the
TM and TE cases. The above behavior was seen in the plots prior to this
section.
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> Sign of electric field of reflected wave, and Brewster’s Angle, for p1 = p2
This case is typical for everyday experience; there are few light-transmitting yet
also v # po materials. We can be much more specific in this case because now
B = 2Z1/Z> = na/ny and there is a clear relationship between a and 3, which we
may now rewrite as

no cos 0

Ms1 = p="<¢1 and a= <1 (9.118)
no n cos 0;

0
Bl = =251 and a="2"t>1 (9.119)
ny ny cos6;

Considering the two cases separately:

> Parallel incidence (TM), u1 = po
Since o and 3 are both either < 1 or > 1, it is possible for « = 3 to be
true and therefore the sign may depend on the angle. At §; = 6; =0, we
have a = 1 identically, so the sign of the reflected wave is 1 — 3, which is
positive if 3 < 1 and negative if 8 > 1. This sets the polarity of the
reflected wave for small 6;.

To understand the polarity of the reflected wave for larger 6; # 0, we then
have to ask whether it is possible for the polarity of & — 8 to change as «
varies with 6;, which would happen if there is a zero in oo — .
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Section 9.3.8

To solve for this angle where o = 3 (Brewster’s Angle again, 6g), we can
square the ratio of cosines so it can be written in terms of sines, then use
Snell's Law to obtain:

1-— :—z sin? 0 n2 2
2 =2 = sinflp=—52 (9.120)
1—sin“0p ny ni + n3
o z Brewster's
< |tanfgp= — =pF=—=  Anglefor (9.121)
m 2 =

Note that 0 < 05 < 7 /4 for no < n; and w/4 < 0g < w/2 for ny > ny.
Therefore, we may summarize this case as (using 1 — 3 = (n1 — n2)/m):

sign of reflected wave for parallel incidence (TM) and p1 = po : ‘

E
0<6; <0g: sign| =2 )= —sign (3 - 1) (9.122)
Eo,i m
. . EO,r . n
O < 0; < Omax : sign| = =sign| ——1 (9.123)
EO,i n

Omax = sin—1 (min (1, ”2)) (9.124)
n
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> Perpendicular incidence (TE), p1 = po2
The perpendicular incidence case is easier to analyze. At normal
incidence, o = 1 again and the formulae become identical to the parallel
incidence case, giving us the same behavior: the reflected wave is positive
if B < 1 and negative if 5 > 1. This common behavior must hold, as the
parallel and perpendicular cases are degenerate for normal incidence.

To see if there is an angle at which the sign of the reflected wave can flip,
we need to know if there is an angle at which the reflected wave vanishes.
It is easy to see there is not: for 1 — a8 to vanish, we require o = 1/p.
For the case u1 = pa, we thus require @ = n1/ny. But we saw above that,
when 1/8 = ni/np > 1 we have a < 1 and when 1/8 = n1/ny < 1 we
have oo > 1. Thus, there is never a zero in the reflected wave, and the
sign can never flip.

Therefore, we may summarize this case as:

sign of reflected wave for perpendicular incidence (TE) and p1 = pp :

E
0<0; < Omax: sign| =2 | = —sign (E - 1) (9.125)
0,i m

Omax = sin L (min (1, 3)) (9.126)
m
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» Practical Implications of Brewster's Angle
Because the reflected amplitude for parallel incidence goes through a zero
at O, it is small for angles near 05. For the everyday materials water
(n=1.33) and glass (n &~ 1.5), this angle is 53° and 56°, which is a
typical viewing angle. This explains why polarized sunglasses reduce glare:
by blocking the reflected polarization that is perpendicular to the plane of
incidence (TE), they block the only component of the reflected wave that
has appreciable amplitude. They are designed to pass the parallel
component because it has no reflection near Brewster's angle. Be sure to
get the orientation right: if the interface is a horizontal surface, then that
plane is actually parallel to the surface for light coming from above, so
the plane of parallel incidence is vertical for the viewer.
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» Relation between sign of reflected wave and possibility of total internal reflection

Section 9.3.8

Both sets of equations imply that total internal reflection occurs only if np < ny,
which also implies that the sign of the reflected wave at normal incidence is
equal to the sign of the incident wave. Thus, the two conditions are equivalent:

no sign flip at normal incidence <=  total internal reflection possible

Sign of magnetic field of reflected wave

For any of these cases, we can obtain the sign of the magnetic field of the
reflected wave by applying the rule Aok x E to the reflected wave. From this,
and from the sign flip of k, - n relative to k n, we can conclude that the
magnetic field of the reflected wave has the opposite behavior as the electric
field in both the parallel and perpendicular cases: if the electric field receives a
sign flip, the magnetic field does not, and vice versa.

Understanding the Signs and Magnitudes of the Transmitted and Reflected Fields
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Electromagnetic Waves in Conducting Matter

Maxwell's Equations and the Wave Equation for Conductors; Plane-Wave
Solutions

The primary distinction between a conducting medium and a nonconducting medium
is that Ohm'’s Law is now obeyed, Jr = o E. Incorporating it into Maxwell's Equations
for a linear medium gives

Lo Lo . - 0B . - oE
V-E=P V. B=0 VxE+Z2=0 VxB-poE-—eni==0
€ ot ot

(9.127)

Do we need to worry about free charge? No. If we combine the continuity equation,
V - Jr = —0pr /Ot with Gauss's Law, we obtain

Opr = = _ O
Se=c (V-E) =" pr (9.128)

The solution to this equation (with o /e > 0) is a decaying exponential in time,

pr(t) = pr(t = 0) exp(—t/7) with 7 = €/o. Thus, any free charge decays away. The
time constant for the decay as compared to the relevant field variation timescale (the
wave oscillation period T = 27/w) is a measure of how good the conductor is at the
frequencies of interest: for a good conductor, one must have 7 < T (or, equivalently,
wT K 1, neglecting the 2 7). Regardless, the appearance of any free charge is
transient, while we will see the wave, though decaying in space, is stable in time.
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Assuming this condition is satisfied, we then have again a homogeneous set of
Maxwell’'s Equations:

L. Lo . - 0B . - oE
V-E=0 V-B=0 V><E+—t:0 VXB—uaE—eua:O
(9.129)
We may do as before to obtain wave equations:
- PE OE = ”B 9B
V2E = - V2B = -— — 9.130
Mo ton ot Mo ton ot ( )

As we did for nonconducting matter, we assume plane wave solutions because any
solution can be built from them by linearity (now using complex notation instead of
real sinusoids for convenience, as we will see):

E(Ft) = B el(Fr=wt)  B(f 1) = Byel(kF-wt) (9.131)
We dispense with repeating the proof that K and w are the same for E and B (the
proof is similar in form) and simply assume it and check it below. We determine later

the relation between Eo and éo (including any possible &, which they absorb when
using complex notation).

Section 9.4.1 Maxwell's Equations and the Wave Equation for Conductors: Plane-Wave Solutions

Page 621



Section 9.4 Electromagnetic Waves: Electromagnetic Waves in Conducting Matter

Plugging in, one obtains an equation for k-k (which we do not write as \l?|2 because
the right-hand side is complex! It was real for non-conducting matter):

kik=epw?+iopw (9.132)

We take the square root, yielding

- 1 w 27 €
Vk-k=k+i = ey = ey = = — (9.133
iR Ve VER T e M kep TS ( )
T 1/2 1/2
1+ 55 +1 1+ 55 —1 1
k = kep “2T K= ke “’2 =3 (9.134)

The wave thus takes the form

E(E t) — EO 67(;'7/6)6"(‘(;‘,7“) t) B’(’—_: l’) — §0 ef(;i'/é)ei(k;-r—fw t) (9135)

which is a plane wave propagating in the direction k with propagation constant k,
wavelength A = 27 /k, speed v = w/k = Av, and index of refraction n = c/v, but
with decaying amplitude. The decay length is the skin depth, 6 = 1/k. Notice that
the time dependence is unchanged and still given by w and v while the spatial
dependence has been modified. Note also that, while the wave decays in space, it is
oscillatory (stable in amplitude) in time.
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Let's consider two limits, the poor conductor limit and the good conductor limit:

»> Poor conductor limit
This is the limit w7 > 1. (Note that we have to wait many wave periods after
the appearance of the wave in order for the free charge to decay away because
w7 > 1 (7> T/2m), but we do reach pf = 0 if we wait this long.) The second
term under the inner square root is small and one can Taylor expand to obtain

k3t ke KHE 1 )—&-I]I/sz (9.136)
V2 2 w272 i '
11 2k Z
RT3 Kl 4= ) - 1] oo T B 2T g q37)
Veu V2 2 w22 2wt 2V e 2
2 2 2
gerxt 2 /€ L (9.138)

o 14 B Zeug N Zeu

In this case, the wave propagation speed and wavelength are the same as in a
nonconducting medium. The form for the skin depth is particularly interesting
because it involves the ratio of the resistivity and the wave impedance, which
connect to the Ohmic and displacement currents, respectively. We can write the
skin depth another way, now using the wavelength in the medium:

2 2
53t k“” = % Aep > Aep (9.139)
en

27/T > 1 counts the number of wavelengths over which the amplitude decays:
in a poor conductor, the decay of the wave happens over many wavelengths.
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» Good Conductor Limit

Section 9.4.1

Similarly, we can take the good conductor limit, w T < 1, but here without the
caveat on waiting for the free charge density to decay. Here, the M%Tz term
dominates the square root, so k and x converge to the same value:

1
ki TS Y [ . 2} / 1/’“’“’ (9.140)
Vep |2V w?T éu

2
§UISt = (9.141)
How

There is no propagating wave because the decay constant and the propagation
constant are the same; put another way, 6 =1/k = 1/k = A/2m, indicating the
wave decays in about 1/6 of a wavelength!

Notice how ¢ becomes irrelevant for a good conductor. We will see that Z, is
effectively replaced by Zy ~ 1/0d so § ~ 1/Z, o, a form similar to the poor
conductor case. However, Z, < Z, for a good conductor, so H ~ E/Zis
much larger than it would be for the same E in a poor conductor. This
expresses the fact that, in a good conductor, the Ohmic currents dominate over
the displacement current.

Maxwell's Equations and the Wave Equation for Conductors: Plane-Wave Solutions
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Motivated by the above, we can rewrite the important parameter 1/w T as o /e w.
Referring back to Equations 9.130 and 9.132, we see that this quantity is the ratio of
the Ohmic current to the displacement current. One can consider e w to the “effective
conductivity” for the displacement current or o/w to be the “effective permittivity”
for the Ohmic current. The latter will recur when we consider a dispersive matter
model for conductors. We will also return to dominance of Ohmic over displacement

current in good conductors.
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General Results

Coming back to our general plane-wave solution, we write (with 1 defining the
polarization of E)

E(F,t) = Eye—(k7/0) gi(kk-r—wt) (9.142)

and we use the V x E equation to find

. K+ik ~ ~ SN
B(F,t) = “T17 B & x e (R7/9) gilkkr—wi) (9.143)
w
We may write
511/2
ktin=Ke? K=k +r2 =k 1+<U)} (9.144)
EwW
R 1/2

. 1+(Z) -1
tan¢ = Pl ey (9.145)

1+ (%) +1

Motivated by the discussion on the last slide, we have rewritten 1/w T as o/ew.
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With the above definition, we can more simply write the relation between the phases
and amplitudes of E and B:

B ki Kel ¢ i¢ 271/4
Bo _ktin _Re? _e [1 + (i) } (9.146)
Eo w Kep Ve Vep €w

We see that there is now a phase shift between electric and magnetic fields, with the
magnetic field lagging behind the electric field. The amplitudes are related in a
somewhat complicated manner that depends on the wave velocity as before but now
with a modification factor that depends on the conductivity.

It now also makes sense to introduce the relation between H and E using H= é/,u:

~ B(F k ~ N T
fi(r ey = B8 _ kb Tr g g fe(k/8) gilkkr—wr) (9.147)
7 wp
Fo 1B i¢ 24 Gid 24 1
To_2_ € [1+(i>] = £ {1+(i)} == (9.148)
Eo pn Ey Vep W ew Zep cw 7

where we have defined a complex wave impedance Z for the conductor in the same
way as we defined the wave impedance for a nonconductor. The auxiliary field
acquires the same phase shift as the magnetic field except that it is now the complex
wave impedance — the wave impedance with the same modification factor — that
relates the electric and auxiliary fields.
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Again, taking some limits:

1 o Bo 1 ﬁo 1
poor conductor: — = — K1 = = — E — (9.149)
wT  €w Eo Veu Ze#
1 é iw/4
good conductor: — = T s = X, ¢ Z (9.150)
wT Ew EO Ve EwW
i:, in/4
=25E Zz (9.151)

[:—:0 M cw
In a poor conductor, the relation approaches the nonconducting case (as we expect).

In contrast, in a good conductor, the magnetic and auxiliary fields are enhanced
(because there are free currents to enhance the magnetic field but no free charges to
enhance the electric field) and they lag the electric field by exactly 7/4. Why 7 /4 and
not /2?7 The two current densities are J;y = iewE and Jf = o E. So

|Jd\ ew/o|Jr| < |J¢| in the good conductor limit, and thus the imaginary piece

i 0w dominates the right side of the wave equations, Equations 9.130, and therefore
K-Koci=el™2 Butitis (k-k)/2/w = (k + i k)/w that appears as the coefficient
relating E to B (from Faraday’s Law), so then (k + i x)/w o e 7/* hence the /4
phase shift.

In a poor conductor, the ohmic term is negligible and so we only get the piece due to
Jq = €DE/Ot. It is in phase in spite of the 9/0t because OE /Ot is related by Ampere's
Law to §pa;cia| derivatives of B, which introduce a canceling factor of i = e' /2. This
causes k - k to be real and positive, so no additional phase is introduced.
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For the good conductor case, we can rewrite the relation between the electric and
auxiliary fields in a more suggestive form if we recognize the skin depth is present:

1 _ Ho _ i /4 \/E: em/4\/€\/z (9.152)
Z E Zey, €w wVew
. 22 1+ 1471
_ o/ /%m: ;“’ms; ;’7 (9.153)
(e

where Z, = 1/0 ¢ and € has vanished from the expression! Why does the ratio have
this form? In a good conductor, the fields, and thus the ohmic current density, decay
to zero over the distance 6 — the bulk of the current flows in a layer of thickness §. If
we imagine integrating this current over the skin depth to get an effective surface
current density, we would multiply J =~ o E by ¢ to get K = o §E and thus

K/E =~ 06 = 1/Z,. Recall that H has the same units as K, so it makes perfect sense
that H ~ K and the ratio H/E ~ K/E =~ 1/Z,. The prefactor is only present to take
care of the phase issue, and it has (almost) unity magnitude. In fact, we can define
the surface impedance of the conductor by

2
Z = Z,=(1-1Z == 9.154
51+i"(')” Z E Z ( )

We will come back to this quantity in the context of waveguides with good but not
perfectly conducting walls.
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Energy Density, Poynting Vector, and Intensity

We calculate these using our standard formulae, now taking the real part as needed:

(

(u)

DR DR NR
o)

N | =

$)= %R (G

k2 |~ 2
= ET‘E()) e
k2,

<8) -l

(e ‘Eof + l ’Eor) e—(2E-?/5)

( ‘EO) tez? ‘Ho‘) —(2%7/9)

o ([l )

(2k-7/8) _

( >‘E‘ —(2k-7/6)
12|

2k-F/8)

2 Vep
K -2 o2Vt o
:EVEMG Eo‘ {lJr(a) } e (2k-7/9) cos ¢
k i ~ k
= 5 Vep € P ’Eo‘ ef(zk"/é) cos ¢ = k ;“ Vep (U)

)

{1 + (i)z} o cos ¢

(9.155)

(9.156)

(9.157)

(9.158)

(9.159)

(9.160)

(9.161)

(9.162)

where we have written (u) in two forms, one involving the propagation constant and
the other involving the wave impedance.
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Let's take the poor conductor and good conductor limits:

l/wT =0/ew <K 1, poor conductor:

() > %e E|* e k7/9) (9.163)

()= Eve |8

‘ 2

‘2 e CR79) cosg = veu(upk T— veulu)  (9.168)

The poor conductor expressions match our expressions for a wave in a nonconducting
medium except that they decay with depth as one would expect.
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1/wT =0/ew > 1, good conductor:

1[4 [8)

(u>_> ‘Eo‘ Ze —(2k-7/8) — e~ (2K:7/9) (9.165)
<5>H e B[ e C \/>f Z\Jo |Bo| e CE79) 5k (9.166)
=ws(u)k I— wdlu) (9.167)

From the above, we can calculate the total power dissipated in the conductive medium
per unit area. We just need to know how much power flows in per unit area at the

k- F=0 plane: the wave is propagating along k, and there is no power flowing
backward along k. This power flow at k- 7= 0 is I(k - ¥ = 0) because the plane we
are considering has normal k. Therefore, the power dissipated per unit area is

dl;zss —1(k-F=0)= % ‘JB‘ ‘Eo‘ 5= % ‘J~o) ‘Eo

1)
- 9.168
3 e
which is as one would expect: ’]0‘ ‘Eo‘ /2 is the Joule power dissipation per unit
volume (including time-averaging, and note ‘]0’ ‘E()’ = JB . I_Eo because the Ohmic

current, which dominates Jﬂfor a good conductor, is in phase with the electric field),
and §/2 is the energy decay length and so provides the thickness over which that
power is dissipated to give a power dissipation per unit area.
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Reflection at a Conducting Surface

Because free charges and currents are now possible, our boundary conditions differ
from those for an interface between two nonconducting media (using the form that is
symmetric between E and H):

n- [61 E — 6252] =of n- [Ml Hy — 12 HQ] =0 (9.169)

5 [El - E}] 0 5 [F/l - ﬁz] = (Kf x ﬁ) 5 (9.170)
If we restrict to conductors that obey Ohm's Law, J_}: O’E, then we may conclude

Kf = 0 because the current singularity of a surface current requires a singularity in the
field, which cannot happen.

The general case is very complicated to analyze; a measure of the difficulty is that not
even Jackson tries to do it! Let's consider only the case of normal incidence. Since

n- E =0, we have of = 0 and the situation is similar to analyzing the case of
nonconducting media.
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Recall our vectors w and U in the plane of the interface. Our three expressions for the

fields are
_ - P, - 1 -~ P,
Ei(F,t) = BojwekinT=e D) Hi(F,t) = By aelkinm=wt  (9.171)
Zepn
E.(F t) = By, we(ZkimF=wt) A (Ft) = — Eo, Gel(mhim=wt) (9172)
ep,1
2o = (ke AF—wt) g kitike = g mr—wt)
Et(r,t) = EO,t w e\t Ht(f, t) = 7E0’t ue'\t (9173)
H2 w
X e—("@r n-r) X e_('*‘ n-r)

where Z., 1 = \/p1/e1. Inserting these expressions into the tangential boundary
condition equations (the normal BC vanish because of normal incidence), evaluated
with 7 = Z and at z = 0, we obtain

Eo,i + Eor = Eo,e (9.174)
1 ~ ~ ki + ikt ~
[Eo,,- - Eo,r] =TIt E, (9.175)
Zepn pow
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Solving, we obtain

E 1-8 E 2
For _ (128 AL (9.176)
Eo,,‘ 1+ 6 EO,i 1+ /8
- Z V4 K, el ¢ K, el ot
with = 281 (g 4 jry) = St €7 _ g Pee (9.177)
M2 w Zepp W/ Vep,2 kep,2

wher'e Zepi = /pi/et, Zepo = V)€, Vepo = 1/ /@2, kepp = w/Vep,2,
Kie ®t = ke + i ke, and B = pu1 mp/pip . = Zey 1/ Zep,2 was defined in Equation 9.87.
The reflected power is

1-58

1+8

2 2

EO,r
Eo,i

R = (9.178)

The expression for the transmitted power, if calculated directly from the Poynting
vector in the conductor, is rather complicated. Instead, one can just use 7 =1 — R.

These expressions are very similar in spirit to the normal incidence equations for _
nonconducting media, Equations 9.104 and 9.105, except that 3 is replaced by 3. Of
course, this causes the reflected and transmitted waves to acquire nontrivial phase
shifts relative to the incident wave.

Section 9.4.4 Reflection at a Conducting Surface Page 635



Section 9.4 Electromagnetic Waves: Electromagnetic Waves in Conducting Matter

As usual, let's take the poor conductor and good conductor limits:

i:i<<1 poor i:i>>1 good
wT cw conductor wT cw conductor
~ ~ Zeu,l 1414
— - —=
B B Tt
E - E
Bor , (17) Eor , 4
Eo i 1+8 Eo,i
E 2 E
2o (125) =3
EO,i 1 +B EO,i
1-8\?
R—=|—— R—1
1+8
5 2
T— (—) Tk1
A 1+

(9.179)

(9.180)

(9.181)

(9.182)

(9.183)

(9.184)

The poor conductor limit is the normal incidence case for two nonconducting media,
Equations 9.104 and 9.105, and the good conductor limit gives perfect reflection with

a sign flip for the reflected wave.

The case of a wave not at normal incidence becomes more algebraically challenging
because three of the boundary condition equations are required and two of them
involve the angles of incidence and transmission, as we saw in the nonconducting case.
The complex nature of k + i k further complicates the situation. You will calculate an

approximate solution for this case in homework.
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Electromagnetic Waves in Dispersive Matter
Classical Model for Frequency Dependence of Permittivity — Dispersive Matter

All of the parameters we have been working with — o, u, and € — are generally
frequency-dependent. The one that is usually most obvious is the frequency
dependence of the dielectric constant; this is, for example, how a prism works to
disperse optical light, via the frequency dependence of € and thus of n~ y/¢/€,. This
dependence of the speed of light on frequency is, therefore, called dispersion.

We will build a simple model for dispersion. The key elements of the model are:

» Electrons in a nonconducting medium are bound to their locations and can
move around the minimum of the potential. Any (reasonable) potential looks
quadratic near its minimum because the first nonzero term in a Taylor expansion
of the potential near a minimum (dU/dx = 0) is the quadratic term. So we
assume the electron moves in a quadratic potential and hence feels a binding
force

Fhinding = —mw3 x (9.185)
where x is the displacement from the equilibrium position and wyg is the natural
frequency of the oscillation. The assumed quadratic potential is
U(x) = mw? x2/2.
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» There is some damping force by which the electron can lose energy as it

Section 9.5.1

oscillates about the minimum of the potential. In most materials, this damping
force is from emission and absorption of phonons (quantized crystal acoustic
vibrations). This can also be thought of as “scattering with” phonons, which
will become relevant when we consider the “conductor” limit later. The
damping force is assumed to follow a standard damping force law

dx
Fdamping = —my E (9.186)

The m is extracted from the damping coefficient for simplicity later.

There is an incident electromagnetic wave with electric field polarization such
that it drives the electron in the 4x direction:

Fariving = 9 E = q Epg coswt (9.187)

The wave angular frequency w and the natural frequency of oscillation wg are
not assumed to be the same.

Classical Model for Frequency Dependence of Permittivity — Dispersive Matter
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The resulting equation of motion for the electron is

d?x
m ﬁ = F = Fbinding + Fdamping + Fdriving (9188)
d?x dx 2 q
== > — =~ Ey coswt 9.189
gz T g WX = Focosw ( )

You've seen this equation, the driven, damped simple harmonic oscillator, in Phla and
Ph106a. You know that we switch to complex notation so that the right side becomes
Epe~'“!t and we assume a harmonic solution X(t) = Xpe~'“t. Plugging in this
solution gives an algebraic equation that can be solved for Xy, which gives the
amplitude and phase of the solution:

% = # E (9.190)
wg —w? —ivyw

From this, we can calculate the dipole moment of the electron, which will lead us to
the polarization density of the medium:

2/m _ .
B(t) = gx(t) = — 9/ Ege 'wt (9.191)
0

w2 —w? —iyw
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We can obtain the polarization density by the usual formula of summing over all the
electrons. Suppose there are multiple electrons per atom or molecule (which we will
term a “site”) with different binding and damping forces. If there are f; electrons per
site with natural frequency w; and damping ;, and there are N sites per unit volume,
then the polarization density is

. Ng? f; N
P=— ———F | E 9.192
m ;wf—WQ—i’ij ( )

where E and P are complex vectors. Clearly, there is a proportionality between E and
P, and we may define a complex susceptibility, Xe, complex permittivity, €, and
complex dielectric constant, ¢,

S = - € . N g2 f;
P=XeccE = &=—=1+Xe=1+ > 5——5—— (9.193)
€o meéo wjfw —Ivjw

We will use this complex permittivity in the wave equation for EM waves.
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Wave Solutions for Dispersive Matter
With the complex permittivity, the wave equation becomes

. 82E

2 _~
v E_€l"’°¥ (9.194)

with € being a complex number. If we assume a plane wave solution, this becomes
very much like the wave equation in conducting matter:

complex permittivity: k- k Eg eil(kF-wt) o w? By ei(k7=wt) (9.195)
conducting matter: k- k Eg ei(kF-wt) — (euw2 +iopw) Eo ei(k7-wt) (9.196)

So, as with conducting matter, we define a complex propagation vector

K- k=euow? — VK -K=k+ir (9.197)
and the wave obeys
E(F, t) — EO ef(m/k\-F‘) ei(k?-F'fw t) (9.198)

The wave speed is v = w/k, the index of refraction is n = ¢ k/w, and the intensity
(energy, power) attenuation constant is & = 2 k.

Section 9.5.2 Wave Solutions for Dispersive Matter Page 642



Section 9.5 Electromagnetic Waves: Electromagnetic Waves in Dispersive Matter
Now, let’s figure out what k and « are. Let's specialize to gases where the density and
thus the N-proportional term in €, is small so we can Taylor expand the square root:

k+m:\/zuow2:%\/§z% Z (9.199)

2meo ; - —I’yj

We separate the real and imaginary parts by making the denominator real to obtain

2 2
k N g2 G(w- —W)
n:iz1+2 g L (9.200)
w meéo =5 (wjz - w2> + 'yJ? w?
2 N 2 :
Z:m:i2 q g (9.201)
€ 2Mmeéo = (wf—w2) +7j2w2

Our assumption of a being small is very similar to the poor conductor case: the wave
propagates into the medium, with By = Ey/v = Eg n/c and with the magnetic and
electric fields in phase, and with the wave decaying over a large number of
wavelengths given by the ratio §/\ = k/(27 k). (There are no free charges in the
medium because the oscillating electrons are a bound charge density whose effect is
incorporated into €, so the caveat about the validity of this limit is lifted.)

We see how the damping terms «; are the equivalent of Ohmic losses in a conductor:
they lead to loss of energy from the wave. Because the current is a bound current,
Ohmic loss is absorbed into € rather than provided by an explicit o.
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Low-Frequency Behavior, w < wj
If the frequency is much lower than any of the resonant frequencies, w < wj, and the

damping term is also small, 7; < w (weak damping), then we may drop the imaginary
piece in the denominator of Equation 9.199 and Taylor expand the remainder, yielding:

Wy | N g2 j
— 9.202
" 2 meo Z 1+ ; (1 B uﬁ) ( )
N

2 Nq2 f:
=1 £ 4P
eyl ( ,) sl

We see the behavior consists of a frequency-independent offset of n from unity
combined with a quadratic dependence on frequency. This can be rewritten as

B
n:1+A(l+ §> (9.204)

This is Cauchy’s Formula, with A being the coefficient of refraction (the offset from
unity) and B being the coefficient of dispersion (the normalization of the
frequency-dependent, dispersive term). The rising index of refraction with frequency
reflects the increasing ability of the individual electrons to be displaced by the field
and thus the sites to be polarized as the frequency approaches the resonant
frequencies. This formula explains the dispersion of light by a glass prism at visible
wavelengths (see, e.g., https://en.wikipedia.org/wiki/Cauchy%27s_equation).
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The reason that the expression asymptotes to a constant at low frequency is that, in
this limit, the index of refraction is just the square root of the static dielectric
constant, which is determined by the polarizability per atom, «, which itself is set by
the effective spring constant for static distortions of the electron distribution about the

sites:
. O o _ 1pl
gE=F=kXx — p—qx—TE E a—ﬁ— (9.205)
Pl N N
— Xe = | ‘_, = |I1| = q i 6,—1+Xe—1+ (9206)
€lE|  €o|E]| €ok

We can see this behavior by applying the above Taylor expansion to the dielectric
constant (Equation 9.193, so no factor of 1/2), dropping the quadratic term, and

rewriting in terms of the spring constants k; = muws:

- €
e= = Z
Jj

(9.207)

el

The two expressions are identical, with the second one performing the necessary sum
over the number of electrons per state (spring constant) f; and the different electron
states j.
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Conductor Behavior, wg = 0, w < wj

If we neglect some of our assumptions and set wp = 0 but assume w < w; for j > 0,
we obtain (going back to Equation 9.199 and looking at €, not n, so no factor of 1/2):

N g2 f; Neg> 1 1
gr:jzlJriquHeiq + O(w?) (9.208)
€ 5 ki

€o €om Yo —iw w

where Ne = N fy is the number density of free conduction electrons (no restoring
force, hence w; = wp = 0 for them). Recalling our analogy between dielectrics with
complex permittivity and conductors,

K-K=[RE+iZ@)pow? +— k-k=(epw?+iopw) (9.209)
- (e—|- i 5) pw? (9.210)
w

_ _ Neq2 1 w/v K1 Neq2 1
— g_wz(aw@/_)_ R ) S e

(w/v0 < 1 implies the damping time 1/~ is much less than the wave period T.)
That is, a conductor can be treated like a dispersive medium with one “resonant
frequency,” wo = 0, which corresponds to totally unbound electrons with no restoring
force! Nonconductors have their first resonance at w; > 0. Thus, we can view
conductors and nonconductors in a unified way depending on whether there is a
“resonant frequency” at w = 0. As we noted in discussing conductors, o/w can be
considered to be the “conductive permittivity.”
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The reason our model can accommodate conductors is because it contains the
resistive damping that results in a terminal velocity for the electrons in the same way
that the Drude model results in a linear relationship between field and electron speed.
Recall our definition of the damping force from Equation 9.186, |Fgamping| = m~y v,
which we can rewrite as

1 v

= (9.212)
Y |Fdamping/m|

1/~ has units of time: it is the characteristic damping time. Recall also our Drude
model for DC conductivity, with

Ne g? X
S L. A (9.213)
2m Vthermal
Using Equation 9.211, which relates the two, we obtain:
1 A
v === -2 - (9.214)
‘Fdamping ‘/m Yo Ne q 2 Vthermal 2

where T is the time between scatters in the Drude model. Recall (Equation 7.3) that
Vave = (7/2) (q E/m) is average drift velocity in the Drude model and thus 7/2 is the
damping timescale for the motion driven by the DC electric field. That is exactly the
definition of 70_1, the damping time for the DC electric field.
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Plasma Behavior, w > w;

Again, we can ignore the damping behavior because now w >> w; (the w? — wf term

dominates and we can neglect its wjz piece), providing

w>w; Nq2 f; 1 UJFZ, W2 2
n — 1-— -~ =1—--=-—= = 9.215
2meozw2 2 w2 “p ; meo ( )

(Z = 3_; f; is the number of electrons per site.) This is the same relationship we
would have obtained if we had ignored Fpinging and Fgamping: this behavior arises only
from the force being given by the driving electric field. At these high frequencies, the
oscillation occurs much faster than any binding (w > wj) or damping (w >> ;) forces
can have effect and the electrons can be considered to be free. The asymptotic return
of the index of refraction back toward unity reflects the fact that, due to the electrons’
inertia, the distance they can move during one cycle of the EM wave, and hence the
polarizability of the medium, decreases as 1/mw? at high frequency. wp is called the
plasma frequency because, above this frequency, we see the behavior of a plasma of
free electrons.

Notice that n < 1 is possible in the plasma limit, yielding wave speeds that are larger
than c. Griffiths discusses how the group velocity of waves prevents a violation of
special relativity.
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Strangely enough, the plasma behavior can hold at much lower frequencies in tenuous
plasmas where the electrons are free and binding and damping forces are negligible,
with wf and ~; going to zero. In these cases, one has to return to the full permittivity
(Equation 9.193) because the approximation that n — 1 is small compared to unity
fails. In such cases, one has a permittivity

S=1-2 (9.216)

It is possible for this relation to hold even for w < wp, in which case, € becomes
negative. Note that this is not equivalent to the perfect conductor limit: in that case,
€ acquires a significant imaginary component, as we just saw in the previous section.
The implications of the purely negative € are that there is reflection at an interface
into such a medium (total internal reflection for all angles) and the field falls off
exponentially into the medium with skin depth and decay constant

=r=2 (9.217)

It turns out that this plasma phenomenon, not the perfect conductor limit, explains
the optical reflectivity of metals. There are resonances in the ultraviolet in metals that
then bring € > 0 and allow metals to be ultraviolet transparent. This phenomenon also
explains how the ionosphere reflects AM (500-1600 kHz) and shortwave

(2.3-26 MHz) radio waves. AM radio reflection off the ionosphere is better at night
than during day because the ionosphere cools and becomes more dense (wp increases).
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Near-Resonance Behavior
The behavior of the refractive index and skin depth near a resonance are shown below.

The decay constant displays a maximum (the skin depth displays a minimum) on
resonance because the system is best able to absorb (and dissipate) energy on

resonance.

The index of refraction takes on its continuum (w far
from w;) value on-resonance but displays a
characteristic negative slope behavior through the
resonance. This negative slope of the refractive index is
termed anomalous dispersion because it deviates from
the smooth behavior seen well below (w < wj) or above
(w > wj) the resonances.

One interesting feature is that, above w;, n can drop below unity, yielding v > c.
Another interesting feature arises from the anomalous dispersion. Let’s relate the
negative slope in n(w) to the group velocity to see its implications:

k dn c dk k dw %
— I _ = =Y (928)
w dv w dw w? dk 14 400

Since dInn/dInw < 0 in the anomalous dispersion region, it is possible to have
vg > v and thus even to have vz > c! Causality is not violated because, in a region of
anomalous dispersion, the approximation made (|dInn/dInw| < 1) to model the
propagation of a wave packet and define group velocity fail; see Jackson §7.8 for more
details. These strange behaviors of v and v, are used in AMO physics.
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Rotational Contribution of Permanently Polarized Molecules

One can show (we will not) that the rotational degrees of freedom of liquid or gas
molecules with permanent dipole moments give a contribution to the permittivity

E'r,rot' =1 + L (9219)

1—iwTrot

where xrot is the zero-frequency contribution to the susceptibility and 7o is the time
constant for relaxation of an imposed polarization due to thermal fluctuations in the
absence of an electric field. The real part falls off for w > 7,5. while the imaginary
part has a peak at w = T,;tl. The real part yields standard non-conducting matter
behavior while the imaginary part yields conductor-like behavior in terms of the
relative phase of B and E and of dissipation (into the thermal modes that cause
relaxation of polarization). One never arrives, however, at the good conductor limit
because the second term has an upper limit of o+ while the corresponding term for a
conductor (Equation 9.210) is o/(ew), which has no upper limit, and because X ot
itself has an upper limit set by full alignment of the intrinsic dipole moments and E.
Another way of saying this is that the electrons that are responding are still bound and
thus can never display the almost-free propagation characteristic of a good conductor.
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Overall Picture of Dispersive Behavior

The generic behavior of the real and imaginary parts of €/e, = € (usually denoted by
€’ and €'’), in the rotational/conduction limits and through the anomalous dispersion
features, is shown here.
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because the numerator
of each term in the sum
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Introduction and Study Guide: Guided Waves

We are going to undertake a more in-depth treatment of guided waves and
transmission lines than Griffiths because it is an interesting and very useful topic in
modern physics research. Some areas that use guided waves include superconducting
quantum computing platforms and microwave-optical transduction; particle
accelerators; astronomical instrumentation at wavelengths longer than 100 um that
preserves the coherent (wave) nature of light, even into the optical when one considers
routing of light by fiber optics; and high speed data generation, sampling, and
transmission, from photomultipliers (vacuum and silicon) to radio astronomy
detection. More broadly, almost any experimental apparatus that uses electrical
currents in any way (try to think of one that does not!) can be susceptible to
radiofrequency interference, especially because of pervasive cell phones and WiFi but
even due to radio, computers, and even fluorescent lights. Knowing how this radiation
can get into an apparatus is the first step in stopping it. The systematic trial and error
approach to solving experimental problems only works when one uses physics as a
guide to where susceptibilities might be present.

We will first consider transmission lines from the circuit theory perspective, then
consider Maxwell's Equations in confined regions and the propagating solutions. The
material on transmission lines can be found in Heald and Marion §7.1. The material
on waveguides is found in Heald and Marion §7.3-7.5 and Jackson §8.1-8.5.
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Transmission Lines
Circuit Transmission Line Theory

Here, we consider a specialized arrangement consisting of two electrodes,
translation-invariant in the z direction, with a voltage between them and currents
flowing on them. We allow for the voltage and current to be position-dependent,
which is a necessity for a propagating wave. We shall see that the critical ingredients
necessary for propagating solutions are having both inductance and capacitance in
much the same way that free-space propagation occurs by having both electric and
magnetic fields that re-excite one another via Faraday's and Ampere's Laws.

We start with the figure below, which consists of two wires on which there is a
position-dependent voltage difference and a position-dependent current. We treat the
two wires completely (anti)symmetrically: if there is a voltage V/(z) on one wire, there
is a voltage —V/(z) on the other wire at the same point. Thus, the voltage difference
between the wires is AV/(z) = 2 V/(z), which is the quantity we will be primarily
concerned with. There is a current flowing on each wire, again antisymmetric, with
values I(z) and —I(z). There will also be a net charge Q(z) and —Q(z) on the wires.
We assume the system has an inductance per unit length for the pair of wires of L
and a capacitance per unit length between the wires of C.

LV I+d], V+dV
-1, =V —(I+dI), —(V+dV)
z z+dz
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We write down equations connecting the various quantities. An incremental
accumulation of charge on each wire is related to the capacitance and the voltage
between them

dQ = Cdzd(AV) (9.220)

Now, if there is an accumulation of charge at a point z, it is because, during a time
interval dt, the current leaving that point z is less than the current entering. This
difference in current between z + dz and z is dI, which can be related to dQ by :

—dldt =dQ = d(AV)Cdz (9.221)
(polarity: if dI < 0, then less current leaves the point z on the top wire than enters,
so there is a net gain of positive charge on the top wire at point z). Dividing by both

differentials gives

g_icaAv
8z ot

(9.222)

We use partial derivatives because I and AV depend on both t and z.
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The voltage drop due to the inductance (we assume zero resistance) is:

o1 £ ol
dAaV)=~Ldz o =  dV=-Td:

(9.223)

To understand the sign, think about the loop formed by the four points in the
diagram. For I > 0 and 9I/9t > 0, the magnetic flux through the loop is into the
page and increasing in magnitude. So an electric field is induced with polarity such
that it tries to drive current to counter the increasing flux, which means that the
electric field goes counter-clockwise around the loop so the current it would generate
adds flux coming out of the page. (Remember that, because this electric field does
not have to have zero loop integral, the electric field lines can go around in a loop like
this.) The field lines go from the top to the bottom wire at z and from the bottom to
the top wire at z 4+ dz. Voltage is the line integral of electric field, so this direction of
the field lines explains the sign above: the added voltage drop due to the induced field
is positive at z and negative at z + dz when 9I/0t is positive. (If it is easier to think
about, consider putting a voltmeter (i.e., a large resistor through which the induced
electric field drives a current) between the electrodes.)

Be careful about applying the same argument to the induced field along each wire,
which might lead you to think the sign is the opposite (field lines go from z 4 dz to z
in the top wire and the opposite direction in the bottom wire). The change in V
between z and z + dz is not due to the line integral along field lines in the two wires
but rather because the system is not quasistatic — V' can be different in different
places just due to time delay, without there being field lines. (Note that the points at
z + dz on the two electrodes should be considered to not be spatially separated from
each other — time delay happens along the z direction, not between the electrodes.)
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To understand the factor of 1/2. we just need to recognize that the full emf affects
AV, so, when we want to calculate the dV of a single wire, it is AV/2.

Moving the dz to the left side gives

oAV ol
=—L— 9.224
oz ot ( )

We can take derivatives of our two equations (Equations 9.222 and 9.224) and
combine them to obtain

822~ o2 022 ot2

21 21 2AV 2AV
0 0 9 —cc? (9.225)

We thus have wave equations describing waves in one dimension moving with speed

v=1/VLC.
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In one dimension and for a fixed frequency w, there are two solutions with velocity +v
and —v and they have the general form (as we derived earlier for EM waves)

Li(z,t) = ILF <:i:%z . wt) AV(z,t) = Vi(z,t) = Zy 14 F <:i:%z . wt)
(9.226)

where + indicates the direction of propagation and Z+ (to be determined) defines the
ratio (AV)/1. As for E and B, we assume the same functional form for the current
and voltage because they are tied to each other through derivatives. (In homework,
you will add finite wire conductivity, which will make Z+ complex, allowing a phase

shift.) We can determine Z+, which gives their ratio, by plugging into % =—-C aaAtV:
oF oF 1 £

1.2 —ezi 0 = zi=+ =4/ Z =470 (9.227)
v du Ju vC C

We see that the wave propagating to +z has current flow to the right in the top wire
when the top wire has a positive voltage while the —z mode has current flow to the
left when the top wire has a positive voltage. Rather than allowing the negative
impedance —Z.¢, we will consider these two modes to have the same characteristic
impedance, Z,c, remembering that the currents flow in opposite directions. While
Zrc has units of ohms because it is the ratio of a voltage to a current, realize that it
has nothing to do with resistivity in the wires! It is set by the geometry of the
electrodes and the materials (e and ) surrounding them, which set £ and C.
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Example 9.1: Broadside-Coupled Trace Transmission Line

This structure consists of two thin metal ribbons of width w and separation h < w.
The capacitance is just that of a parallel plate capacitor. The inductance is easily
obtained by calculating the field between two infinite sheets of current flowing in
opposite directions (B = p K) and then calculating from that the flux per unit length
(/£ = p K h) and dividing by the current (I = K w). Thus, we have

h
c=" =t (9.228)

h w

1 1 c [ L h [p
— — i Zre =4/ = =—,/Z2 9.229
v VLC VER n £e C w € ( )
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Example 9.2: Coaxial Cable Transmission Line

The formalism works even though the system is not symmetric. It will become clear in
the next section why it works.

For coaxial cable with an inner solid conductor of radius a and outer shell conductor of
radius b, we know from prior calculations that the capacitance and inductance per
unit length are

L= 2 (9.230)

Therefore, the transmission line properties are:

1 1 c c Int g
= — = = - Zre=1/==—2,/- 9.231
v VLC Ve n £e C 27 € ( )

Recall that €, i1, n, v, and Z;, characterize the dielectric between the conductors, not

the perfect conductors themselves! For p & po, this gives Zyc ~ (6092) In g/\/a
Teflon and polyethylene are frequently used as the dielectric, having ¢, = 2.0 for teflon
and e, = 2.3 for high-density polyethylene. Standard coaxial cable impedances are

50 Q2 and 75 Q. 75 Q is a typical cable impedance for television antennas because it is
a good match to the antenna impedance (which we will discuss later). Not that any of
you are old enough to have seen a television antenna...
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Generalization to Arbitrary Electrode Shapes via Wave Formulation

We derived the above for the case of two wires, but we can extend to two electrodes
of arbitrary shape that are z-translation independent, as indicated below.
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To do this, let's think about the fields and the charge and current densities rather
than just voltages and currents. We aim to find a solution to Maxwell's Equations
that takes the form of a wave propagating in the z-direction and that has transverse
fields (consistent with our transmission line picture involving capacitance and
inductance per unit length). We use H instead of B because the former is more
directly related to the surface current density. Recall k ve;, = w. We assume:

E(7 ) = [REx(x,y) + 7 Ey (x,y)] k57 p(Fyt) = polx, ) ek =78 (9.232)

A(F, t) = [R He(x, y) + 7 Hy(x, y)] k=« 1) J(Ft) = 2 Jo(x,y) k7=« (9.233)

po and Jy are assumed to be surface charge and current densities, so they have §
functions in the transverse coordinates in them, but we don’t write them out explicitly
because it is unnecessary for our discussion here.

We will show that, under the assumptions made above, in which the charge and
current densities are the same in form and have a wave dependence on z, then the
propagating wave solution is just a static solution in (x, y) multiplied by the eilkz—wt)
dependence, where the static solution is that sourced by po and Jo = vey po.

When we get to waveguides, we will see that this special case yields the TEM

(transverse-electric-magnetic) modes, while more general current distributions yield
other, more complex modes.
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To do this, let's write out Maxwell’'s Equations assuming the above form. The four
equations involving x and y derivatives are

L 0B OE, OE
VXEl =——.7 = - _ =0 9.234
[ x }z ot z Ox Ay ( )
o 0 Ex E )
[v-£ =2 — 2B 5 nmlen) (g
€ Ox dy €
- - .. 9E _ OH, OHx _
[VXHL— SESTE - = e oy =) (9236)
L OHx  OH,
CH| = o il A 2
[v ] 0 — % "oy =0 (9.237)

These four equations are satisfied by the form we have chosen; the exponential factor
multiplies both sides of every equation and thus cancels out. They will yield a static
solution because they are sourced by the charge and current densities pg and Jy, which
are not time-dependent.

Section 9.7.2 Generalization to Arbitrary Electrode Shapes via Wave Formulation Page 664



Section 9.7 Electromagnetic Waves: Transmission Lines

The four equations in z and t derivatives are

L 0B

[VXE] =-2 .z = —ikEy = iwpuHy (9.238)
x ot

L oB

[VXE} =225 = ikEx=iwpnH, (9.239)
y ot

L . OE

[ ><H] =JR+es % = —ikHy=—iweE  (9.240)
x ot

L = OE

[ ><HL: f.y+eda—t.y = ikHy=—iweE,  (9.241)

These equations are satisfied by the exponential factor along with the relation

1 I T
(-XE +VE) = H=—kxE (9.242)

SHe+yH, =
Xty Zen Zen

Section 9.7.2 Generalization to Arbitrary Electrode Shapes via Wave Formulation Page 665



Section 9.7 Electromagnetic Waves: Transmission Lines

Let’s relate the charge and current densities by applying continuity, v-J+ Op/ot = 0:
kdo(x,y) =wpoly) = Jo(x,y) = veu po(x, y) (9.243)

In addition to relating the two densities, this equation tells us that current in a perfect
conductor flows only on the surfaces: since we know there is no charge density inside a
perfect conductor (the decay constant for the charge density was 7 = ¢/0 — 0, in the
language of our solutions for EM waves in conductors), the above equation tells us
there is no current density inside the conductor either.

Another way of seeing this would be to recognize that the skin depth 6 = \/2/(o pw)
vanishes as o0 — oo: the fields do not penetrate into the conductors, so neither does
the current density. This happens because a surface current density is driven that
cancels the EM field inside the conductor.

This, along with the fact that X Ex + ¥ E, and X Hx + ¥ H, are sourced by the
constant charge density pp and current density Jp, shows what we set out to prove,
that a transmission line has propagating wave solutions in z whose transverse field
configuration is identical to that of the two-dimensional static problem sourced by
charge density pg and current density Jy = v, po. Note that these are not the only
solutions, as we will show later.

To build a picture of the fields, it is very important that they look like static solutions.
Most importantly, E is normal to the conducting surfaces and H is tangential to them,
both because of the usual boundary conditions at the surface of a perfect conductor
and also because H oc k x E, which determines the field contours as one approaches
the conductors. We can literally draw the E that we would have drawn for the static
configuration with the same conducting boundary, and then H is determined.
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Connection between Circuit and Wave Formulations of Transmission Lines

Now let’s recover the circuit formulation from the wave formulation. Given the wave
formulation solution, we can calculate the voltage and current via

AV(z,t) = /f di-E (9.244)

2

1 _
Wz t)=+ ¢ db Ko=+ven 7§ de g = i—f. deA-E (9.245)
Cq Cyt epn JC4

where we used the relation between the surface charge density and the discontinuity in
the normal component of Din obtaining the last expression, noting

€Vey = Veluw= 1/ZEH. Ky is the surface current density, with Jy and Kj related by a
¢ function that defines the conductors’ surfaces, and oy is the surface charge density,

with op and pg also related by this § function. The voltage integral is from any point

on the + electrode to any point on the — electrode (since each is an equipotential in

(x,y)) and the current (charge) integral is over the entire + or — electrode.
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We can then determine the characteristic impedance from

AV(z,t AV(z,t AV(z,t
Zee = ' I(z( t)) o d(z A )E — e f(dfﬂ) (5:240)
) $o, dL - 0
AV(z,t) € €o
=Zpe| = | = G Zn = o Zey (9.247)

where Cp = C €5 /€ is the capacitance per unit length if the e medium is replaced with
€o. We see that the characteristic impedance is proportional to Z,, with the constant
of proportionality being related to the capacitance per unit length scaled by €. This is
a purely geometric quantity (not even dependent on € or u). Clearly, the above
quantity is determined only by the physical shape of the solutions, implying it is set
purely by the geometry. This is what we found earlier in our coaxial cable and
broadside-coupled trace examples, that the transmission line impedance Z;¢ was Z,,
times a factor determined by the geometry alone.

If one retains I in the denominator above but instead recognizes A = V /c?, one can
relate the voltage difference in the numerator to a line integral of A, which gives the
magnetic flux per unit length ®, and thus ®,/I = L. Thus, one can show

Zre = (L)1) Zep = (Lo/ o) Zep, where we have analogously defined Lo = £ po/p as
the inductance if the y medium were replaced by vacuum, again a purely geometric
quantity. This proof is less trivial, and, in Problem Set 5, you will effectively obtain
the necessary relation in the process of proving

! (9.248)

1
LC=¢€p - Ve = :ﬁ:vaj
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The above relation offers another approach to proving Z.c = (Lo/ o) Zep:

€ ep L L Lo
Zre = — =—2= =—Z, =—7Z 9.249
LC C e cr P e 0 e o € ( )

The above could of course be inverted to use Zyc = (¢/C) Zey and Zpe = (L/1) Zep
to show LC = ep.

Finally, we note that the combination of the above relations tell us that the
geometrical factor in C and L is the same (up to reciprocation):

L L
O Zn=Zre=227, = L= (9.250)
Co Ho Ho Co
L L
or LC=ep <= 22t = 0 - %o (9.251)
H c Ho Co

Together, these various results — the circuit and wave formulations both have
solutions involving waves propagating in the z direction; the propagation speeds are
equal, vey, = v the circuit formulation voltage and current can be written in terms
of the wave formulation fields; and the characteristic impedance Z,¢ is equal to the
medium’s wave impedance Z,, times a geometrical factor that can be calculated from
the wave solution — imply that the formulations are equivalent. The wave formulation
is more generic and also gives us the underlying basis for the circuit formulation, while
the circuit formulation abstracts out the key features we need to do calculations in a
less cumbersome manner, as we will see.
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Energy and Power in Transmission Lines

The time-averaged energy flux of the EM wave is given by the Poynting vector:

<§>: %R( E* x F’>> :E2z€u ‘EO‘ *k; Ve €

‘ =kveu(u)  (9.252)

where E(7,t) = Ey(x,y) e'k2=w 1) and Ey(x,y) is an electrostatic solution in two
dimensions. The Poynting vector has units of power/area. Therefore, if we integrate it
over the xy-plane, we get the total time-averaged power flowing past a given point:

:/Sda?<§>:%vw/$dae’50‘2 (9.253)

The integral (with the 1/2) is the time-averaged energy per unit length in the electric
field, which can be rewritten using the capacitance per unit length and the voltages
because Eg(x, y) is an electrostatic solution:

2 2 1 V|2 1 2 1 *
(Py= = VeuCIVo\ |Vo| =5 — =5 bl"Zee = - R(Ig Vo) (9-254)
2 Zre 2 2

MM—A
3

where Vj is amplitude of the wave giving AV, Iy = Vo /Z,¢ is the amplitude of the
wave giving I, and we take the real part so the result is generalizable (so far, I and
AV are in phase). We thus have an expression for the (time-averaged) power flowing
down the transmission line in terms of the transmission line parameters instead of the
microscopic fields.
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Reflection and Transmission at a Transmission Line Junction

Now, let’s consider a wave incident on a junction between two transmission lines (at
z = 0) of characteristic impedances Z; and Z». We assume a solution consisting of an
incident and reflected wave at z < 0 and a transmitted wave at z > 0. The voltage
must be continuous as always, and the current must be continuous to avoid a buildup
of charge at the boundary. (If we choose to match fields instead: E and B are
transverse and there are no free charges or currents at the boundary, so their normal
components vanish and their transverse components are continuous, yielding these
conditions on V and I.) We write the waves as (including a reflected wave for z < 0):

z<0: V(z,t) = elllaz=wt) L Feil-hiz=wy) (9.255)
I(Z t) _ i ei(klsz t) _ i ei(fklsz t) (9.256)
’ Zy Zy
z>0: V(z,t) = telllez—«w?) (9.257)
I(z, 1) = - ellez—w1) (9.258)
7>

where F and T are to be determined. Note that we know k» v» = w = k; vq. As usual,
we have assumed the same time dependence because the matching conditions must be
satisfied at all times. Notice the sign on the left-going reflected current term.
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Setting z = 0 and matching the solutions as we described, we obtain

14 7 1—7r t — 7 Zr— 24 T 227
r = = r= —o0—— i a—
L+ 4 Z1 + 2,

== 9.259
Z ~ 7 (9.259)

We see that these equations are identical to Equations 9.104 and 9.105 for the fields
in the case of normal incidence of an EM wave on the interface between two different
perfectly non-conducting materials, except that now the impedances are the
characteristic impedances of the transmission lines Z,¢ instead of the wave
impedances Z¢,,. Of course, the former incorporates the latter, but it also depends on
the transmission line geometry, which does not exist for the free space case.

We may calculate the power reflection and transmission coefficients based on
Equation 9.254:

L322 A% 3|87/ ’
n_ 2P/ (Zz 21> S (i) (9.260)

T lnp/z \z+z p2/z 2 \Z1+ 2

One can easily see R + 7 = 1 and that these expressions also match what we derived
for an EM wave at normal incidence.

We now see the origin of the term impedance matching: R =0 if Z3 = 2.
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Reflection and Transmission at a Load Impedance

If, instead of a second transmission line section, we have a junction to a
lumped-element load with complex impedance Z; (some combination of resistances,
capacitances, and inductances), then we just have

z>0: V() =Fe "¢t I(t)= —e ¥t (9.261)

This doesn’t change the matching conditions, so we have the same relations as
Equations 9.259 and 9.260 with Z> replaced by Z;. In particular, there is full
transmission of the power from the transmission line into the load if Z; = Z;: this is
another version of impedance matching. Note that Z; = 0 and Z; = oo both result in
unity reflection, though with opposite signs for 7.
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Input Impedance of a Terminated Transmission Line

Another interesting and frequently considered question is what happens at the
interface between transmission lines when the second line is terminated in a load
impedance after a length £. We can phrase this in terms of an effective impedance
“looking into” (from the point of view of a wave incident on the interface from Z;
into) the loaded transmission line.

Let's assume that there are left- and right-going waves on this length £ of transmission
line with amplitudes V. and V_ to be determined. (We won't write the e Wt time
dependence for now; it is common to all of the expression and so will cancel out in any
equations.) Define the “complex wave ratio” as the ratio of the left-going and
right-going amplitudes:

r(z) = (9.262)

The voltage and current at any point on the line are

V(2) = Vi(2) + V- (2) = Vi(2) [1 + r(2)] (9.263)

I(z2) =1+(2) - 1-(2) = \/Z+£(CZ) a VZ_ﬁ(CZ) B Vgﬁ(z)

[1—r(2)] (9.264)
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We can then calculate an impedance at any point on the line:

Z(z) = \I/((ZZ)) =Zrc i t :g; (9.265)

We know or can now calculate the functions Vi (z), V_(z), r(z), and Z(z):
Vi(z) = V4 (0) e’k r(z) = r(0) e 27kz (9.266)
V_(z) = V_(0) e k= 2(2) = Zpe 12O ek (9.267)

1—r(0)e2ikz
Now, to find Z; = Z(0), the effective input impedance of the transmission line, we
simply set V/(¢) = Z; I(£), which implies Z(¢) = Z;, find r(0) from the relation
between Z(¢) and r(0), and then find Z; = Z(0) from r(0):

Z

A
Z(0)=2z, =  r(0)=eikl Ze (9.268)
Zee T1

14r(0) 7 Z, —iZrc tankl

— Z=Z(0) = Zpe -2 LT 14cc tan e
=200 £C110) £€ Zre —i2Z; tan ke

(9.269)
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Based on this formula, some examples of the behavior are given below. It is crucial to
recognize that the behavior depends on k so is frequency-dependent!

» Short-circuit termination
Z, =0 — Zi = —iZrc tan(ke) (9.270)

The line acts purely reactive (no resistance). It is capacitive or inductive
depending on the length in numbers of quarter-wavelengths:

A
(2n) i <0< (2n+1) — Z(Z) <0 = inductive (9.271)

= 1I(Z) >0 = capacitive (9.272)

B> n>

(2n71)% << (2n)

Note that the sign conventions for inductive and capacitive reactances are the
opposite of what is used in Phlc and in engineering because we use here a
e~ '“?t time dependence instead of the usual e'“ ! engineering time dependence.
» Open-circuit termination
Z =00 - Zi=iZrc COt(kf) (9.273)
Again, capacitive or inductive depending on the length.
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> Quarter-wavelength

Z2
(=2
4

Zi — ZLC
Z

Acts like a transformer of the load impedance.

» Half-wavelength

No change in impedance.
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Waveguides

What is a Waveguide?

There are two critical ingredients in the concept of a waveguide:

> First, that an EM wave is propagating along the z direction in a (possibly not

Section 9.8.1

simply connected in the xy-plane) region of nonconducting material that is
bounded by (for now) lossless metal boundaries in the xy-plane. There need not
be an outer boundary of metal (see also our EM field discussion of transmission
lines earlier). A hollow rectangular waveguide is a simply connected example,
while a coaxial cable is not. A transmission line consisting of two straight wires
in vacuum is an example in which there is no outer metal boundary and the
dielectric is not simply connected.

Second, that voltages appear and currents flow sinusoidally on those walls to
support the propagating wave. The sinusoidal flow eliminates the need for an
explicit return conductor because the time average of the current at a given
point vanishes: at any point, the current goes in the 4z direction half the time,
then in the —z direction half the time. We assume that the waveguide goes on
forever or is terminated in an impedance that matches the waveguide impedance
(this will be explained below) so we can neglect the end effects.

What is a Waveguide?
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Eigenvector-Eigenvalue Equation for Waveguide Solutions

We will assume that the electric and magnetic fields have propagating wave solutions
in the z direction with e/(kZ2=« ) dependences (k positive or negative):

E(F,t) = Eo(FL) e ==t H(F,t) = Ho(FL) k27 (9.276)

where l::o and Fio are, as usual, complex, and 7| = xX + yy. We again work with H
since it is more closely related to the currents and also because the equations become
more symmetric between E and H. We calculated earlier what happens when you plug
such a solution into Maxwell's Equations, but now we may not assume that the waves
are transverse, we must allow for z components. Assuming the medium in the
waveguide to has uniform € and p, plugging into the two curl equations yields

E, E H H
98, 9 X —ipwH, oHy _ 9 X — _jewE, (9.277)
Ox Oy Ox Oy
E H
9 2 _ikE, = ipwHs o 2 _ikHy = —iecwkEy (9.278)
Oy dy
. OE, . ) OH, .
ik Ex — 6; =ipwH, ik Hy — 8; =—iewE, (9.279)

We see a clear symmetry between E and H in the equations.
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We may solve these reduced equations for the transverse components in terms of the
z, or longitudinal components. (e.g., plug the equation with H, on the RHS into the
equation for Ex on the RHS and solve for Ex and one gets an equation for Eyx in terms
of E; and H;.) Defining any vector with a | subscript to be the vector's component
in the xy-plane, and recalling ke, = w/vw and Zg, = v/ 14/€, we obtain

_, R .k N o

A1 = = [,kvl HO,ZJHZL“szl EO,Z} (9.280)
epn 973

_ 1 R . . -

Bor= 0 [, k¥ Eoy—ikep Zen 2% Vo HO,Z] (9.281)
ep

Note that the transverse components end up out of phase with the longitudinal
component by 7/2 due to the factor i. Note that one cannot find a generic, simple

relationship between Eﬁoyl and Ijloyl like we had before for transverse waves. We will
see below that we can obtain such a relationship, but differently for different modes.

For propagation in the —Z direction, one can work through the algebra to see that only
the sign on k in the first terms changes. The second terms are unchanged because the

prefactors in the second terms, as well as the sign of Z, do not depend on k.

In order for the units on the two sides to match, the factor of 1/k cancels the units of
the V| operator, and there is the usual factor of Z, connecting E and H.
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Next, let's use the Maxwell divergence equations by taking the divergence of the
above. We note that

ﬁ(?xﬁL):(23+)73+23)~(y3—>?3>:0 (9.282)

Ix dy oz Ox dy
Therefore, )
0=V.E=elkz—wt) (vL Bl +ik Eo,z) (9.283)
ik .
= e V3 Eo,+ikE, (9.284)

Rewriting, and doing the same with V- § we obtain

V2 Eoo+ (K —K) Eoo =0 V2 Hoo+ (K —K) Hoz =0  key = —

Veu

(9.285)

These are clearly eigenvalue-eigenvector equations, where the action of an operator on
the solution is equal to a constant times the solution. Note how there still remains no
relationship between Eg , and Hp ,: they remain completely independent, giving rise to
two different kinds of modes in which one or the other vanishes.
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If we choose Eg ; = 0, then the waves are called transverse electric (TE) modes, and if
we choose Hp , = 0, they are called transverse magnetic (TM) modes. Note that,
because E_)()’L depends on Eq , and Hy ., setting Eg . = O still allows for nonzero E}L
for TE modes, and similarly for IjIO,J_ for TM modes. By linearity, any arbitrary sum of
TE and TM modes is still a valid field configuration. Note that the mode wavelength,
set by k, is not necessarily the same as it is in unconfined space or transmission lines,
which would be given by ke;,. Once one has specified TE or TM, a simple relationship
between the transverse fields is obtained (from Equations 9.280 and 9.281):

~ k ~ .
TE: HO,J_ = T zZ X 0,1 TM: HO’J_ = zZ X EO,J_ (9286)
ep

1
Zep
Note that these relations are k-dependent (<> v-dependent) because the ratio k/ke;,

or kw/k appears. So, while they are generic relations, there will be no such simple
relation if one sums modes with different k (< v) or sums TE and TM modes.

There are also transverse electric and magnetic (TEM) modes. These are not obtained
by setting Eg,, = Hp, = 0 in the above wave equations. Rather, one must go back to
the curl equations and set the z components to be zero there, which results in the
simplified equations for EO,L and I-_I'OyL we derived in our wave formulation of
transmission lines (Equations 9.232 and 9.233): static solutions in two dimensions give
the transverse field behavior for the propagating TEM mode (with

I:‘I07L =ZX EO,L/Zeu and k = ke, ). TEM modes are more generic than transmission
lines, as one can have TEM modes with more than two conductors. Nevertheless, it is
conventional to equate “TEM mode” with “transmission line mode.”
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Generic Boundary Conditions in a Waveguide

We have the partial differential equations for the fields, but we need boundary
conditions to have a fully defined mathematical problem to solve, so let's consider
those now.

There will be free charges and currents in_the walls to generate the fields, so we may
not assume anything about n- E and t- H at the walls.

For a perfect conductor, the skin depth vanishes. Therefore, there is no magnetic or
electric field in the conductor. This, along with V - B = 0, implies n- H = 0 at the
walls.

The vanishing of the fields in the conductor along with Faraday’s Law tells us % - E=0
at the walls. (Remember, fields cannot have a §-function spatial dependence, so the

right side of Faraday’'s Law yields no contribution to the surface integral that is related
to the usual loop integral we do to determine tangential boundary conditions like this.)
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No TEM Mode in Hollow Waveguide

These boundary conditions enable us to immediately prove that hollow (simply

connected in the xy-plane) waveguides have no TEM modes. Returning to Maxwell's
equations for the waveguide and using Eg ; = 0 = Hp ; for the TEM mode, we obtain
0o , OFo, o

Ox dy =0 [ﬁXE] =0 = @7@

V-E=0 = z ox dy
The other curl equation terms vanish because Eo(x,y) has no z dependence and Ep ,
vanishes. Thus, Eo has no curl, so it is the gradient of a scalar potential Vy(x,y). The
vanishing of V - E tells us that this potential Vo(x, y) satisfies Laplace’s (instead of
Poisson’s) Equation in two dimensions. The boundary condition % - E=0 implies any
connected boundary of the waveguide is an equipotential for V, (at fixed z). If there
is only one boundary, then we may use the fact that solutions to Laplace’s Equation
have no local minima or maxima to conclude that the potential must be constant
across the (x, y)-plane and thus that Ey | = 0. Given the generic relation for TEM
modes, /:io,L =Zx E_)()’L/Zw, this also implies /:io,L = 0. (The lack of fields also
implies po(x, y) and Jo(x, y) vanish too.)

This argument does not apply for a non-hollow waveguide because there are at least
two boundaries that may not be at the same potential (e.g., coaxial cable).

This result makes sense: transmission lines need two (and exactly two) non-grounded
electrodes with complementary currents and voltages to define £ and C.
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TEM Mode in a Coaxial Cable

Before jumping into TE and TM modes, let's consider an example of a TEM mode
from the waveguide perspective. A simple TEM example is the coaxial cable, to which
our “no TEM mode in hollow waveguide” theorem does not apply. We learned that
the TEM modes have fields that are the same as the static fields for the configuration
with the relation Equation 9.242 between the electric and magnetic fields:

1

A=_—kxE (9.287)
Zep
We thus know the electrostatic and magnetostatic fields for this configuration have
the form
coaxia_l . A . A -
waveguide Ey,y =—5 Ho, 1 = (9.288)
TEM mode s Zep's

where the relative normalization has been determined from the aforementioned
relation between the fields.

Note that such cables do also support TE and TM modes; see, for example,
http://www.microwaves101.com/encyclopedias/coax#TE11.
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Boundary Conditions for TE and TM Modes

We now return to the generic case in which either Eg , # 0 or Hp , # 0. Since we
have reduced the problem to one of finding these z components of the fields, we need
boundary conditions on Eg ; and Hp , on the walls, which we will define by a contour
C (consisting of multiple disconnected pieces when there is more than one conductor).
We may now apply the previously developed generic boundary conditions to these
fields and use Equations 9.280 and 9.281.

Starting with Faraday's Law, T E= 0 at the walls, one allowed direction of tis t = Z,
which gives us one of the boundary conditions we will use, Z- E = 0 at the walls, or

075

Note that this holds even for (especially for!) TM modes, which have nonzero Eg .
Even though Ep , is nonzero in general for TM modes, it does vanish at the walls, and
the vanishing at the walls does not imply it vanishes everywhere!
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We can also apply Faraday's law with the orthogonal tangent vector, T, =Zxn. This
vector is tangent to the walls and lies in the xy plane. Using t, - E =0 and
Equation 9.281:

0= L'E: 1 Eo,L = L'i[I’kﬁlEo’z—izeukep‘EXﬁLHoyz]

The first term on the right side vanishes because it calculates the gradient of Eg ,
along %, which vanishes because Ep,, vanishes everywhere on the walls. The second
term can be cleaned up using the vector identity 5- (b x V) = (3% b) - V to yield
another boundary condition on the z components of the fields:

OZ?J_'</Z\>< ﬁj_) Hoyz:(?J_X/Z\)'ﬁJ_HOVZ - ﬁ-ﬁLHoyz

= 2
. =0/ (9:200)

We may also try to use n - H = 0 combined with Equation 9.280:

- = = - 1 . cKkep - =
O=n-H=n- O’L:n.w ’kvLHO,z+’ZMZXVLEO,Z:|

Both terms vanish already: the first term because n - ﬁL Hp,> = 0, the second because
- (ZxV,)E,=(Ax2) - ViE,=—1t, -V E,, which vanishes because E,
vanishes everywhere on the walls. So no further boundary conditions are available.

Section 9.8.6 Boundary Conditions for TE and TM Modes Page 688



Section 9.8 Electromagnetic Waves: Waveguides

Generic Properties of TM Modes

For a TM mode, we set Hp,, = 0 and drop the Hp , wave equation in Equation 9.285
and focus on the Eq ; equation. The relevant boundary condition is E0,2|c =0
because the Hp ; condition is useless. Rewriting the Ep , piece of Equation 9.285 in a
generic form gives

Vig+70=0 =k, -k  Plo=0 (9.291)

This is an eigenvalue-eigenvector problem (like the Schrodinger equation in two
dimensions) with a Dirichlet boundary condition. The boundary condition results in a
discrete set of allowed {7/} and thus solutions {1)™}, just like such a boundary
condition imposes quantization in quantum mechanics or solutions to Laplace's
Equation. One thus has

1 iken o TM
——ZzZx Vv
ZeH (’Y,TM)z !

T™: E.=¢/M E .= ViypM Hoo =

ik
(v™)?

(9.292)

The specific solutions depend on the shape of the boundary chosen.
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Generic Properties of TE Modes

For a TE mode, we set Eg; = 0 and drop the Ep , wave equation in Equation 9.285
and focus on the Hp ; equation. The relevant boundary condition is 7 - @L Hy,, = 0’

because the Eg ; condition is useless. Rewriting the Hp . piece of Equation 9.285 in a
generic form gives

Viv+7y%=0 =k, -k A-Vy| =0 (9.293)

Again, we have an eigenvalue-eigenvector problem with a discrete set of eigenvalues
{~+TE} due to the boundary condition (now Neumann) and a corresponding set of
eigenvectors {1)]E}. These eigenvalues and solutions are different from the TM case
because the boundary condition is different!. The full solution is then

. ik - ,
TE: Ho.=9lF Hoi=—5Viylt Eo i =—Zey —2s

(7E)?

Again, the specific solutions depend on the shape of the boundary chosen.
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Complementarity and Completeness of TM and TE Modes

It should be clear that the TM and TE solutions are complementary in that they solve
the same eigenvalue-eigenvector equation but with complementary boundary
conditions, Dirichlet and Neumann. These two types of boundary conditions are the
only types of boundary conditions implied by Maxwell's Equations, so the solutions,
along with the TEM mode solutions if they exist, form a complete set to describe any
propagating field in the waveguide. As noted above, there is no reason for the ~,'s of
the TE and TM modes to be the same (though they can be), and certainly the

{ ™1} and {4JE} will be different due to the different boundary conditions.
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Propagation Properties: Propagation Constant, Wave Speed, Dispersion
Relations, and Wave Impedance

This all very simple for TEM modes. There is no eigenvalue-eigenvector equation to
be solved, so the propagation constant is always k = ke, = w/veu, the wavelength is
A = 27 /key, the wave speed is v, the wave impedance is Zc;, independent of
frequency, and the full fields are always related to each other by A=kx E/ZEM.
Unlike TE and TM modes, there is no cutoff frequency, which makes sense because
the transverse fields solve the static Maxwell's Equations in two dimensions, so the
solutions approach static, z-independent solutions as k¢, — 0.
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On the other hand, the TE and TM modes satisfy the condition (from ~? = kgu — k2
and ke, = w/Vep, with v, being v or +JF)

w? =2, (K +77) (9.295)

Thus, there is a cutoff frequency we,n = Vey vn such that, for w < wc,n, we find
k? < 0, yielding a decaying mode with decay constant

2 2
We,n = Vep Yn o, _ _ 2 W We,n _ w
w < wen ¢ kn(w) = =i kn(w) V3 —VSH = v 1 oz (9.296)

Note that the decay constant depends on which type (TM or TE) and number n of
mode one considers! We see that the decay length dp(w) = 1/kn(w) — o0 as
w — we,n from below because propagation must become possible for w > we,n.
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For the propagating modes with w > w¢,», the propagation constant, wavelength, and
wave speed are

We,n = Veu Yn o, o
e L kn(w) = (9.297)
w
= = 9.298
() = s (9.299)

We see that the propagation constant, wavelength, and the wave speed go to the
unguided values ke;y = w/Vep, ey = 27/ kep = Vep /v, and vey, respectively, as

w — 0o: the system approaches the transmission-line/free-space limit. If one goes
back to Equations 9.280 and 9.281, one sees that ratio of the transverse fields to the
longitudinal field increases as 1/(k2, — k?) as w — oo (i.e., k = key), making the
longitudinal component small in this limit, as one would expect. Essentially,
propagation looks like that in free space as the wavelength becomes small compared
to the transverse dimensions: the wave no longer notices the boundaries.

As w — we,n, the propagation constant vanishes, the wavelength becomes infinite, and
the wave speed becomes infinite. (The latter two must become infinite together
because their ratio is v, which remains finite. Similarly, because kn(w) vp(w) = w,
kn(w) — 0 as vp(w) — 0o so w can remain constant.)
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We recall from our discussion of EM waves in matter that the wave impedance is
implicitly defined via the relation between A and E, Equation 9.55. The generalization
in the case of waveguides uses the transverse components of Hand E (following the
relation between the transverse components of H and E, Equations 9.286):

= 1~ =
HO,L = E k x EO,L (9299)

Using our relations between FIO’J_ and EOVJ_ for the TM and TE modes and the
expression for kn(w) we just derived, we obtain

k™ (w w? ke 4
( )Ze,u — Ze,u, 1— Cé” ZTE( ) EQ €Q

ZTM z -
( ) kep, w kTE( ) EQ

(9.300)

2
_ we,n

w

The wave impedance behaves differently as w — wc,, for the TM and TE modes! This
is explained by the current flow. In the TE mode, H, o kJE(w) — 0 as w — we.n
(while E « kep Zew). Thus, no current flows longitudinally while the voltage remains
finite, so we need Z,-,'—E(w) — oo to obtain this. On the other hand, in the TM mode,
El o< k™M(w) — 0 as w — we,n (while AL o kep/Zeyw)- In this case, current flows
longitudinally but no voltage drop appears, so we need Z,-,rM(w) — 0 to obtain this.

In the w — oo limit, we recover Z,, for both impedances, just as we obtained the
free-space limits for propagation constant, wave speed, and wavelength in this limit.
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Rectangular Waveguide Modes

Let's now specialize to a particular geometry, which will let us find the modes that
solve the previously mentioned eigenvector-eigenvalue problem. Our first example will
be rectangular waveguide of height a in x and width b in y. One corner of the
waveguide is at (x,y) = 0 and the diagonal corner is at (x,y) = (a, b).

As one might expect, we try to solve the eigenvalue-eigenvector equation by separation
of variables. Let's first try the TE mode, so Hp ,(x,y) is what we will solve for. We
assume the usual separation of variables form Hp ,(x,y) = X(x) Y(y), which yields:

1 d2X 1 d?Y
— 4+~ 4 (K, —-K) =0 9.301
X0 a2 Ty gz T ke k) = (9-301)

As usual, assume that the first two terms are constants:

1 d?X ) 1 d’vy ) ) s o
X0) a2~ —k2 Yo) &2~ Kkl K=K, -k -k (9.302)
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The solutions to the differential equations are clearly exponentials, and they have
imaginary arguments for k2 > 0, which we will find it is most convenient to write as
sinusoids:

X(x) = Ax sin kyx + By cos kyx (9.303)

Our boundary coundition is 7 - §H07Z = 0. Explicitly,

dX
— =0 == Ac=0 kx = mr X(x) o cos mrx (9.304)
dx x=0,a a
dy
a =0 =  A=0 k=" Y()xcws =L (9.305)
dy ly—o,b b

rectangular > o 2 o

= waveguide  Hp , o cos MTX cos 1Y V2, = k2 + ky2 = ;T + 2 7; (9.306)
TEmn mode a a b

This is called the TE», mode. From Hp ;, we can obtain I-_I‘Oyl and EO,L via
Equations 9.294.

Section 9.8.11 Rectangular Waveguide Modes Page 697



Section 9.8 Electromagnetic Waves: Waveguides

The propagation constant can now be written

m™m?2  7w2n?
k= \/kezu - k)% - k}% = \/kezu - 'Ylgnn = \/kezu - 22 - b2 (9307)

and thus the cutoff frequency for the TE;; mode is

rectangular m2 2
waveguide We,mn = Veu T\ — + = (9.308)
TEmn mode a

The rest of our generic discussion of dispersion relations applies.

The TE mode with the lowest cutoff frequency is either TEjg or TEp;, depending on
whether a or b is larger. (TEqgo vanishes; try plugging it in to Equation 9.277.) There
may be multiple TE;;0 modes below the first TEg, mode, or vice versa, depending on
the relative values of a and b.

Griffiths has a nice discussion of interpreting these modes as the result of a free EM
wave propagating through the waveguide with an infinite number of reflections off the
walls. It can help to build some intuition for how these modes arise. The actual
calculation clearly can only be applied in the simple case of rectangular waveguide.
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It is straightforward to obtain the TM modes. The same math applies except the
boundary condition is X(x)|x=0,a = 0 and Y(y)|,—0,, = 0, so one obtains sines
instead of cosines (like particle in a box in quantum mechanics):

rectangular M x nwy m o
waveguide Ep,; o sin n—— We,mn = Vep ™| — + 75 (9.309)
TMpm, mode a b a b

These sine modes are of course necessary to ensure Eg , vanishes at the walls as
required by our boundary conditions. From Ej ., we can obviously obtain I—QIO’J_ and
EO,L via Equations 9.292.

The cutoff frequencies have the same form as for TE, but, because sines instead of
cosines are present, the lowest TM mode is TMy1, which has a higher cutoff frequency
than both TEjp and TEp;.

In general, the TM modes for any system require less work to determine because the
boundary condition is easier to calculate and enforce. Whenever you do a problem
that asks for both the TE and TM modes, do the TM modes first (in contrast to what
we have done herel).

On the next few slides, we show some visualizations of the fields and surface charge
and current densities for the TEjg mode, which is particularly easy to visualize because

the fields are independent of y.
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TEio mode, xz plane. The mode is independent of y.
Lines: H; Shading: E,, o

Figure courtesy of M. Cross
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TE10 mode, xz plane. The mode is independent of y.

Lines: K; Shading: Ey, o

—
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The continuity equation is critical here: The locations of peak charge, where |o| is

maximum and |c/8t| vanishes, have no net current in or out (i.e., V - K = 0) while
the locations of zero charge, where o = 0 but |90 /0t| is maximized, have a net

current flow in or out (i.e., V - K # 0).

Figure courtesy of M. Cross
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TE1p mode. The mode is independent of y.
This figure is displaced by A/4 to the left relative to the cross sections.
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Note again on this and the following slide the \/4 displacement between locations of
peak |o| and of peak |V - K|.

Figure courtesy of M. Cross
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TE10 mode. The mode is independent of y.
This figure is displaced by \/4 to the left relative to the cross sections.
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Figure courtesy of M. Cross
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Energy, Poynting Vector, and Group Velocity

Let's calculate the Poynting Vector for a waveguide:

<§>: %R (<E x A ) (9.310)

Let's evaluate E* x H for a particular mode TM mode n (remember, Z x z =0 and
Ho,, = 0!):

E*xH=E§,Z2x Ho 1 +Ef | xHo-Z+E;, xHo.

~ 1 k L~
T&v" E(Skyz,ﬂz X ( / —* z X VLEO z, n)
Z‘M 'Yn
Pk™(w) - ’ i ke -
+ | —5—V.E X EZxV,
( "/,2, L O,z,n) (Z(‘u,’)/,% 0 Z, n)

The expression is complicated because the fields are not purely transverse and there
are phase shifts among the components.
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Using the BAC — CAB rule for the triple-vector products, and also Z - ﬁL =0, we
obtain (now showing the TE analogue)

o - 1 ik - 1 KM(w) k 2
Erx A& T EgyzynVlEoyz,,,—i-z—w ‘VLEOZH (9.311)
Zey Y3 ZGM 'Vn
=, ~TEn i kep - . kTE(w) kep 2
Erx ATZ" Zy HO,Z,,,VLHO,Z,nJrzZWT ’VJ_HOZ,, (9.312)
n

n

The first term points transverse to the direction of propagation. Since the walls are
perfectly conducting, there can be no time-averaged, net energy flow in that direction.
So, when we time-average, we neglect it. That leaves us with

Zw kTE w 2
<§JE>: . T(y‘leo,z,n (9.313)
n

Notice how the use of H instead of B makes the expressions for the two modes very
similar in form.
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Let's integrate <§> - Z over the waveguide cross-sectional area to get the total power.

Using 1), to represent Eg ., or Hp ., as appropriate, we can manipulate the area
integral using the two-dimensional analogue of Green's First Identity (Equation 3.12):

/ da ‘§J_wn
s

(We are considering power in a single mode for now. We'll generalize shortly.)

2

:?{ dw;ﬁﬁwnf/ daep’ V2 ¥n (9.314)
c(S) s

The first term vanishes due to our boundary conditions: either v, or n- ﬁLd)n always
vanishes on the boundary. The second term can be transformed using the
eigenvector-eigenvalue equation that yields the solutions ,. Thus,

/da ‘ﬁj_'llln

2 _ 2 2
=7, [ da | (9.315)
S
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Thus, the time-averaged power flow in a single mode is

1 wk™(w 1 w? w?
<P,IM>: = "72() 6/5 da |Eoznl? = 5 ven 5—\[1- U;" e/sda |Eoz.nl?| (9.316)
c,n

2 Tn
1wk E(w) 1 w?
TE\ _ n 2 _ 2
(P >_5T”/sda enlt = 5 ven - u/ da [Hosnl? | (9.317)

(Note the symmetry between E and H in the above; the expressions would look more
different if B were used, the 1 would be in the denominator.) If we do similar integrals
to calculate the time-averaged energy per unit length in the waveguide, and we obtain

1
TE 1
<Un > 5 g / da |Ho ;, ,,\ (9.318)

1
()= Ewg /da|50”|
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There are a few interesting comments to make:

> We do not have (P,) = ve; (Un) as we had in free space, or even

Section 9.8.12

(Pn) = va(w){Un) as we might expect given the guided wave speed. This makes
sense, as Vp(w) > Veu, SO vp(w) can exceed the speed of light. The quantity
relating (P,) and (U,) is

"‘)(2: n dw

-0 = — 9.319
Ven w? dkn(w) ( )

which one can see by differentiating the dispersion relation

w? = vZ, ([ka(W)]? +77):
dw kn(w) w?
2wdw = V2, (2kndk, +0) = do = v, "w =vVeut/1— ;2"

(9.320)

This speed is the group velocity, vg n(w). You are aware from Ph2a/12a how
the group velocity is the speed at which a wave packet propagates. The group
velocity here can never exceed ve,, thus preventing the power flow from going
faster than the speed of light. So, we have

w
(Pn)= vg,n(w){Un)  vg,n(w) = veu {1~ ;;" Ve.n(w) va(w) = V2,

(9.321)
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» Let's consider the relative size of the longitudinal and transverse field energies

Section 9.8.12

per unit length, (U; ») and <UL,,,>. It makes sense to talk separately about
energies separately because of the dot products E* - E and H* - H in those
expressions: there are no cross-terms between the longitudinal and transverse
pieces. The energy expression implies that a fraction w§7n/w2 of the total energy
is in (Uz,n) because we divide (U ) by this quantity to get the total energy per
unit length. That is already interesting.

Using this fraction, we see that, in the limit w — wc,», the longitudinal field
dominates the energy and the longitudinal field becomes large compared to the
transverse fields.

Conversely, in the w — oo limit, the longitudinal field energy becomes negligible
compared to the transverse field energy and the longitudinal field becomes small
compared to the transverse field. The latter behavior is consistent with the way
the phase velocity, wavelength, and impedance approach the unguided values in
the high-frequency limit. This fact was not quite evident in Equations 9.292 and
9.294 because of the ﬁl in those equations.
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> If we consider the energy in the transverse field, the amount in the electric and

Section 9.8.12

magnetic components is no longer equal as it is for unguided waves or TEM
guided waves. For guided waves, we have

2 2
Um,1,n = ‘HO J_|2 2 22 |EO J_|2 22 22 ue L,n (9-322)
1
u;’jﬂL,n = (1 - wg,n/w ) ul“ﬂ,n UIEL,n = (1 - wg,n/w ) Tli (9323)

(For unguided and TEM waves, um = up | = Ue | = Ue at all frequencies.)
This effect arises because the characteristic impedance is not Z, and is
frequency-dependent. We also see that one field dominates the transverse
energy as w — We,n (HO | for TM, Eo 1 for TE) while the energies in the two
fields become equal in the w — oo, unguided limit. This behavior reflects that
discussed in the context of the frequency-dependent impedance earlier:

Eo 1 — 0 for TM and Ho 1 — 0 for TE as w — wc,n. Note also that it is the
same field as the Iongltudmal field that becomes smaller in the low-frequency
limit: Eo 1 for TE (E; # 0) and HO 1 for TM (H; # 0).

Energy, Poynting Vector, and Group Velocity

Page 711



Section 9.8 Electromagnetic Waves: Waveguides

We thus see from all of the above that we can make general statements about
relative energies:

(Ut,) ez, (UL UML) el ()R,
N (uTy N (TR
(9.324)
<r-1r71_ > @ <UrnJ_n> <UeJ_n>_1_@ <UZE:@
< eTIi > w? <U,TE> w? <U,TE> w?
(9.325)

We have to be careful about inferring from these relations statements about

field magnitudes because the above relations rely on integration over the
cross-sectional area.
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What about when one has a wave with power in multiple modes? Do the above
formulae hold? Yes. Suppose one has power in modes a and b. Then the
time-averaged Poynting vector will be

<§> - %R (< (cal::a + chb)* x (cal:ia + chlb) >) (9.326)

where ¢, and ¢, are the coefficients of the two modes. Consider one of the cross
terms, under the assumption that both a and b are TM modes, and apply the same
kind of algebra we used before to obtain:

LT 1 ik - kIM(W) kep = -
s X Hy = ——— —FEf, Vi p+22—5—5VIE, ., ViE b
Zep 7 Zep V3

(9.327)

Again, the first term does not yield propagating power, so we neglect it. When we
integrate the second term over the waveguide cross section, we can see it vanishes via
the same kind of application of the eigenvector-eigenvalue equation:

[ 90w Vive = [ davive =0 (9.328)
S S

where the final vanishing occurs because the solutions of any eigenvector-eigenvalue
equation form an orthonormal basis and the integration over the cross section is the
appropriate inner product (like (¢,]1p) in quantum mechanics).
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Via a similar calculation, one can show the other cross term vanishes when integrated
over the cross section S. This leaves only the non-cross-terms, which yield the power
in the individual modes. That is:

<PTM>: \ca|2<P;rM>+ |Cb|2<P;M> (9.329)

One can show the same thing via a similar technique when a and b are both TE
modes. When one is TE and one is TM, we apply the same technique yet again.
Orthogonality still applies: the TE and TM modes solve the same
eigenvector-eigenvalue equation but with different boundary conditions, so any pair of
TE and TM modes must be orthogonal. Thus, we have the general result

(Py= Zl M2 <PTE>+ | TE| <PTE> (9.330)

where C,I,M and chE are the coefficients of the TM,m and TE,n modes. The same of

course holds for the energy density:

(V)= 3" le"P(URE)+ > 1T (UTE) (9.331)
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Waveguides with Finite Conductivity: Overview

Before considering imperfect conductors, let's summarize perfect conductors:

> The conductivity is infinite, so, even when Eis varying, the surface charge
redistributes itself so that E., the field inside the conductor, vanishes. Our
boundary conditions from Gauss's Law and Faraday’s Law |mp|y that there is a
discontinuity in 1 - E due to this surface charge density while T - E is continuous,
so the electric field outside the conductor is normal to its surface. Our TE and
TM mode boundary conditions are consistent with these conditions.
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» What about the magnetic field inside the conductor?

Section 9.8.13

Since EC vanishes, we know there can be no displacement current sourcing a
magnetic field. However, trying to work out from Ohm’'s Law whether there is
or is not a true current is difficult: Ec — 0 but 0 — 00, s0 J =0 E¢ is
indeterminate.

Instead, let's take the 0 — oo limit of the behavior in good conductors as
worked out in Section 4. There, we learned that, in a good conductor, both E
and B fall off exponentially with decay length given by the skin depth

6 = \/2/pow. The skin depth thus vanishes in a perfect conductor, implying
that H (and thus B) also does not penetrate into the perfect conductor.

Coming back to the current, it is reasonable to conclude that, if both fields
vanish in the conductor, there can be no J: if there were, it would generate B
through Ampere's Law. (We are assured above that there is no cancelling
displacement current term.)

Continuity of A - B |mp||es that 7i- B = 0 outside the conductor. On the other
hand, a discontinuity in % - H is allowed if there is a surface current density K.
That current density, along with the vanishing of B in the conductor, implies
that, just outside the conductor, i X H=K: the magnetic field outside the
conductor is perfectly tangential.

Note that the conclusion that the magnetic field is tangential just outside the
conductor — i.e., that n'- B = 0 at the boundary — is consistent with the
boundary conditions we applied for perfect waveguides earlier.

Waveguides with Finite Conductivity: Overview
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> Let's revisit the continuity of, and thus vanishing of, the tangential component
of Ein light of the surface current density. This continuity continues to hold:
Faraday's Law tells us that there will only be a discontinuity in 7 - E if the
magnetic field in the § direction (5=t x 7) has é-function behavior at the
surface, and we have argued many times before that fields cannot have such
singularities (though charge and current densities can).

The lack of a tangentialﬂl:: is consistent with the existence of the §-function-like
surface current density K because o — co. (Note the different result from the J
case in spite of the same indeterminacy being present.)

» This surface current density’'s magnetic field cancels that of the external field to
ensure no magnetic field propagates into the interior of the conductor (much the
same way as the surface charge density does this for the electric field).

The above fact that magnetic fields vanish in perfect conductors when there is no free
current source in the conductor has been hinted at before in homework and in our
discussion of TEM modes for transmission lines, but we have never discussed it in as
general a setting as this before. For our waveguide mode derivation, we only required
n- ﬁL Ho,, vanish at the boundary.

Because of the importance of the surface current density, we will continue to work
with H rather than B, as we have been doing for some time.
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Now, let’s consider a waveguide with walls having good conductivity. There are two
adjustments to be made:

» Our boundary conditions on the waveguide solutions no longer hold exactly

Section 9.8.13

because we may not assume that the electric and magnetic fields vanish
perfectly inside the conductor: as we know, they decay over a skin depth. The
condition Eg,;|, = 0 thus obviously does not hold. If we recall the derivation of

n- @L Ho,z’C =0, it started from the fact that t - E = 0 because Ec. = 0. This

condition is no longer true, so the conclusion n-V | Hp , = 0 is no longer

valid either.

Moreover, because o is finite, Ohm’s Law is applicable and thus we also know
that a d-function-like surface current density is not physically allowed because it
would require a d-function-like electric field for finite o. Therefore, there is no
surface current to shield the conductor from the magnetic field in the waveguide
medium, while there is nonzero J driven by E.. Nonzero J and finite o therefore
imply there is power dissipation in the walls due to the currents flowing in a
resistive material, and thus there must be attenuation of the wave.
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It is quite difficult to include these effects exactly, but we can derive some approximate
results in the case of a good conductor.

Specifically, we assume a successwe appro><|mat|0n scheme where the fields outside the
conductor _may now have - E and 7i- B components, but they are small compared to
7i- E and - B. We obtain the dominant components of the field outside the walls
from the boundary value problem solutions for perfectly conductive walls (our
waveguide solutions), we use the good-conductor boundary conditions to obtain from
them the dominant components of the fields in the walls, and then we again use the
good-conductor boundary conditions to obtain from these the corrections to the fields
outside the walls, and finally we use the boundary conditions again to find the
correction fields in the walls. We find these correction fields in the waveguide are
indeed small compared to the perfect-conductor fields in the waveguide, justifying the
approximation scheme. More importantly, finding the fields in the walls allows us to
calculate the Joule dissipation and thus the attenuation of the wave in the waveguide.
For the latter, after zooming in to find the fields in the conducting walls and the
correction fields, we will zoom back out, treating the quickly decaying current density
as a perfect sheet current and the fields as going to zero perfectly.
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Fields Near the Walls for Waveguides with Finite Conductivity

The fields inside the conductor must be those we obtained for EM waves in good
conductors (Section 4). We just need to know how to normalize them. The
normalization is found by using the fact that 7 - H is continuous and - H ~ 0, so the
EM wave in the conductor looks like a wave whose H field magnitude is given by - A
outside the conductor.

Let's also think about the propagation directions inside and outside the conductor
Outside the conductor, the E field is close to normal to the surface because T+ E &~ 0
while 7 E # 0. That is, 0; = 7/2: we have glancing incidence! You showed in
Ph106c Problem Set 4 #1 that the general expression for the propagation vector
inside a good conductor is

+ W sino; (9.332)
Vep

where the first term has —n rather than n because we use here a direction convention
for N opposite to that in Problem Set 4. Since w/ve, = keu and

1/6 — kepur/0/(2€w) > ke in the good conductor limit (Equation 9.140), we see
that Et ~ —n even if 6; = w/2! Thus, we are assured that the propagation direction in
the conductor is normal to the interface. (Note, for our waveguide solutions, k < ke,
so the above dominance of the normal component holds even accounting for the full
frequency dependence of k from our discussion of dispersion relations.)
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With this information about the propagation direction in the conductor, we define § to
be the coordinate along k¢ = —A (with the minus sign because we have defined 1 to
point out of the conductor for waveguides) and 7 to be the coordinate perpendicular
to ke (along the waveguide boundary). Then, we have (with ¢ subscripts used so we
can avoid writing everywhere the e/(kZ=« 1) factor)

Ho,c(¢,m) = Fo(¢ = 0,n) e=¢/% &/¢/0 (9.333)

where Irlo(ﬁ = 0,n) is the perfect waveguide field at the waveguide wall and
d = \/2/pc ow is the skin depth in the conductor. We know we can neglect i+ H for

two reasons: k; is approximately normal to the walls and even EM waves in
conductors are transverse; and 1 - Hp(€ = 0) ~ 0 due to the perfect conductor solution

having n - B = 0 outside the conductor because BC =0.

We can obtain the component of E. parallel to the interface from the relation between
H and E for good conductors, Equation 9.153, yielding (recall, Zo = 1/(c 9))

= 275 . 2Z; . = — i
Bocl€m) = 1775 1 Hocl€m) = 175 < Hol€ = 0,m) ™€/ e!</7 (9.334)

where again n points outward from the conductor into the waveguide medium. We
thus have the dominant components of the fields inside the conductor.
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Rewriting these fields with the full spatial and time dependence:

He(€,m,z,t) = Fo(¢ = 0,m) e=8/% &1 €/9 gilkz=wt) (9.335)
- 27, - o
Ec(§,n, 2, t) = lJrin>< Ho(¢ = 0,n) e=8/9 ¢ &/9 gilkz=wi) (9.336)

Using boundary conditions to connect the fields inside the conductor to those outside,
we may now calculate the correction terms to the fields outside the conductor. The
tangential electric field outside the conductor is given by EC(E =0,7n,zt) by
continuity of this component. The normal component of H outside the conductor is
found using Faraday's Law (now referring to the full fields, without o subscripts,
because we need the full spatial and time dependence for Faraday’s Law):

_ OH
5.2
" ot

=7 (ﬁ x E’ ) (9.337)
£=0
£=0
For evaluating the curl, consider a temporary primed coordinate system, distinct from
the one we have been using from the waveguide, with z/ =7, X’ o< Hp (¢ = 0,7),
and ¥/ o By (€ = 0),1) o< 7 X Ho,c(€ = 0,7n). In this coordinate system,

P (FxE) =2 (T €)= T2 02— (x7.9) (7€) - (7 9) (=)
(9.338)
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Given how we have defined the primed unit vectors, X’ - E= 0, so we only have the
first term (now evaluating the time derivative 0/0t as —iw):

fpwd-F(E=0,t) = ( ’ﬁ) E(€=0,t) (9.339)

(E- 6) [ﬂ- Fe = 0)] (9.340)

l
=
a
>

AAE =00 = -5

where we have defined h =%’ to be the tangential unit vector at the boundary that is
parallel to H at the boundary (which will be along t; = Z x A for a TM mode but will
be some linear combination of t; and Z for a TE mode).

Since - B is continuous, this equation also now gives the normal component of éc,
the magnetic field inside the conductor, at the interface, which is a small correction to
B. (and thus H.).

What is the typical magnitude of the normal magnetic field? h -V has two
components: one along | and one along Z. The Z piece will yield something
proportlonal to k, while the tJ_ piece will y|eId something proportional to y,, where
v2 = k2 + k2 Since k? 472 = kzu' the h- V derivative will always bring in factor
scaling like keu (Note that it is ke, that appears, not k, so we need not worry about
k—0asw— wcy,,.) Thus, the magnitude of the above gradient is given by ke, Ho 7,
so the ratio of the normal component of the magnetic field to the tangential

component is 6/)\6H, which is small, as we expected.
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Aside from seeing they are small, it is interesting to look at the magnitudes of the
correction fields relative to the original waveguide fields more carefully. We have, with
all fields evaluated right at the boundary (¢ = 0):

= Ho (9.341)
Zs Zs
Ec = ZoHe ~ ZoHo = 2% ZeyHo ~ 22 Ey < Eo (9.342)
Zep Zep
E =% E‘c = E. < E (9.343)
Ho = ﬁ-Fl‘C c5k€HH0~5k£#Ho<<Ho (9.344)
Next, using Zs _ /,ucaw € /ecw /wT kw, )
Zep,c Vu
9 (9.345)
we see E _ Zs _ Zs Ze,u,,c _ keu,c(s Ze;.L,C _ keué keu,c Zeu,c (9346)
Ey Zep Zep,e Zep 2 Zep 2 kep Zep
kep 0 kep 0 H,
= £ Ccle He € _ He Kend  Tn as we might have expected!
2 €p € pop 2 Ho
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Power Flow for Waveguides with Finite Conductivity

In the good conductor approximation, we expect the wave in the waveguide to
maintain its functional form but to decay with some decay length that is large
compared to the wavelength (in the waveguide, not the conductor!). We can
determine this decay constant by considering the (mean) Joule dissipation in the
conductor obtained from knowing the (approximate) fields in the conductor. This
power dissipated per unit volume in the conductor is

w? §2 - 2
—— 2 |Ho(6 =0,m)| e /% (9.347)

d{Py) o
2 2

(7 )= 5 [Bcten] -
dr - = > 0,c(S, N -
where the z and t dependence have been eliminated when we take the magnitude,
leaving only the normalizing ¢ fields that depend on the transverse coordinates (&, 7).
(Note that we have used the definitions of Z, and § to manipulate the prefactor.)

Section 9.8.15 Power Flow for Waveguides with Finite Conductivity Page 725



Section 9.8 Electromagnetic Waves: Waveguides

When we integrate this over depth to get the Joule dissipation per unit area,

[ dg e28/% yields §/2. After some algebra (recall, § = \/2/pc 0w and
=1/(c6)), we find

d(P) _ 1
da 2046

Ho(s—On\ = \K( )) (9.348)

where we have used the fact that, for the perfect conductor waveguide solution, the
tangential component of the auxiliary field gives the surface current density. (There is
no inconsistency in reintroducing K at this point: recall that K is the ¢ — 00, § = 0
limit of 6 J. Or, looked at from a length scale large compared to ¢, the quickly
decaying J looks like an infinitesimally thin sheet of current. From that same
perspective, we recover the perfect conductor limit because the exponential decay of
the fields is compressed to zero thickness, yielding an apparent discontinuity in the
fields at the conductor boundary.) Looks like I? R /2!

Integrating over the boundary yields the rate of power loss per unit length along the
waveguide

d(P) d(Ps(n)) Zo 12 P2
Tz —fw = —?{,(S) dn 5 |Ko) (9-349)
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Now, assuming a TM mode (so Hy . =0, h= %., and K= K- Z) and using the
tangential boundary condition on the magnetic field:

ikew ~ o
Koz(m) = H(E = 0,n) = S—25 T - (2x V.o (9.350)
R Tn £=0,n
k ~ PR = k( ~ =
= (T x2)-ViE = 5.V, K, (9.351)
Z Z
en Yn £=0,n ep Vi §=0,n

where we used the cyclicity of the triple scalar product and t; = Z x A. Plugging into
Equation 9.349 and using Zc;, = \/ /€ = b Vep, kepp = w/Vep, and we,n = Ve Yn
(putting the n subscripts in now and not showing the (&,n) dependence for brevity):

d(Pi™y  Z, 2 1 - 2
-_ = — — dn|n-V_E 9.352
dz 2 Wg,n NZ wgm fé(s) n ‘n 1 Eo,z,n ( )

One can obtain the corresponding expression for TE modes (which has two terms, one
each for the currents associated with the transverse and longitudinal H components):

d PTE Z wz V2 w2 N . > w2
,<7"> -z — dn ;/«L 1— % ’n X V1 Hozn| + % |Ho.z.n[2
dz 2wz, Jegs) w w w

c,n
(9.353)
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?{:(5)

To calculate the power loss per unit length explicitly, we must evaluate the above
integrals using the known waveguide solutions, so the exact result will depend on the
waveguide geometry. However, we can determine the approximate size of the above
expressions generically. Recall that, for perfectly conducting walls, the
eigenvalue-eigenvector equation implies (see Equations 9.314 and 9.315)

/da ‘ﬁﬂﬂn

The above exact equality implies the approximate equality

2 o2 2 P
~Yn ‘EO,Z,"‘ nXx vLI_I(],z,n
C(S) S

2 2 2
="7n s da ‘wn‘ (9.354)

<’ﬁ 6J‘EO,z,n

2> %’Yr21<|HO,Z,n|2>
c(s) S

where the averages are over the boundary or the surface, not time. Thus, we can
relate the line integral over the boundary to an area integral over the cross section:

dn | = 2 C
J‘E-VLEO,M =gnf/ da |Ey . with C:y{ dn A:/ da (9.355)
i Als c(S) s

2

where &, is a fudge factor that has to be calculated for the specific geometry and is
defined by the above equations. There is a similar expression for the TE modes. The
area integral on the right is related to the power flow down the waveguide,

Equation 9.316.
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In fact, by combining Equations 9.316 and Equation 9.317 and the analogue of the
above equation for TE modes, one can show that the field decay constant is

2(P,) dz Zey 2A L w2, w

w2

w 2
P 1 d{Pn) _ Zo(wen) C F {énﬂin “’Cé"] (9.356)

where Z, is evaluated at wc,n, &n is the order unity quantity defined above for TM
modes (and can be defined analogously for TE modes), and 7, is an analogous
quantity that is nonzero only for TE modes (corresponding to the second term in the
TE expression, proportional to wg’n/w2, which comes from the current associated with
the longitudinal field). For any given waveguide geometry, one can find &,, 7n, and kg
by evaluating the explicit d(P,)/dz and (P,) formulae. Note that &, and 7, are
unrelated to the earlier (§,7n) coordinates.

The useful and interesting thing about the above expression is that it exhibits all the
frequency dependence. &, and 7, are unitless, O(1) factors that depend on the
solution to the eigenvector-eigenvalue equation, which is geometry- but not
frequency-dependent.
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Summing everything up, the fields in the waveguide medium including the decay along
the waveguide are (kn, and k, functions of w):

En(F,t) = Ep n(FL) e/kn() 27w t) g=rin(e) 2 (9.357)
Hi(7,t) = Flo,n(F) ekn(#) 2= ) g =rin(w) 2 (9.358)

The fields in the walls are (7 is a vector 7 € C)

E o(Fo — €, 2,8) = 2121(%’) 7 5 Fon(Fo, z = 0) efl€/8()) g=€/8(w) gilkn(ew) 2= £) g=rn(w) 2
1
(9.359)
Aen(fe — A€, z,t) = Fo.n(7,7z = 0) e/(6/8(w)) g=&/8(w) gilkn(w) z—w t) g—kn(w) 2
(9.360)

We do not work out the full spatial dependences of the correction fields in the
waveguide medium, i.e., the correction fields that yield nonzero (A x h) - Eand - A
at the waveguide walls, because that would require an additional step of re-solving the
eigenvalue-eigenvector equations with a correction term to the boundary conditions, so
the transverse spatial dependences l:joy,, and I:Io’,, in the waveguide medium remain the
perfect waveguide solutions.
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Potential Formulation

Revisiting Scalar and Vector Potentials

Recall how we arrived at Maxwell's Equations. We first developed Faraday's Law by
incorporating both empirical information (Faraday’s observations) and the requirement
of the Lorentz Force being consistent with Galilean relativity. We then found an
inconsistency that required the introduction of the displacement current, yielding the
full set of Maxwell's Equations.

However, we have not revisited the static potentials that we developed in the static
field cases. Let's do that because they will provide a much faster way to calculate the
fields radiated by accelerating charges.

We still have that V - B = 0, so the Helmholtz Theorem guarantees that we may
continue to write

(10.1)
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However, Faraday's Law implies that vV xE # 0 when B has time dependence.

Therefore, we cannot assume E = —V V. However, using B =V X A, we see that
- - 9B d (s = - Y
VXE=——=—— (VXA B VXx|E+— | =0 10.2
5c = o (V% 4) ( + 8t> (102)

Thus, the Helmholtz Theorem implies

A - -
— =-VV BN E=-VV - — 10.3
ot ot ( )

&)

E+

We had in fact already seen the need for this correction when we calculated in
Equation 7.58 that the Faraday's Law induced electric field is given by the second
term, though we had not considered at the time its implications for the usual

Ecou/ = —VV relation. The above is therefore just the statement that the total
electric field is the sum of the Coulomb’s Law conservative piece, which can be derived
from a scalar potential, and the Faraday’'s Law non-conservative piece, which is
directly given by —9A/0t. The former part is sourced by charges, whether they are
moving or not, and the latter part is sourced by anything time variable — currents and
their time variation, which includes any movement of charges that involves
acceleration. This statement also proves more directly Equation 7.44, which we had
previously proven by noting that Coulomb'’s Law is independent of inertial reference
frame (i.e., does not care whether the charges are moving or not).
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By design, the above relations are consistent with the homogeneous Maxwell

Equations (the ones that have no sources):
(10.4)

Q
[os ]!

=0

V x E+

o5}

V-B=0
t

Let's check whether Gauss's Law and Ampere's Law can be satisfied. In terms of the

potentials, Gauss’'s Law becomes
ﬁ:ﬁf:fﬁvfg(ﬁﬁ) (10.5)
€o ot
and Ampere's Law becomes
dE - -V A
—t:qu—eouova—eouoﬁ (10.6)

vV x (6><ﬁ> :Moj-‘rEoMo 3
which we may rewrite using the usual V x (V x 3) = V(V - ) — V27 identity:
(10.7)

= PA\ o= ~ av -
<V2Aeo,uoat2> fV(V-AJreouoE) = —poJd

Equations 10.5 and 10.7 are second-order coupled partial differential equations for V
Page 735

and A and, so far, we see no reason they cannot be solved.

Revisiting Scalar and Vector Potentials

Section 10.1.1



Section 10.1 Potentials Revisited: Potential Formulation

We can write Gauss' Law (Equation 10.5) and Ampere’s Law (Equation 10.7) in terms
of the potentials in the symmetrical form (defining the d’Alembertian (2 with the

opposite sign convention as Griffiths to be consistent with our later discussion of
special relativity):

oL L. .
2 -5 = P D2A+ VL = poJ (10.8)
€o
9 - 3%
ith 0% = €0 fto — — V2 L=V A+ eopo — 10.9
wi €oto 5 + oo (10.9)
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Gauge Freedom and Transformations

The new equations for the potentials reduce the number of degrees of freedom from
six to four. There remains what is called a gauge freedom, which we will first describe
and then make choices for. This is the generalization of the freedom we had to set the
constant offset for the potential in electrostatics and to choose the value of V-Ain
magnetostatics.

Gauge freedom answers the question: how much can we change A and V while still

obtaining the same fields? That is, let us assume two sets of potentials (V, A) and
(V’, A’) that differ by functions @ and 3:

A'(F,t) = A(F, t) + a(F, t) V/(F,t) = V(7 t) + B(F, t) (10.10)

The requirement that these two sets of potentials yield the same fields gives the

equations:
0=V x [E/(m)-ﬁ( )} v x (7, t) (10.11)
0=V V(70 - V(7] - o [A'( 1) - A1)
— A1) - % (10.12)
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The first equation implies that & can be written as the gradient of a scalar
a(F, t) = VA(F, t) (10.13)

which we then plug into the other equation

- ON(r, t
v [ﬂ(?, t) + M} =0 (10.14)
ot
The above equation implies the quantity in parentheses must be position-independent,
which yields
ON(F, t
B(F,t) + # = k() (10.15)

We can absorb k(t) into A: add to A the position-independent term fot dt’ k(t'),
whose gradient vanishes and thus does not affect a(7, t). Thus
B(F,t) = —OA(F, t)/0t and we have the relations

o - O t)

A'(F,t) = A(7,t) + V(7 1) V(7 1) = V(R - = (10.16)

This kind of change in (V, A) that has no effect on the fields is called a gauge
transformation. The choice of A (perhaps implicit through specifying properties of A
and V) is called the choice of gauge. With the fourth degree of freedom in the
potentials identified with this gauge freedom, we thus see that Maxwell’s Equations

imply there are only three physical degrees of freedom in the electromagnetic field.
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Coulomb Gauge

This is the gauge we chose earlier for magnetostatics,

Coulomb Gauge V-A=0 (10.17)

In this gauge, Poisson’s Equation simplifies to the electrostatic form

Coulomb Gauge V2V = _r£

€o

(10.18)

That is, the charge density sets the potential in the same way as in electrostatics, so
changes in charge density propagate into the potential instantaneously. Of course, you
know from special relativity that this is not possible. We will see that there are
corrections from BA/at that prevent E from responding instantaneously to such

changes. The differential equation for A becomes

2A

2 _
Coulomb Gauge V<A — ¢ o 92

ot

R - OV
—poJ + €0 o V (—) (10.19)

which is a wave equation for A with source terms from J'and V (9V/9t). The latter
is determined by dp/0t.

Section 10.1.3 Coulomb Gauge Page 739



Section 10.1 Potentials Revisited: Potential Formulation

Lorenz Gauge

The missing “t" is not a typo: different person!

Here the choice is

oV

= 10.20
5t (10.20)

Lorenz Gauge V-A= —€o o

The reason this choice is made is that it sets L = 0 in Equation 10.9 so that we obtain
symmetric, inhomogeneous (have source terms) wave equations for V and A:

2

Lorenz Gauge mv =2~ A= poJ 02 = € po % — V2| (10.21)
€o

with, again, the opposite sign convention as Griffiths for 2. This will be the natural
gauge for calculating radiation of EM waves from moving charges and currents,
especially in a manner that is manifestly consistent with relativity.
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The Lorentz Force Law in Potential Form and Implications for Classical and
Quantum Mechanics (Optional)

Let's write the Lorentz Force Law in terms of the potentials:

- dp
F:—p:q

- A | o
o AR (v x A)} (10.22)

Using the BAC — CAB rule for the triple vector product and recognizing v is not a
function of position, we may rewrite as

m%f:—q %er(\? V)A+V (v-7-A) (10.23)
We may write Z—f + (\7- ﬁ) A= j—f (10.24)

where d/dt is the total derivative of A, taking into account both the explicit time
dependence of A (the DA/t term) and the time dependence of A to which the
particle is subject due to its motion (the (V- V)A term). This kind of derivative
should be familiar to you from classical mechanics when considering the total time
derivative of the Lagrangian. The quantity on the left side of the above equation is
called the convective derivative of A (convective because it is particularly important in
fluid mechanics, where such a derivative accounts for the motion of a fluid element.)
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Let's be explicit about why the convective derivative correctly gives the total
derivative of A. Consider a time interval dt in which the particle moves dr = v dt

dA = A(F+ vdt, t + dt) — A(F, t) (10.25)
OA OA A 0A N . OA
= wdt G byt v d o e = dt[( V)A—&-E (10.26)

Ox

With the appropriate definition of the total derivative of A, we may rewrite the

Lorentz Force Law as
(10.27)

d . . i
= (m7+qA)=-V[a(v-7-4)]
dt ( q q

which may be rewritten using the canonical momentum, &, and a velocity-dependent

potential energy, U, (7, V, t):
(10.28)
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You may have seen these ideas of a velocity-dependent potential and canonical
momentum distinct from mechanical momentum in Ph106a. Recall that the
Lagrangian formulation of mechanics is derivable as a special case, for conservative
forces, of the generalized equation of motion:

ey OF oT T
STEr . O g d (0T 0T (10.29)
! qu dt qu qu

i

where the I—:I.("C) are the set of non-constraint forces, the qy are generalized coordinates,
Fk is the generalized force in the kth generalized coordinate, and T is the kinetic
energy in terms of the generalized coordinates and velocities. For a conservative force,
the force term on the left side can be written as a gradient of a potential energy U
that is a function only of the coordinates. This form permits one to define the
Lagrangian function L = T — U and incorporate the gradient of U into the second
term on the right side. (Such a U does not contribute to the first term because it does
not depend on the generalized velocities.) The result is the Euler-Lagrange Equation

oL oL
d oty ot _, (10.30)
dt \ 9q, aq,

For nonconservative, velocity-dependent forces like the Lorentz Force, it is clear that,
if one can construct the appropriate function U, such that its partial derivatives with
respect to qx and g, generate the appropriate force terms on the left side, then the
same construction applies, now with L = T — U, and U, being a function generalized
coordinates and velocities, a velocity-dependent potential (energy).
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Let’s see how it works out in detail in this case, which will also lead us to the
appropriate Hamiltonian operator for quantum mechanics in the presence of
electromagnetic fields. Using the velocity-dependent potential energy we defined in
Equations 10.28, we write down the corresponding Lagrangian:

1 -
L:T—UV:Emvz—q[V(F,t)—\fA(?,t)] (10.31)

The generalized coordinates are qx = rx and the generalized velocities are

Gk = fx = Vi, so the Euler-Lagrange Equations become (recall, 9f,/0r; = 0 as we
take the derivatives to obtain the Euler-Lagrange Equations; they do not become tied
to each other until we have those equations):

d v oA
= [mr A —~ v 2| =0 10.32
dt[mrk+q +aq o, arJ ( )

dFy OAL L= 3% . 0A
LS .V)A gV =0 10.33
mdt ta ot +q<v ) k+q8rk av r ( )

where we used the expression we derived earlier for the total derivative of A
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Moving terms around and being careful not to reorder derivatives now that 7" and
vV = F are no longer independent, we have

oV OA 0Ar <
— 7 il 10.34
mic—a |0 2|3 n 5 0 (1034
n=1 =1
If we put the above in vector notation, we obtain:
- oA 5o\ &
mi=gq [ Vv76—+v( )(r-V)A} (10.35)

which recovers Equation 10.23 with F=vVandr= dv/dt. We may thus invert the use
of the BAC — CAB rule that took us from Equation 10.22 to Equation 10.23, yielding

- OA . o
UV - 2 (v x A)] (10.36)

as we expect: both the Lorentz Force Law and a second-order ODE for the particle
trajectory F(t).
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Let's also calculate the canonical momentum and the Hamiltonian. Normally, one
writes the Hamiltonian in terms of the canonical momentum and the generalized
coordinates, not the generalized coordinates and velocities, but we will do the latter
first so we can see that it yields the correct total energy:

oL
Tk = —— = mF + q Ak (10.37)
aq,
H:quk—L:(mﬂqﬁ).?—L (10.38)
K
:(mr+qA)~?— 1m? F’—q[V—F’ A’]
2
1 . .
= SmPFtqV=T+qV (10.39)

which is the energy, as we expect.
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Let's rewrite the Hamiltonian as it should be done, in terms of the canonical
momentum, so that we can see how one again recovers the Lorentz Force Law as well
as obtains the quantum mechanical Hamiltonian operator. Start from the second line

above, using V = (ﬁ"f qu /m:

72 (7-ah) - {n - adl —a|v- 2 (- qh) 4]} aoao)

1 2
- ‘fr’— qA‘ +qV (10.41)
2m

H

Hamilton's Equations of Motion relate the rate of change of the canonical momentum
to the gradient of the Hamiltonian and the rate of change of the generalized
coordinates to the canonical momenta:

3

dmy oH 1 1o} oV
= =4 = n— Ani n An* I
Tk dt ar, m nz:; (m q4n) or, (m 9An) = q or,
3
q 0A, ov
= - (mn — q An) —9q95
mg ar, or,
dry oH 1
= K- - —_gA
o= o, m(ﬂ'k qAx)

In calculating the above, one must remember that 7, and r; are independent variables,
Omy/0r; = 0, during the process of taking the derivatives in Hamilton's Equations
(similar to the way r¢ and i are independent in the process of taking the derivatives
to obtain the Euler-Lagrange Equation).
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After we take the derivatives, though, we drop this independence and substitute the
second equation in the first one to eliminate m, and obtain a second-order ODE in ry:

0A, ov

il A) = a2

(mrk+q k) = q§ Fn ar, qark
8 - ou,
= (m¥ A)=—— |q(V—7-A)| = -
" 9 (m i+ q Ad) ar, [q< r )] ar,

which recovers Equation 10.28 with the understanding that derivatives with respect to
ri should not be interpreted as acting on ri in order to get the last equation.

The greater point of interest about writing out the Hamiltonian is to see the
motivation for the quantum mechanical Hamiltonian. To go from classical mechanics
to quantum mechanics, we promote the canonical momentum to the momentum
operator —i AV (or, more correctly, we promote 7 to the quantum mechanical
momentum operator i, whose representation in the position basis is —/i hV) The
above derivation shows why the Hamiltonian in the presence of an arbitrary EM field
has A in it, which otherwise goes unexplained in quantum mechanics.

The presence of A in the Hamiltonian is also why the vector potential plays a more
important role in quantum mechanics than it does in classical mechanics. Its presence
in H gives it the opportunity to affect the phase of the quantum mechanical state.
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We can also find an equation relating the time derivative of the particle energy to the
potentials. This will become useful when we consider the relativistic generalization of
the Lorentz Force Law, which will include an energy component. We obtain this by
calculating the work done per unit time by the Lorentz Force:

dT_v.ﬁ_q{v.(—ﬁv)—wajJﬁ.{m(ﬁxﬂ)} (10.42)

ot

The last term vanishes because the triple cross product is perpendicular to v,
reflecting the fact that magnetic fields can do no work (except on fundamental
magnetic dipoles). Now, let's add the total derivative of g V/,

d . )
Z(gV)=(v-V)(qV)+ —(qV 10.43
Z@V=(7-9) @)+ 5 (aV) (10.43)
to both sides, yielding
d P B P
“(T+qV)=—=|q(V-v-A)| ==U, 10.44
S (THav) =2 [a(v-v-A)] = (10.44)

This gives us an expression for conservation of energy in terms of the potentials
(rather than the fields) for fully time-dependent (but non-relativistic) situations. The
latter term on the RHS does not imply magnetic fields do work, as Bis always
perpendicular to A, so V- A has no contribution from B. That term is present because
of the portion of A that produces an electric field.
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Gauge Transformations and Coupling of Matter to Electromagnetic Fields
(Optional)

Requiring invariance under gauge transformations provides another interesting way to
introduce the coupling of matter to electromagnetic fields in quantum mechanics,
differing from the approach we just provided.

We begin by showing that one can derive the Schrédinger Equation by considering the
wavefunction (7, t) to be a classical field with Lagrangian density (Lagrangian per
unit volume):

o\~ 1 =
c=g v (inge)wvn (ingr) w] = 5w (in9) 7w (oas)

With a Lagrangian density, we consider the field at every point in space (7, t) to be
an independent trajectory in time, analogous to X(t) for a single particle. Therefore,
our generalized coordinate is (7, t) with 7 acting as a label or index, with each point
in space corresponding to an independent variable. When one has a complex field, one
can show that one should actually use ¥* as the independent variable for the
Euler-Lagrange Equation; that is, the Euler-Lagrange Equation is

d (oL oL
g (9L - 10.
<aw*> 507 =0 (10.46)

where 9)* = O1p* /Ot and the equation should be evaluated independently at every 7.
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Applying the above, we obtain

d [ ih ih oy 2
= (_’7 1/,) _ [’7 Bif + ﬂv%} =0 (10.47)
i (4h6)2¢: ih%’ (10.48)

which is Schrédinger’'s Equation for a free particle.
The above Lagrangian density is invariant under the phase transformation
O(F, t) = ' (F, t) = (F, t) e’ X with x a constant (10.49)

simply because every time 1) appears, so does 1*: this phase transformation is a
symmetry transformation of the Lagrangian. Therefore, by Noether's Theorem of
classical mechanics, there is a conserved quantity found by summing the product of
the canonical momentum and the derivative of the transformation with respect to its
parameter () over all degrees of freedom (all values of 7; i.e., integrating over space):

_ oY oL oy’ _ i Ny P o2
1= [arpy 50 = [ar 8 S0~ [ar (T ) =T [ariuto
(10.50)

That is, the fact that the phase transformation is a symmetry transformation of the
Lagrangian density implies that the total probability of the wavefunction is conserved
(the negative sign is unimportant, as are the other prefactors).
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It is a general principle of modern field theory that we should expect global symmetry

transformations like the one above to also be symmetry transformations of the
Lagrangian when the transformation is made local. One reason we make this
requirement is that a symmetry transformation that is the same everywhere in space is
inconsistent with special relativity: how does the information propagate
instantaneously to all points in space? We also know simultaneity is frame-dependent
in special relativity, which also calls into question the idea of applying a transformation
that is the same at all points in space. In this case, that would imply the
position-dependent phase transformation

G(Ft) = ¢/ (F ) = (7, t) e X7 (10.51)
is a symmetry transformation of the Lagrangian density.

However, we quickly see that, when we try to apply such a local transformation to the
Lagrangian density, the spatial and time derivatives act on x(F, t) and create all kinds
of additional terms such that L is not invariant under the local version of the
transformation. Specifically:

o v . dx

— 7 ) 10.52
or ~ar S TIvet G (10.52)
v2¢':€ﬁ[we"><] —v. [e"Xﬁszrizpe"Xﬁx} (10.53)

= XV 4 2ie X Vip - Vy — e X Vy - Vx + i1 e XV2y (10.54)

In each expression, the first term is what we had for the global version of the

transformation, but the additional terms break the invariance.
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There is a standard prescription for fixing this kind of problem. We need counterterms
to cancel the additional terms that appeared above. We make the replacement

p-=Tr=—ihV — Pr=qr—qA(Ft)=—ihV —qA(F,t) (10.55)
19}
pt:m:iha — pt:m—qV(F‘,t):iha—qV(F’,t) (10.56)
where the new functions E(F, t) and V/(F,t) also participate in the local phase
transformation, now called, for obvious reasons, a gauge transformation:
ON(r, t
V(7 t) = V(Ft) — # (10.57)
A'(Ft) = A(F, t) + VA(F, t) (10.58)

with x(7, t) = g A(F, t)/h the same function used in the transformation of the

wavefunction up to a constant factor, so the coupled gauge transformation of the
wavefunction is

w(?’ t) N qr/)/(F; t) _ d)('?: t) el aA(Fit)/h (10.59)
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With this replacement, the Lagrangian is
1 0 0 * 1 = 52
== |9*(ih——qV ih——qV |l - =—y*(—ihV—-gA
52[‘”(’&")””’(’&")“’} s (i —qd) v
(10.60)

We can check this Lagrangian density is invariant under the gauge transformation.
The space piece is:

(4116 - qﬁ) v —
(—ihﬁ—qﬁ/) " (10.61)
— —ih {e"“/“ﬁzg: el aN Ny, (i %) ﬁx] —g H+ W} RERVIN
=el9r/n (—ihﬁ—qﬁ)w (10.62)
— (—ihﬁ— qﬁ)zzp —
(—ihﬁ - qﬁ/)zw’ . (71716 . qﬁ’) : [e"“/" (ﬂ'hﬁ . qﬁ) L}
SPRERVL [qu ihV — qA— qﬁx] : (,,-,ﬁ, qi) "
= ef9A/h Gihﬁfqﬁ)zw (10.63)
The transformation yields just the simple phase factor in front that we need for the

cancellation to work.
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The time pieces are

(ihg—qV)w —

ot
<ih37qv') P’ (10.64)
ot '
. i oY : C7.g\ OX o]
_ ighA/h Y¥ igX/h 9\ YA v iq\/h,
7/h[e (‘?t+e WY (Ih> ﬁt} q{V (%}e Y
; 1o}
=elaNn (ih——qv)w (10.65)
ot
<'r 5} V>*¢*
11— — 1 —
ot q
(ih2 qu/>*(v‘*)' (10.66)
ot )
_ —igA\/h oy —igA/h g« (.9 @ o o @ —igX\/h %
=—ih {e s +e 0] ( i h) oy q|V ot e (0]
) B *
iz (59 _ v) o+ 10.67
e <l ot q Y ( )

Again, the transformation yields just the simple phase factor in front that we need for
the cancellation to work.
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If we apply the Euler-Lagrange equation to the new Lagrangian, we get

d ih ih oy 1 1 1 I N2 B
E<_?¢)_ {?E—Equ)—Eqvw—ﬂ(—’hV—qA) 1/1} =0
(10.68)
o

- N 2
<fithqA) vHqVy=ings (10.69)

2m

which is exactly the Schrédinger Equation with coupling of the particle of charge g to
an electrostatic potential V/(7,t) and a vector potential A(F,t)!

This is the same Schrodinger Equation that get if we promote the classical

Hamiltonian from Equation 10.41 to a quantum mechanical Hamiltonian operator by
replacing @ with —i 4V (in the position basis), as indicated earlier .
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Lastly, with the coupling between charge and the potentials now present, we can
reinterpret our Noether’s Theorem result: not only does it imply conservation of
probability but, because the particle now has a charge associated with it, it implies
conservation of charge, too! This is conservation of integrated charge over all of space
for each particle, not local conservation of charge.

To make the next step to local conservation of charge — i.e., the continuity equation

— one must demonstrate local conservation of probability. One does this by defining a
probability current

4" Vv - w¥y*]

S\B*

i
2

and showing, using the Schrodinger Equation, that

T
Vit — =0
J+at [

which is the continuity equation for probability. If one multiplies all of the above by q,
one obtains the continuity equation for charge density too!
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Retarded Potentials and Fields
Retarded Potentials

We would like to obtain solutions to the inhomogeneous wave equations,

Equation 10.21. Those equations have the structure of Poisson’s Equation aside from
the addition of the time derivative term. In the case of static fields, they in fact
reduce to Poisson’s Equation exactly. We know from the homogeneous wave equation
that this time derivative implies that the solution propagates at speed ¢ = 1/,/€; fto.
It is thus plausible that the solutions are given by generalizing the static equations to
account for the propagation time:

. F—r|
retarded time tr=t— —— (10.70)
c
1 7ot = Jt
retard.ed V(7 t) = / dr’ PSr 7_’r) (7 t) = &/ dr' S 7_'r)
potentials dmeo Jy F—F'| 47 Jy |7 — 7]
(10.71)

We check below that these forms in fact solve the inhomogeneous wave equations.
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We would like to act with [ on integrals of the following type:

B(F,t) = /Vd ’% (10.72)

P

Since 02 acts on the F (rather than the 7’) coordinate, we can pass it through the
integral to act on the integrand. The time term of (2 is easy:

0% [f(F, r,)} 1 o 1

Z = (P t) = —— 10.73

8t2[\r—r\ |7 —F'| o2 (7 ) B 8t2 f(7, ) (1073)
because %tt’ = 1. For the space term in 02, we will need V2f(#’,t,) . Calculating this

by brute force is difficult because V is with respect to F but t. depends on |F— F’|.
We'll employ a similar trick as we did when doing such manipulations in electrostatics,
which is to define = F— 7’ (so that t, = t — s/c) and recognize that

VE(F b)), = VE(F )| (10.74)
because the expression is a scalar and thus cannot depend on the coordinate system
origin aside from evaluating it at the correct physical location (the business with the

arguments in the subscripts). Note that §and 7’ are independent variables, just as
and 7/ were independent, so V2 does not act on the 7 dependence of f(F”/, t,)!
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Let's evaluate the easier expression (recognizing tr only depends on s = |5]):

1 0 1o} 1 0 af ot
ViF(F t) = = — 2ff*’,t):ff(2— ) 10.75
() s2 9s (s Os (7 ) 205 \° ot, Os ( )
106 (,0f 1 1 0%f 2 of
_19 Ay Lot 2 10.76
s2 Os (s ot, ( c)) c2 9t  sc 8t ( )

Again, 8/0s did not act on the 7’ dependence of f(7’,t;) because the transformation
of variables was from (7, 7/, t) to (8, F’, t) and so the independence of F and 7’
translates to independence of 5 and /. From the above, we obtain the expression we

will need below:

VIF(F t) 1 9% 1 20f 1 (10.77)
|[F—F| 2 0t2 [F—F'| c ot |F—F']2 '

In a similar fashion, again because it is a scalar, we may evaluate another expression
we will need below:

2 [VoA(7, 1) ﬁ«(ﬁ) 2 [ef(7 1)) - Vs (%) (10.78)

2 of 2 09f 1
Ea . (10.79)
cs2 ot, cot, |[F—F']?
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Now, to proceed with the second term in [J? involving V2. Let's work on it using the
product rule (this is a bit cleaner than the way Griffiths does it):

f(F,t . VAf(F .t -
[ - fe S o,
r—r

S
I
~
~
/N
-
—
-
~+
K
N
<
~
/N
~u
] =
U
~
~
| I
—
—
o
[el]
o
=

1
—/ 2
W-}f{r,tr)vf( )

=7

+2 [VA(7, 1) %( ! )} (10.81)

F—r|

1 1 9% . S
_ [IF— 7 g ) [47r5(r—r’)]] (10.82)
r

where we plugged in the expressions we derived above for the first and third terms on
the second line and discarded the cancelling terms, and we used the usual relation
between the delta function and the Laplacian of the inverse distance. In the end result
we have, we see that the first term will cancel the (1/c?) 8?/9t? term from (2. The

second term with the delta function can be easily evaluated (note that doing so gives
t, = t, also).
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Combining the two terms and applying the integral, we have

2 o J[1 8 o] (', tr)
O (j)(r,t)—/vdr {gﬁ*vr} (ﬁ) (10.83)
:47r/ dr' F(F', t,) 5(F = F') = 47 F(7, t) (10.84)
v

—

Applying this to our proposed expressions for V/(7, t) and A(7, t), we obtain

C2V(F,t) = CPA(F, t) = po J(F, t) (10.85)

as desired.
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We need to confirm the Lorenz gauge condition is satisfied since we assumed it. We
will need to calculate the divergence of the integrand in the expression for A. Recall:

1 F-F P —F L1

- r—r
\v — = = -V —m 10.86
TIF=F F—FB  |F—F? TF=F (10.86)
Therefore,
. [ J(7, ¢ Ve J(7 ¢ - . 1
Vi S 7;) == (r; ) +J(F ) Vi == (10.87)
77| 77 77|
Vi (7t . 1
=— (r; 2 —J(7 ) Vi | == (10.88)
|F—F| |[F—r|

Il
|
<l
~
/N
=
i A~
3
o
—|
N———
—
f
o
©
=)
=

/- ) aJ -
7'V;’i’r L :|

- = — -Vt
ot, +8t, o

where the continuity equation was used when evaluating 6;/ . f(?’, t;) but not for
V- J(F', t;) because the argument of J must match the divergence’s variable for

continuity to apply. Note that the a%r are evaluated at (77, t;).
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Using the same kind of argument as we used on the previous page for showing
Vi(1/|IF=F')) = =V (1/|F— F'|), we have

=/

1. 1
Vit =—=Vz|F—F'|= -
c

Vi l|F—F|==Vat (10.91)

Therefore, those terms cancel each other and we have

- J7, 1) - J7,t) 1 dp
A/ (A VL2 IS - SV - op 10.92
7 < T\TF=A ) = o (10.92)

=71

We may now calculate the divergence of A

I - o (7t o0 - (It
G ARty =, o [ g ) e [ g (S g g3)
47 Jy |F— 7| 47 )y |F—F|
o - (7', t, 1 ¢
:L/dT/ g, (AT L e (10.94)
47 Jy |F—F'| |F—r'| ot,
o 1 p(F', t,) d
= —€o o == dr’ L = —eo pio — V(Fi t 10.95
ot 8t4ﬂ'60/v T F | T Cete p V(RY (10.95)

where the first term in the second line has been transformed into a surface integral at

infinity that vanishes because the current distribution is assumed to be finite in extent.
We convert §/9t, to 9/8t by using 9t/0t, = 1. The Lorenz condition is thus satisfied.
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Fields from Retarded Potentials: Jefimemko's Equations

The natural next step is to calculate the fields from the above retarded potentials.
This is straightforward using calculations similar to what we did above (easier, in fact,
because we are only evaluating first derivatives rather than [1?). First, let's write down
a generic expression for a first derivative:

o (f(F', tr) 1 of oty 7] 1
O (HLt)Y of (7, t) 2 10.96
or, (\F— m) o ar, 0 g (A (10.96)
11 of  f(Ft)] (F—F)-F
_[.1 of _ 10.97
{ ciF—rlot - r'\J 7= 7] (10.67)
( e L
where Ot 10 1p o L) (10.98)
or; cdr, c |[F—F|
. . 9 -
Then, E(7, 1) = ~¥- V(7. 0) = £ A(7, 1) (10.99)

1 1. p(r',r,)) o (I, t)
dr' | =V =22 o— | ——— 10.100
a9 Lo ’(\rxm tro g \rorr )| (10-200)

1 F—F  19p F—7 19J 1
/dT/ o7ty = Lrop P2 10
v |F— 73

cot, |F—F'2 2ot |F—F|
(10.101)

where, as usual, p and J are evaluated at (F’, tr) and we used € o = 1/c2.
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Calculating the magnetic field is straightforward:

B

(7,

t)

-

Vz

Ho
4

,uo
4

Ho
47

- 0 - J(7' tr
x A(F, t) = L/ dr' x| A1) (10.102)
47 [y |F— 7|
3
0 [ I(F tr
/dr’ S e - ( KT 4,)) (10.103)
v ij k=1 or; 7=
3 N - -, ~
1 1 !t )
Lo > e |3t G- ] CE T
y e c |F—F'| ot, |F—F| |F—F"|
(10.104)
J7,t) 1 1 aJ F— 7
/dT’ (7)1 S x L1 (10.105)
v |F—F12  c|F—F| dt |F— 7|

where we obtained a sign flip in the last step by exchanging the j and k indices.
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We thus have Jefimemko's Equations:

. 1 FoF 10p F—7 19] 1
E(r,t) = dr’ Pty —— - — ===
Y= e /V TP e EE Y o PR T @ or, = 7]
(10.106)
= 7,6) 1 1 F— 7
B(t)=t [ ar Jre) 11 o) ror (10.107)
47 Jy |F—F'|2 ¢ |F—F'| Ot, |F—F|

These equations are not incredibly useful in practice because it is usually easier to
calculate the retarded potentials and differentiate to find the fields, but they give a
clear physical understanding of how disturbances in the source distributions determine
the fields at a distance.
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The terms that fall off like 1/|F — 7’|? are just Coulomb’s Law and the Biot-Savart
Law, evaluated at t,. They simply account for the time delay in propagation of the
information about the source position.

We note that the 9/t terms in each equation fall off like 1/|F — F’| while the other
terms fall off like 1/|F — 77|, so it is these 3/0t, terms that dominate at large
distances. We won't do the calculations using the above expressions (we will use the
retarded potentials), but this is an interesting fact because it tells us that it is the
time variation of the sources that generates the strongest fields at large distances (the
radiated fields). A heuristic (i.e., handwaving) way of understanding this is to attribute
it to the fact that time variation generates EM waves, which are self-propagating,
while static sources and charges must generate the distant field directly.
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Heald and Marion §8.2 has some nice discussion of the interpretation of these
equations as well as references to some papers that discuss the topic further. We note
two of their points here:

> It is frequently said (as we have said) that changing electric and magnetic fields

Section 10.2.2

induce magnetic and electric fields, respectively, and this is how EM waves can
propagate. While this is true mathematically in Maxwell’'s Equations, this is
something of an artifact. Maxwell's Equations are local equations, meaning they
relate the fields, their derivatives, and the sources at a particular point in space
and time. But if we look at Jefimemko's Equations, which are exactly true, we
see that fields at a distance are sourced by charges and currents. In effect,
Faraday's Law and the displacement current term in Ampere's Law are
intermediaries necessary to make Maxwell's Equations local.

There is also an interesting asymmetry in the above equations. The 8J78t,
term in the expression for the electric field is the term for which Faraday's Law
is the intermediary: calculate a contribution to the electric field at a given
space-time point (7, t) from the rate of change of the magnetic field at that
point, which depends on the rate of change of the sourcing current at (77, t;).
(It is the retarded version of Equation 7.57.) Yet there is no corresponding
Op/0t, term in the magnetic field expression to handle the displacement current
term! The retardation alone calculates the displacement current term in
Ampere's Law. This is not explicitly obvious, but can be seen by inference by

Fields from Retarded Potentials: Jefimemko's Equations
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Section 10.2.2

the following argument. Let's Taylor expand the source charge and current

distributions around t = t,:
o 2! 1 82 2 2\ 2
9p (|r r|)+7 ,20 (\r r\) ..
ot 7ot c 2 Ot 7oty c
92J
9t2

N N n =z 1 = =\ 2
J(7,t)y = J(7', t) + 9J (M) +3 (M) 4.
. c

p(F/a t) = p(Fl7 tf) +

ot | c t

F/ oty P/t

That is, we can obtain the first two terms in both of Jefimemko's Equations
simply by accounting for retardation. The third term in the electric field
equation is the manifestation of Faraday’s Law, as we said above. But there is
no corresponding term in the magnetic field expression for the displacement
current, so we are forced to conclude that the retardation calculation accounts
for it. Amazing!

(We also see from the above Taylor expansion how, again, the first terms in
Jefimemko's Equations are Coulomb’s Law and the Biot-Savart Law evaluated
at tr.)
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Another nice feature of Jefimemko's Equations is that they make it possible to
formally define the quasistatic approximation. Let 75 be the characteristic timescale on
which a source term varies, as defined by

1

Ts

o)
¢

(10.108)

Hi=
>
e

<

where f is any source term (p or a component of f). Then the second terms are
smaller than the first terms by the factor

P71 of — 7
azlr="l _IP=rje (10.109)
c f 8t, Ts

which is the ratio of the light travel time to the source variation timescale. The

quasistatic approximation consists of assuming that o« < 1, which justifies neglecting
these terms and setting t, = t.
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The third term in the £ equation requires a bit more analysis. It involves the current,
but we cannot compare it to the current terms in the B equation because E and B
have different units. So we must compare it to the other terms in the E equation,
which involve p. Let's write J = pv (drop the vector nature, it's not important for
this analysis), so then the ratio of the third to the first term is

F=7] 1 8 _|F=F| 1 a(pv) _|F=7|[,10p 10v

_ 10.110
c pc Ot c pc Ot c p Ot ¢ Ot ( )
> =
—aft |F—r'|/c
Ta

where 8 =v/c < 1and 7; ! = (1/c)8v/dt is a relativistic (because it is ¢, not v in
the denominator) acceleration timescale. The first of the two above terms thus only
becomes important when both a and 8 are near unity; i.e., when the source variation
timescale approaches the light travel time and when the particles in the current are
moving relativistically. The second of the two above terms only becomes important
when the particles’ relativistic acceleration timescale 7, approaches the light travel
time.
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Study Guide

Since you already studied special relativity in Phlb, we will not repeat the discussion
of all the thought experiments that lead one to it (Griffiths §12.1). The notes include
a more rigorous derivation of the Lorentz Transformation than in Phlb, but the result
is the same, so we will leave that for you to read outside of class. We will quickly
review the basic results of special relativity you learned in Phlb (Griffiths §12.1.3). We
will then introduce four-vectors, the metric, and tensors (Griffith §12.1.4, with added
rigor), and proceed to discuss relativistic velocity (Griffiths §12.2.1). We skip
relativistic collisions (Griffiths §12.2.3) because you have seen it before in Phla and we
do not need that material for what follows. We will then switch to a discussion of how
to rewrite electrodynamics in relativistic notation, including writing the total
electromagnetic force (electric + magnetic) in a form that respects special relativity
and uses the relativistic notation (Griffiths §12.3.3-12.3.5), including derivation of the
separate transformation properties of the electric and magnetic fields (yielding the
results in Griffiths §12.3.2 via a different approach). In the latter, you will see that we
derive no new physics but rather that electrodynamics is written far more naturally
and concisely in this notation. We end by discussing relativistic energy-momentum
and dynamics (Griffiths §12.2.4) in the context of electrodynamics. There is a lot of
optional material on the relativistic stress-energy tensor, angular momentum tensor,
and conservation laws at the end of the section.
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Griffiths’ discussion in §12.3.1-12.3.2 is largely a duplication of what you saw in
Phlbc, so we will not reproduce that discussion here. §12.3.1 demonstrates, using the
movement of a charged particle near a current-carrying wire, that a force that we
consider magnetic in one frame of reference is purely electric in the rest frame of the
charged particle. §12.3.2 derives the transformation of the fields by applying
appropriate Lorentz contractions and time dilations to specific cases like capacitor
plates and solenoids. Of course, you should review these discussions, which show that
the electric and magnetic fields are tied to each other not just through Maxwell's
Equations but also through relativistic transformations.
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Fundamentals of Special Relativity

Reference Frames, Coordinate Representations, Transformation Properties,
Invariance, and Covariance

So far in this course, we have not concerned ourselves much with how the physical
objects we have defined — e.g., charge, currents, fields, forces, etc. — depend on the
frame in which they are written. That is generally a topic more relevant for
mechanics. But special relativity is mechanics and, more importantly, transformation
properties of these various quantities will play a central role in determining how we
write down electrodynamics in a way that is manifestly consistent with special
relativity. So let's define a few terms that we will use in that discussion.

» Reference Frame
As you know, special relativity is concerned with how physical quantities behave
when we look at them in different inertial reference frames — frames that are
moving at fixed velocity. A frame that moves at fixed velocity is simply one in
which Newton's Laws are obeyed. We will denote such frames by F, F, etc.
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» Coordinate Representation

Section 11.2.2

Any physical quantity has an existence independent of any specific coordinate
system or reference frame. (We use both terms because one can imagine
different coordinate systems that describe the same reference frame, and one
might not consider the coordinate systems of two reference frames to be
different if they are aligned and they coincide at one instant in time.) When we
write down physical laws, such as Newton's Law or Coulomb’s Law or the
Biot-Savart Law or Maxwell's Equations, those are statements about
relationships between physical quantities that are independent of coordinate
system or reference frame. Frequently, though, to actually execute those
relationships, we do need to pick a coordinate system or reference frame. The
coordinate representation of a physical quantity, such as an electric current, is
the set of numbers that define it in a given coordinate system or reference
frame. This representation can vary between coordinate systems or reference
frames. But that variation does not change the physical meaning of the quantity
to which one is referring. For the example of a current, which is a vector, its
coordinate representation will depend on coordinate system orientation. But it is
still the same current independent of that choice.
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» Transformation Properties; Invariance and Covariance

Section 11.2.2

The term we use for the way a quantity behaves under such a change of
coordinate system or reference frame is transformation properties. (Note: when
we say ‘“coordinate system or reference frame” here, we are not implying both
together, but rather one or the other. A quantity’s transformation properties are
generally different under the two when special relativity is considered!) A
physical quantity that does not change under a coordinate system or reference
frame change is called invariant. An electrostatic potential difference between
two points is, for example, invariant under translational or rotational
transformations of the coordinate system because its coordinate representation is
the same in all such coordinate systems. (We shall see that, in special relativity,
electrostatic potential difference is not independent of inertial reference frame
velocity!) On the other hand, an electric field’s coordinate representation — the
three numbers representing it — does depend on coordinate system rotation.
When there are well-defined rules for how the representations in different
coordinate systems or reference frames are related, the quantity is called
covariant to indicate the existence of such rules. To provide a counterexample,
the z-component of an electric current is neither invariant nor covariant, but the
three components of the electric field together are covariant.
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There is clearly great value in writing down the laws of physics in terms of invariant
and covariant quantities: this ensures our laws can be written down in a manner that
is manifestly independent of coordinate system or reference frame. After reviewing
special relativity, out goal is to formulate electrodynamics in such a way that the
transformation properties of the various quantities we deal with — source
distributions, potentials, fields, etc. — are made clear. We will see that
electrodynamics is deeply related to relativity, a realization that in fact initiated the
development of special relativity by Poincaré, Lorentz, Einstein, and others. In fact,
Einstein's first paper on special relativity is titled “On the Electrodynamics of Moving
Bodies” (Annalen der Physik, 17: 891 (1905)).

Sign Convention
As with our definition of 02, we deviate from Griffiths and follow the more standard

sign convention for relativity where the inner product of a four-vector is of the form
(time component)?—(space components)?.
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Postulates of Special Relativity

The two basic postulates of special relativity are
1. Physics is the same in all inertial frames.
2. The speed of light is the same in all inertial frames.

The first postulate is just the principle of Galilean relativity that we discussed in the
context of Faraday's Law. At that point, we defined an inertial frame to be a frame in
which Newton's Laws hold. The implication of Galilean relativity is that there is no
absolute frame of reference; every inertial reference frame is as good as every other
one.

It is the second postulate that was Einstein’s brilliant leap and that leads to all the
nonintuitive implications of special relativity. To some extent, the second postulate is
a corollary of the first once one realizes that electromagnetic waves do not travel in a
medium. If the laws of electromagnetism, which give rise to the speed of light, are to
be the same in all frames, then the speed of light must of necessity be the same in all
frames. But it took the Michelson-Morley experiment to kill the concept of the ether,
a medium in which light propagates.
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Derivation of the Lorentz Transformation

Consider two inertial reference frames F and F. Let them have coordinate axes
(x,y,2,t) and (X,¥,Z,t). We include t as a coordinate and allow it to be different in
the F frame because it will be necessary to avoid a contradiction with the second
postulate. Let the two systems’ axes and origins coincide at t =t = 0. Let the F
frame be moving at speed v = c 3 along the +x axis with respect to F, which means
that the position of the F origin obeys x = Bct in the F frame.

path of origin This information is summarized in our space-time
ct of Fsystem, diagram in the F system, a plot of t vs. x with the
slope = 51 origin of the F system represented by the solid line
of slope 371 and the path of a light ray emitted
from the origin shown by the dashed line of slope 1.
Points in the space-time diagram are referred to as
events because they are not just points in space, but
in time also. Obviously, one can generalize space-
time to more than one spatial dimension, it just
becomes hard to visualize.

« path of light
" (slope=1)
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Coordinate Axis Parallel to Motion

Section 11.2 Relativity and Electrodynamics: Fundamentals of Special Relativity

Let us consider the path of a light ray in the two frames, requiring that the second _
postulate hold. Suppose the light ray is emitted from the F origin at time cte=—L
in the +x direction, it hits a mirror at X, = L at ct, =0 and is reflected, returning to
the F origin at cty=L. (We use L instead of L to avoid confusion when we later
discuss length contraction.) The light ray has y = Z = 0 for all time. In a space-time

diagram of the F frame, the reflection event (X;, c?,) is obtained by the intersection
of light rays propagating forward in time from the emission event (Xe, ¢ te) = (0, —L)
and backward in time from the absorption event (Xa, ¢ t2) = (0, L). The intersection is

at (%, ct) = (L,0).

ct

absorption event
(%a, cta) = (0, +1)

reflection event
at mirror
Grct) =@, 0)

" path of light
(slope =1)

emission event W
(Re.cTe) = (0,~T)

emission event /..

(xe,cte)

ct cF Ppathof origin of Fsystem,
(i.e. F-axis) slope = -1

absorption event
ct
(ra.cta) > pathof light
., (slope =-1)
Seaxds of Fsystem,
slope = §

reflection event
at mirror

(xr.ctr)

x

path of light
(slope =1)

Left: .Esystem. Right: F system.
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Let's examine the path in the F system, assuming we do not yet know the
transformation law for coordinates between reference frames. The light ray travels
only along the x direction, so it satifies y = z = 0 for all time also. Let (xe, ¢ te),

(xr, c tr) and (xa, c t5) indicate the coordinates of the three events in the F frame.
The emission and absorption events must occur on the solid line representing the
position of the F origin, which means their space and time coordinates are related by
the slope 8~1. The line of this slope through the origin thus gives the space-time
location of the ¢t axis in_F. Time reversal invariance says that these events’
symmetric occurence in F implies they occur at symmetric times in F. So the two
events must be at (—ct, 3, —ct,) and (ct, 3, cty). Let's calculate where light rays
from these two events would intersect, which will give us the position of the reflection
event in F, which yields the space-time location of the X axis in F. In the following, r
and s begin as undetermined parameters indicating how much time passes in the F
frame between the emission or absorption event and the reflection event, respectively:

(—ctaff,—cta)+rc(l,1) = (ctaf,cts) +sc(l,-1) (11.1)
r—s=2pt, r+s=2t, (11.2)
r=(1+4+p8)t, s=(1-p8)ta (11.3)

(xr,ctr) =(—ctafB,—cta) +rc(l,1) = (cta,Bcta) (11.4)

The last line implies that the reflection event (x, c t;) sits on the line through the
origin with slope 3. Its position on that line depends on the value of t,, the time of
the absorption event — that is, on L and 3. Since the reflection event (X;, c?,) is
always at c't; = 0, the line thus tells us where the X axis sits in the F space-time
diagram. So, in sum, we have that the t axis is a line of slope 5~! and the X axis is a
line of slope B, both going through the F origin.
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We may construct the general form for the transformation of coordinates from FtoF
by using the above information along with expected properties of the transformation:

1. Linearity: We have seen that events on the X axis lie on a line of slope 8 and
events on the ¢t axis lie on a line of slope 87! in F. If we assume the
transformation is linear in the space-time coordinates (X, c t) then the
transformation for an arbitrary space time event with F frame coordinates
(X, ct) to the F frame can be written

(x,ct) =7(B)(1,B)x +5(8) (B, 1) ct (11.5)

Note that we only require linearity in (X, c t), not in 3.

2. Equivalence of the two frames: Since one of our postulates is that physics is
the same in any reference frame, the transformation for going from F to F must
have the same form as the transformation from F to F, modulo the change in
sign of 3, so we also have

(X, ct) =7(=B) (1, =B) x +3(=B) (=B, 1) ct (11.6)
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3.

Symmetry of the two frames: By symmetry, the slope of the x and t axes in
the F space-time diagram must be the same as the slope of the X and t axes in
the F space-time diagram, so () = v(—8) and 5(8) = 5(—2) is required (the
sign flip has already been accounted for). So we have

x=~(18))x=4(I8) Bet ct=—y(B)Bx+A4(Bl)ct  (1L.7)
x=7(B)X+4(8))Bct ct=~(8)) BX+4(|8]) ct (11.8)

. The transformation be invertible by the reverse transformation: We require

that if we transform from F to F and then from F to F, the overall
transformation should return the original (X, c t). We apply this by using the
first pair of formulae for x and c t in the second pair of formulae and requiring
that we recover X and ¢ t:

LUBDE =3B~ =0 [(BDIZ = 4UBN(BNB* =1 (11.9)

which is solved by F(181) =~(8]) = _ (11.10)

ViR

With these conditions, the transformation law is

X=v(x—fct) cT=—v(Bx—ct) Lorentz (11.11)
X

=y (X+Bct) ct=vy(BxX+ct) Transformation

This nomenclature “Lorentz Transformation” is historical: Lorentz derived these
before Einstein proposed special relativity.

Section 11.2.4
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Coordinates Perpendicular to the Direction of Motion

What happens to the coordinates perpendicular to the boost direction, y and z or y
and z? It turns out they are unaffected. We use an argument similar to the one that
we used to deduce the Lorentz transformation for x and t.

Consider again two frames F and F, with F moving at speed 8 in the +x direction
relative to F, and assume the origins of the two frames coincide at t = £=0. In this
case, we will emit a light ray from the origin in the +y direction and reflect it back to
the origin. The emission, reflection, and absorption events are given by (neglecting the
z coordinate, which is not involved at all):

(Xe, Ve, c te) = (0,0, —L) (11.12)
(%, Vr,c &) = (0, L,0) (11.13)
(;avyavcfi‘;):(ovov Z) (1114)

Let's now repeat our argument regarding the coordinates of the three events in F,
with the complication that our space-time now has three dimensions, though the
motion is only in two of them.
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Walking through the argument:

1. The position of the origin of F in F is described by the same line as in our
original argument, except it is now a line in the x-c t plane in three dimensions.
Its coordinates in F are (xo,Yyo,ct) = (8 ct,0,ct) as a function of ct. We
know the origin's y coordinate does not change because there is no motion in
that direction; whatever nonintuitive there may be about relativity, relative
motion of two points in a given frame is always well-defined.

2. As before, the emission and absorption events both occur at the position of the
origin of the F system in F, and they must occur symmetrically about the time
origin. So we have

(Xe; Ye, c te) = —cta(5,0,1) (11.15)
(Xa, Ya, € ta) = cta(53,0,1) (11.16)

Symmetry about the origin relates the time coordinates and the known velocity
vector of F in F relates the space coordinates of the two events.

3. Though the reflection event occurs at y # 0 and y # 0, the emission and
absorption events occur at the origin and thus are unaffected by the existence of
the y dimension. They must thus obey the Lorentz transformation rule, which
implies

(Xes Ye, c te) = =y L(B,0,1) (11.17)
(Xa Yoy € ta) = v L(8B,0,1) (11.18)
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4. Let us now calculate the position of the intersection of light rays sent out from
the emission and absorption events. We use the postulate that the speed of
light is ¢ in F. The space-time displacement of a light ray in one unit of ct is
(V1 —62,8,1), where § allows for freedom in the direction (in the xy plane). §
carries the same sign as y,. We have:

(Xes Ye,cte) + r (V1 —62,8,1) = (xa,¥a,Cta) + s(—V1—82,6,—1) (11.19)
_7L(67071)+r(\‘1_627671):7L(670a1)+5(—\/1_6275’_1) (1120)

Let's explain this a bit more. We may assume the velocity vector has the same
components on the two sides, with just a sign flip in the y component, because
the light path must be symmetric about t = £ = 0 because the motion is along
x, not y. The signs are obtained as follows:

> The signs on the left-side velocity term are obtained by simple arguments:

» If ye =0 and y, > 0, then the y light velocity must be positive
between the two events.

» In the limit 8 < 1, we must recover the nonrelativistic limit, and in
that limit we know that if the light ray always has X = 0 and the X
origin is moving in the +x direction, then x > 0 is required for the
position of the light ray.
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» The signs on the right-side are obtained by similar arguments:

» If y, > 0 and y, = 0, then the y light velocity must be negative
between the two events.

» Again, the x light velocity must be nonnegative to obtain the
nonrelativistic limit.

After a bit of manipulation, the equations for the three coordinates are:

res=2yL (r+s)V1—-6=28yL (r—s)§=0 (11.21)

Simplifying, we obtain

r=s=yL V1-82=8 §=+y1-=4""1 (11.22)

The reflection event thus satisfies

(Xry Yry tr) = (Xe, Yes C te) + r (/1 —62,6,1) (11.23)
= —vL(8,0,1) +~7L(8,7"1)=(0,L,0) (11.24)

We thus see that the transverse coordinate is unchanged by the Lorentz
transformation. This would hold for z also.
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Implications of the Lorentz Transformation

We can derive a number of the most shocking implications of relativity from the
simple Lorentz transformation laws:

» Time dilation

Section 11.2.5

Consider two events occuring at a fixed point in space in the frame F; for
example, two ticks of a clock. They are separated by the vector

(X,ct) = (0,c 7). What is the separation of the two events in the frame F,
relative to which F is moving at speed 87 The Lorentz transformation tells us

x=vBcT ct=~cT (11.25)

The time between the events in the F frame is larger than in F. Hence, the
term “time dilation”: time “slows down” in the moving frame, the two events
have a smaller time separation in their rest frame than in any other frame. One
is not obtaining something for nothing, though, because the spatial separation
of the two events has become nonzero. That is, we are no longer measuring just
the time separation of two events that occur at the same point in space; we are
measuring a separation with both time and space components.

Implications of the Lorentz Transformation
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> Length contraction

Section 11.2.5

The length L of an object at rest in F can be viewed as two events with
separation (AX, c At) = (L, 0), representing the left and right ends of the object
at some common time ct. The time separation between these two events will
become nonzero in the F frame because of their nonzero spatial separation, so
these two events are not valid as a length measurement in F. Explicitly, and
without loss of generality, we let the two events corresponding to the F length
measurement be

(xi,ct1) =(0,0) (%, ch)=(L,0) (11.26)
The Lorentz transformation of the trajectories is

(x1,ct1) =(0,0)  (x2,ctr) = (yL,~81L) (11.27)
S (Ax,At) = (vL,vB1L) (11.28)

confirming the expectation that the length measurement events in F do not give
a length measurement in F. To make a length measurement in F, we must pick
points on the two trajectories that are separated by At = 0, which the above
expression implies is not possible if t; = f». Let us allow t; # t» and apply the
requiremegt At = 0, using the Lorentz transformation to write this condition in
terms of F coordinates:

:CAtZCtngtl27[5()?27;('1)+(C,{276?1)] (11.29)
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Section 11.2.5

Without loss of generality, we again assume event 1 occurs when the two origins
intersect, so X1 = x; = ct; = ct; = 0. We choose ct, = 0 also in order to
obtain a length measurement in F. The assumption about the origins implies
that X, = L for all time because the object is at rest in F. With these
assumptions, the ¢ At = 0 requirement reduces to

cth=—-B%=-8L (11.30)

With the same assumptions, the length as measured in F corresponds to the
Lorentz transformation of event 2:

X2 :7()72—}—55?2) :'7(7(2 —52)?2) =~"1% :7—1Z (11.31)

We see a decrease in the apparent length. The F-frame length measurement
has space-time coordinates

(x1,ct1) = (0,0) (%1, ct1) = (0,0) (11.32)
(x2,ct2) = (v"1L,0) (%2, c ) = (L,—BL) (11.33)

We see that in order to be simultaneous in the F frame, the two events must
occur with negative time separation, i.e., with c At = c?z — c?l = *ﬁ L, in the
rest frame of the object. The object is moving to the right with the F frame, so
the right end of the object is not at x = L yet in the F frame when the
measurement event occurs in F, hence the apparent length contraction.

Implications of the Lorentz Transformation
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> Relativity of Simultaneity

Section 11.2.5

The length contraction example shows that two events that are temporally
simultaneous but spatially separated in one frame may not be temporally
simultaneous in another; i.e., ¢ At = 0 does not imply ¢ At = 0 unless AX =0
also. Generically, then, simultaneity of physically separated events is no longer
well defined. Discussion below of light cones extends this point to show that
time-ordering can be frame dependent, but only for events that cannot be in
causal contact with each other, eliminating any issue of non-physicality.

Transformations of Areas
The matrix of partial derivatives of our transformation is
v —B
J = 11.34
®=] 57 7] (11.39)
So, space-time areas are preserved:
dXcdt =|J|dxcdt = dxcdt (11.35)
because 42 — 3242 = 1. This is a necessity, as there must be symmetry between

the two directions for the Lorentz transformation, which would not hold if the
Jacobian determinant were not unity.

Invariant Interval

From the Lorentz transformation and again using v2 — 3272 = 1, one can show
(ct)? —x% = (c1)? - (X)? = 52 (11.36)

The quantity s? is the invariant interval associated with the space-time vector

(x,ct) and (X,ct). It can be thought of like the magnitude of a vector in

space, which is invariant under spatial rotations. The invariant interval is

invariant under Lorentz transformations, also known as boosts.
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Geometric Interpretation of Lorentz Transformation

We may develop a geometrical interpretation of how the Lorentz transformation gives
the shape of one set of space-time axes in another frame. Define the rapidity or boost
angle or boost parameter 7 by tanhn = 3 (any 7 is possible because 3 = tanhn goes
to £1 as 7 — +00). Then we have

B = tanhn ~v = coshn B~y =sinhn (11.37)
x = Xcoshn + c tsinhny ct = Xsinhn + ctcoshn (11.38)

So, the Lorentz transformation looks something like a coordinate rotation, except by
an imaginary angle /7. More importantly, though, we see the contours of constant X
orctasf (i.e., m) varies form hyperbolic curves in the x t plane. That is, the event
(X,0) in the F frame appears on the hyperbola (x, c t) = X (coshn,sinhn) in F, with
7 increasing as 3 increases. Similarly, the event (0, c?) appears on the hyperbola
(x,ct) = ct(sinhn,coshn)in F. This is illustrated in the figure on the following slide.

NOTE: Even though we have made the above geometrical intepretation, one has to be
a bit careful about overinterpreting it. The difficulty is that the quantity left constant
by a Lorentz transformation, the invariant interval, does not correspond to a curve of
fixed distance from the origin on the above plots. Rather, it corresponds to the
hyperbolic curves that the fiducial points follow as 3 is changed. Another way of
seeing this is that the entire first and third quadrants of the F frame occupy the area
between the two corresponding slanted space-time axes displayed in the right plot.
Therefore, spatial distances and areas are not preserved by the mapping. Invariant
interval is preserved but does not correspond to a fixed distance on the plot!
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Left: position of (X, c?) = (1,0), (0,1),(—1,0),(0,—1) in F for n =101, 1073/,
10_1/2, 10_1/4, 1, 101/4 (moving sequentially outward). This shows how a particular
event is seen in another frame as the relative speed f is increased. Right: F
space-time axes in F for same values of 1 (larger n = increasingly oblique). This
plot shows how the F space-time axes appear “squeezed together” when seen in the F
frame. Both plots are for positive 8 and 7. Negative 5 and n would occupy the other
two quadrants.
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Light Cones, Causality, and Simultaneity

The geometrical interpretation and invariant interval will make it possible to prove
that the relativity of simultaneity can never produce causality problems.

First, let us define the light cone as the region in space-time that can be reached from
a given event; refer to the figure on the slide at the end of this section. The light cone
of the event at the origin of a space-time diagram consists of all events with |c t| > |x|.
The region ct < 0, the past light cone, consists of all events that could have causal
influence on the event (x, c t) = (0,0). The region ct > 0, the future light cone,
consists of all events that the event (x, ct) = (0,0) can have causal influence on.
Since we know that, under Lorentz transformations, an event slides along a hyperbolic
curve in space-time as the speed [ is varied, we are assured that events that are in the
future light cone of the event at the origin in one reference frame are also in that
event's future light cone in any other reference frame. Similarly for past light cones.
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What about simultaneous events? Two events are simultaneous in a particular frame
F if they occur at the same value of %, the time in the frame F. Let one event be at
the origin (0,0) and the other event at (X, 0), so the space-time vector separating
them is (X, 0). This event is outside the light cone of the origin, so, in this frame, the
two events are out of causal contact. When we transform to a different frame F, but
one whose origin coincides with that of F at t = ¢ = 0, the space-time vector between
the two events will slide on the hyperbolic curve (coshn,sinh ). The event at (X, 0) in
F may move to t < 0 or t > 0 in other frames, raising causality questions. The
causality worries are put to rest by the fact that the hyperbola is entirely outside the
light cone of the first event, so the second event is always outside of causal contact
with the first event.

Whether two events are causally connected is determined by the sign of the invariant
interval of the space-time vector separating them. If s> > 0, then |c t| > |x| and the
two events connected by the vector are in causal contact. The vector is called
time-like. Our argument about hyperbolic curves ensures that the sign of the time
component of the vector does not change, preserving causal relationships. If s2 < 0,
then |ct| < |x| and the two events are never in causal contact, regardless of frame.
The vector is called space-like. The sign of the time component of the vector may
depend on the reference frame. If s2 = 0, the vector is called null or light-like since
only light (or, as we shall see, any other massless particle) can travel on such a path in
space-time. The concepts are illustrated on the following slide.
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(© 2013 Griffiths, Introduction to Electrodynamics

Space-time diagrams illustrating light cones, invariant intervals, and the preservation
of causality. The dashed lines indicate the light cone of the event at (x, ct) = (0,0).
(Left) Surface of constant s? > 0, corresponding to a time-like interval. Lorentz
transformations move space-time events along each half of this surface but cannot
cause events to move from one half to the other half and thus cannot change the sign
of t or affect causality. (Right) Surface of constant s> < 0, corresponding to a
space-like interval. Lorentz transformations also move space-time events along this
surface, and the sign of t may change. However, none of these events are in the light
cone of (0,0) and thus sign changes in t cannot affect causality.
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Four-Vectors in Special Relativity

A four-vector ¥ is an object whose coordinate representation in a given reference
frame F consists of four numbers r* and for which the transformation of this
coordinate representation between inertial references frames F and F, with F having
relative velocity cﬁ = ¢ B X with respect to F (F and F are exchanged relative to our
previous derivations for reasons of convention), is given by the Lorentz transformation

law
3 vy B 0 0
STONL T =AL with AR = 705 g [1) 8 (11.39)
Hv=0 0 0 o0 1

We introduce Greek indices to indicate 0, 1, 2, 3 (as opposed to just 1, 2, 3) and the
Einstein summation convention wherein a repeated index implies a sum over that
index. The term contraction is used to refer to matching up an index and summing
over it. We will use Latin indices to indicate the space components 1, 2, 3 only.
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The prototypical four-vector is the space-time position vector
r“:(ro,rl,r27r3):(ct,x,y,z) (1140)

Such four-vectors are termed “Lorentz covariant” to indicate that, while they do vary
between reference frames, there are rules for how they vary and those rules are given
by the Lorentz transformation law.

A quick way to check the sign of the matrix is to check the transformation properties
of the origin of the F frame, with r* = (ct,0,0,0). Using the above matrix, we get
FH = (yct,yBct,0,0): the X = 7! coordinate is positive, as expected if F moves at
¢ B with respect to F. Note how time dilation manifests itself in the transformation.

By application of three-dimensional rotation matrices, one can show that, for an
arbitrary direction of motion 3, the Lorentz transformation matrix has the form
Bi B;
32

Noy=vy Ay=No=78 N;=6+(y-1) ij=1,2,3 (11.41)

where §;; is the usual Kronecker delta.
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The Invariant Norm of a Four-Vector and the Metric

We saw above in Equation 11.36 that we have a quantity connected to ¥ that is
invariant under Lorentz transformations (change of reference frame), the invariant
interval, more generally called the invariant norm in the context of a general
four-vector (as opposed to a four-vector corresponding to an interval between
space-time events). We may write it using our four-vector notation as follows, also
defining the Lorentz scalar product:

~

1 0 0 0
CF = | TR =P =g r with g, = 8 _01 _01 g (11.42)
00 0 -1

g is the metric. One can check that this particular definition of g and the resulting

definition of \?|2 is indeed independent of reference frame by applying the Lorentz
transformation to show explicitly
G FEF

8u :guu;_u?/ = 8uv laled (11.43)

The chain of logic is important: g cannot be derived from some more fundamental
principle; it has this form because this form provides the invariant quantity we wanted.

Note that the - notation for the Lorentz scalar product will quickly become useless for
tensors, which may have more than two indices. We introduce it for analogy to the
three-dimensional dot product. The contraction notation is Lorentz-covariant and is
thus entirely sufficient.
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Tensors

More generally, a n-th rank tensor T is an object that has 4” components organized
with n indices, TH#1""#n and that transforms under a change of reference frame via
the rule

THLHn — /\u1u1 .. _/\ltr;/n TVLvn (11.44)

i.e., contraction with Lorentz transformation matrices in all the indices. A four-vector
is a first-rank tensor. We will see second-rank tensors soon enough. A four-scalar (or
just scalar) is a zeroth-rank tensor and thus is invariant under Lorentz transformations;
conversely, any quantity that is invariant under Lorentz transformations is a scalar.
From now on, when we talk about tensors, we also include four-vectors in the
category. Given its transformation properties, the metric is a second-rank tensor.
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Covariant and Contravariant Indices

With g, defined as it is, we introduce the concept of “lowering” and “raising”
indices. For tensors, we have only defined “raised” indices. We define “lowered
indices” via contraction with the metric:

_ v M1t Hj—1 Hj+1tHn T T 1
ry = 8uvr T v =gy T Hj—1HjHj1" Fon (11.45)

It is straightforward to see that ro = r® and r; = —r for i = 1,2, 3.

If we are going to lower indices, we need a way to raise them, so we define in any frame

&" gvo = guv 8" =064 =6,7 = g =& (11.46)

where the ~1 implies the matrix inversion operation and where both versions of § are

the identity matrix with ones along the diagonal in any reference frame. We can check
that this definition of g#¥ raises indices in a manner consistent with our definition of
how indices are lowered:

Kpr, =gt guor® = 6" r7 = r# 11.47
g g & o

That is, we recover the raised-index four-vector we started with if we use the above
definitions.
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Now, because g is so simple, it turns out that g"” = gy, (just try it out in any given
reference frame). Note also that

g, =g"" gov = 4", (11.48)
Moreover, it doesn’t make much sense to write §* or ¢, because they are the metric,
Spo = g6’y = guo 017 =gh¥5,7 = gh (11.49)

and thus writing §,» or §#? would be confusing: some of their elements would be —1!
It is ok to write g/, or g, but it is preferred to use Sk, or 4,/ to avoid obfuscation.

We can derive Lorentz transformation properties for “lowered” indices by using the
known properties of the raised indices and the metric:

Fu = 8uv 7 = guv Ny 17 = guv N5 877 1 (11.50)

Mrnowith AN =g, g7 A, (11.51)

where we used gy, = gu, (definition of metric) in the first step, the definition of the
raising operation in the second step, and then we applied a self-consistent use of
raising and lower operations on A”_ in the third step. If one works it out in detail, one
can see that the components A} are given by A¥, with a sign flip on the velocity.
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Raised indices are called contravariant indices and lowered indices are called covariant.
The rationale is as follows.

For the sake of developing intuition, consider a coordinate system rotation instead of
Lorentz transformation. The rotation changes the coordinate axes. But a point in
space remains fixed — the rotation is just a relabeling of points in space. So its
coordinates in the new coordinate system are different than those in the old coordinate
system. The amount by which the coordinates must change is exactly the opposite of
the amount that the axes changed. For example, suppose one rotates about the z-axis
by +30° so that the new x-axis is in the first quadrant of the old coordinate system.
Then a point that was on the x-axis of the old coordinate system is now in the fourth
quadrant of the new coordinate system. When the unit vectors are rotated in the
positive direction, the coordinates of points appear to rotate in the negative direction.

There is an analogous discussion for Lorentz transformations, leading us to conclude
that the coordinates r# of a space-time point ¥ transform in a manner opposite to
that by which the coordinate axes transform. Hence the term contravariant —
“contra” meaning “opposite to”. Lower indices transform like the coordinate axes, so
they are called covariant.

A four-vector can be covariant or contravariant because it has only one index. It is
more complicated for rank-n tensors: each index can be covariant or contravariant.

There is no deep physical meeting to covariant/contravariant indices in special
relativity except for the “sign-flip” issue noted above. Respecting the raising/lowering
conventions is necessary for a self-consistent mathematical scheme. Physically, the
only implication is consistency about signs of velocities in Lorentz transformations.
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Covariant Gradient

The next obvious tool we need is a four-vector version of the gradient operator. The
natural thing to want is for this gradient operator to do the right thing for Taylor

. . . = .
expansions. Given a scalar function S ( r), we would like

s(7+d7)-5s(7)= {35] d7 = {35};]# (11.52)

where we have used the Lorentz scalar product to ensure both sides are Lorentz scalars
even though the right side is made of coordinate-system-dependent — contravariant
and covariant under Lorentz transformation — quantities. We know that, since r# is a
contravariant four-vector, its differential version dr* is also a contravariant
four-vector. This, along with the known form of Taylor expansions for the coordinate
representation in a particular reference frame, implies that

= oS o 0 0 0
= — =04 ===, =, == 11.
|:V5]M Ork OuS = Ou (aro orl’ or? Br3> (11.53)

would yield the desired result. Thus, we use the above as the definition of the
four-gradient or covariant gradient.
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Note that the contravariant version is

1o} 0 1o} o
= (5 5m 5755 (11.54)

The Lorentz-invariant second derivative is called the d’Alembertian, which we
introduced earlier:

> = ) b} ) o
P?=V.-V=9,0"= - - - 11.55
H (%2 a(r1)2  a(r2)2  8(r3)? ( )

= = 1 o0 _
= DZ:VAV=8M8“:?E—V2 (11.56)

Section 11.2.12 Covariant Gradient Page 809



Section 11.2 Relativity and Electrodynamics: Fundamentals of Special Relativity

Proper Time, the Covariant Four-Velocity, and Velocity Addition

It is natural to ask whether it is possible to create a space-time vector for the velocity,
an entity that transforms like the space-time position four-vector. This would provide
a “unified” treatment of velocity and position. The trick, of course, is to find a set of
four numbers that are covariant, that transform in the appropriate way under Lorentz
transformations.

First, we must define the proper time. Consider a frame that is moving with the
particle whose velocity we want to specify. In that frame, the particle's space-time
position is always r* = (cT,0,0,0) because the particle is at the origin. ¢ T specifies
the time in the frame moving with the particle. That may seem frame-specific; but
remember that c272 is the invariant interval of the particle’s position. This will be the
same in all reference frames that share the same spatial origin at their time origin, so
it is reasonable to think of it as a quantity available in all frames.
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Given the proper time, a reasonable coordinate-free definition of a four-velocity is

=
v

d =
= — 11.57
dr r ( )

or, if we want the representation in a given frame

vH = d rk (11.58)
dr
where r# is the position of the particle in the frame in which one wants to know the
four-velocity (at some time t in that frame) and 7 is the invariant interval associated
with the particle’s position at that same time t. The notation is somewhat confusing
because 7 seems like a rest-frame quantity, but it is also an invariant quantity.
Perhaps a more obvious, though more cumbersome, definition would be

d
v =c—=v=—xrt (11.59)
dy/rur¥

where r,,r* = (r%)2 — (r')? — (r?)2 — (r3)? is the invariant interval associated with the
position of the particle. The definition of four-velocity clearly transforms like the
space-time position Lorentz vector because it is, essentially, the ratio of the space-time
position Lorentz vector to a Lorentz scalar.
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So, we have a good formal definition. What does it look like in terms of quantities we
have easy access to, three-velocities? Consider a particle moving at velocity cgp
(possibly a function of time) in some frame F. (We use the subscript , to distinguish
the particle velocity from that of the frame F relative to another frame I?) The
particle’s trajectory is r¥(t) in this frame. We have the obvious differential relations

drt = c (1, Bpx, Bpy, Bpz) dt (11.60)
dr =~ tdt (11.61)

where the second relation is simply time dilation. These relations are instantaneously
true even if the particle is accelerating. Thus, the four-velocity in F is

drk C(lvﬁvaﬁpy» sz) dt o
== = 1, Bpx, Bpy, Bpz) = 1, 11.62
v dr ~p Lt Yp< (1, Box; Bpys Bpz) ’YpC( Bp) ( )

L2\ /2 _
where v, = (1 — ‘Bp‘ ) is the v factor associated with the particle velocity (.

Thus, given a particle trajectory, we can easily calculate the four-velocity in any frame.

We note that we could have also obtained the four-velocity by Lorentz transformation
of the four-vector (c,0) from one frame F to a frame F in which F is moving a

velocity cﬁp, making the argument that (c, 6) is the four-velocity of the F frame origin
in F. It is hardly obvious that that would have been the right thing to do, though!
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We may now use the Lorentz transformation of the four-velocity to derive the rule for
velocity addition. Start with a particle with four-velocity ¥ with coordinate
representation vl“ in F and suppose F is moving at velocity ¢ 82X with respect to the
frame F. This will give us the addition of V and the four-velocity

U= v2¢(1,32,0,0). Itis:

Y2 2B 0 0 1 Y2 (14 B2 B1,x)
~u_ | mBe 72 0 0 Bix | _ ~2 (B2 + B1,x)
vt = 0 0 1 o | M€ P Yc B, (11.63)
0 0 0 1 B,z B,z

= . o I .
Because Vv is a four-vector, we expect v¥ = 13 ¢ (17 ,812> where (317 is the velocity

relative to the F frame. Therefore we may conclude

vo V2 1 B1
y2=— =772 (14 B2 B1,x) Broy === ——— (11.64)
c X YWy 14 B Bix
Brax = '\Ll B+ Pix Bras = V: _ 1 B
TV T 14 By Bix TV 14 B B

The expression for 12 could be derived more algebraically, but the above is clearly the
simplest way to obtain it.
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One could of course consider a more general velocity addition by allowing F to move
in an arbitrary direction with respect to F. The algebra is worse but there is no
conceptual difference.

It is possible to derive the above, or understand it, by considering all the length
contractions and time dilations involved. Clearly, using the Lorentz transformation is
much faster.
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Relativistically Covariant Formulation of Electrodynamics
The Covariant Source Density

The natural way to define the charge/current source four-vector is to consider a
charge distribution in its rest frame F and Lorentz transform it. If p, is the rest-frame
charge density, and there is no current in this rest frame because no charges are
moving, then, going to a new frame F relative to which F is moving at velocity ¢ 3,
we know the charge density increases due to length contraction in the direction of _
motion and a current appears, given by the charge density in F and the velocity c 3:

—

pP=7po J=pV=poyV (11.65)
This is easily summarized using the four-velocity V we just defined:
= = o ~

J =pov JH = po vt =~ (poc,poV) = (pc,pV) (11.66)

Since we are multiplying a four-vector by the invariant quantity po,, we are assured .:l>
is also a four-vector, which we call the covariant source density. Note: p itself is not
an invariant quantity, but the rest-frame charge density p, is invariant because the
total amount of charge cannot depend on the reference frame (it just consists of
counting up charges!). The continuity equation is then written in manifestly
Lorentz-invariant form (using the Lorentz scalar product and covariant gradient):

5} o o =
0=22 4. T=8,0" =V -

=
= J
ot

(11.67)

Section 11.3.1 The Covariant Source Density Page 816



Section 11.3 Relativity and Electrodynamics: Relativistically Covariant Formulation of Electrodynamics

The Covariant Potential
Recall Equations 10.21, our inhomogeneous wave equations in the Lorenz gauge:

2 4 2 7 nd 2_ 1 > =2
DV:E— O°A = po J ngﬁfv (11.68)
o

=
If we define the covariant potential A by

A = (%,ﬁ) (11.69)

then the above equations can be rewritten as the covariant wave equation

5= =
A = po J (11.70)

= =

Since J is a four-vector and (12 and i, are scalars, we are assured that A is a
four-vector as desired. Of course, the above equations only apply in Lorenz gauge, the
condition for which can be written in a manifestly Lorentz-invariant form:

v o o = =
0:60u0E+V~A:8MA”:V~A (11.71)

The Lorenz gauge condition is invariant under change of reference frame because it is
a four-scalar by definition. Note how it is the natural extension of V- A =0 (which is
a scalar under rotations and thus independent of coordinate axis orientation.)
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Lienard-Wiechert Potential via Lorentz Transformation

=

The definition of A makes derivation of the potentials of a moving point charge
trivial. These are called the Lienard-Wiechert potentials and their derivation without
special relativity is highly nontrivial, as seen in Griffiths §10.3.1.

In the rest frame F of a point charge q, the covariant potential has components

1 q _,
V(Ft) = A(F,t) =0 11.72
G v e R G (11.72)

Now, to have the charge move with velocity vV = CE = ¢ 3%, we simply need to obtain
= ~
A in a lab frame F relative to which the charge’s rest frame F moves at V. That is,

=
we use the Lorentz transformation, Equation 11.39, on A:

B8

1 ~
SV= 2y (1173)
C C

1 ~ 1
V_’Y[EVJrﬁAX]:%V AX:’YI:Ax+IBEV:|:

and Ay =A, =0, A, = A, =0.
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This is half the work. V is of course written in terms of the rest frame coordinates
= (ct,x,y,z), so we need to rewrite it in terms of the lab frame coordinates
= (CE X,Y,Z). These coordinates are also related by Lorentz transformation, but

we need the one going in the opposite direction (because we are now writing F

coordinates in terms of F coordinates)
ct=r[ct—BX] x=~[-Bct+X] (11.74)

and y =y and z = Z. (You can check that this is the correct direction for the
transformation by considering the position of the F frame origin in F frame
coordinates: (ct,x = 0) should obey X = 3 ct.) Combining the Lorentz transformation
of the potential with the above transformation of the coordinates, we obtain:

- 1 vq
V() = (11.75)
fmee [72(,8c?7z)2+?2+22]1/2
1 q
- (11.76)
re [gviPrp i) g )

The coordinates in the above are the current position of the charge in F.
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Let's generalize the above expression for an arbitrary direction of motion by defining

1/2 =2 32
R = [(R=vE)’ +72 + 2] 2 Gme= LT (11.77)
(Xx—vt) +y2+22
~ 1 q 1

Th h V() = — 11.78
on we have )= e R [1— B2sin?6]"/ (7e)

~ 1 1 i 1
Ai(H) = qvi (11.79)

2 dmeo R(FH) [1— p2sin?0)"/>

where 6 is now the angle between the direction of motion v and the vector R from the
particle’s current position to the position at which we want to know the potentials.

We see that the potentials are unmodified along the particle’s trajectory (ahead of or
behind) but that the potential strengthens as one moves away from that trajectory,
becoming strongest transverse to the direction of motion.

Notice how the above expression shows us that the vector potential of the moving
particle is related to the scalar potential by a factor of 8/c. When we calculate forces,
there will be another factor of v that shows up for magnetic force, making it smaller
than the electric force by a factor of 31 82 where 31 and B are the factors for the
source charge and the charge feeling the force.

We will see later it will be useful to rewrite these expressions in terms of the retarded
position of the particle — the position at the retarded time — but we will avoid that
digression for now.
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Electric and Magnetic Fields

We define the electromagnetic field tensor or the Faraday tensor F by

= = o 0 1 M
F=VANA <= FW=09'AY"-0"A" <—= —FY=F"=-E F’=—¢ubB
c

(11.80)

where we have introduced the wedge product, A, which is the four-dimensional
generalization of the cross-product, and where i, j, k run over 1,2,3 and ¢ is the
completely antisymmetric Levi-Civita symbol. (We define E; = E/ and B; = B/; we
are free to do this because they are not components of a four-vector, for which the
relation between contravariant and covariant components is fixed). From the above,

0 —Ei/c —-E//Jc —E;/c

E./c 0 -B B

ny X z y
FrY = E,/c B, 0 B, (11.81)

E;/c -By Bx 0

Thanks to the definition of F in terms of the covariant gradient and the covariant
potential, we are assured it is a second-rank tensor. F is clearly the Lorentz-covariant
way to represent the electric and magnetic fields: its second-rank tensor
transformation properties provide all the information we need:

Fr = N AV, FAe (11.82)
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Let’'s write these transformation laws in terms of the fields explicitly so we can see the
transformation rules more clearly. As noted above, we define lowered roman indices for
three-tensors by E; = El, B = B.f, Bi=pB,vi=vi=cpl, and 5 =&, (we will not
use v here so there is no confusion); for the space components of four-tensors,

ri=—rl, g/, = —g/k continue to hold. We have:
Ej=—cF%=—cN\o N, F\° (11.83)
= —c [N N FO A% N, FO 4 A0 N FRO 4 A0 N, F4] (11.84)

where we have expanded out the sums into space and time components. We use
F% = 0 and the generic forms of the components of A, Equation 11.41,

E=—c {V (5jk + (v = 1)Ljﬁfk> FO% 4+~ By B; FX* +~ By <5je +(v— 1)%) FM}

(11.85)
Next, we use the antisymmetry of F: FK0 = —F% and 8, B, FX* = 0 in the last term
of the last term. This yields
F_ _ 0j Bj Bk 2 3227 Ok kj
Ej=—c|vFY + 7 V=7 =B F*  + B F (11.86)
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Next, we use F¥ = —Ej/c and FK = —Fik = €jke Be:

Bj Bk

E=~E+(1-7) 5 Ex — v vk €jke Be (11.87)

We will reduce this a simpler foan soon, but let's obtain the analogous result for the
magnetic field first. To extract B from F, we need the identity €jjx €jjm = 2 0xm. With

this,
1 w1 1
_5 €kt F* = 5 €jke €ktm B = 5 €koj €klm Bmn = 6jm Bn = BJ (1188)
Therefore,
B = — = ejie F* = — = e N, FA (11.89)

ﬁé Bm

ﬁk ﬁm

__;€jké|:'Yﬁk (5em+(7—1)752 >F0m+<5km+(7—1) 52 )’YB@F"’O

+ (mﬂwl) Wf") <6en+(7*1)

B2
where we have used F% = 0 already.
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Using Fm0 = —FO0m Fmt — _ftm pkn — _Fok ., B By =0 and B By F™ = 0:

~ 1 -1
Bj = =5 cie |:'Y/5k FOt — v By FO* + F — 7,82 <5k Bm F“™ + B¢ Bn F"k)}
(11.91)
then, using €jxe = —€jok, F% = —E,/c, —€jke Fkt/2 = B; and Fab — ¢ p Be:

1 -1
= €jke ’772 [Bk Bm €emn Bn + Bt Bn €nkm Bm]

~ 1
Bj=*’Y[EjuﬁkEeJrqekﬁzEk]+ij2 5
(11.92)

2c¢c

and, finally, using the cyclicity and antisymmetry of €, in its indices followed by the
identity €spc €dec = Oad Obe — 9ae Opg and then apply the §'s and rearranging:

= 1y
Bj = % €jke Vi E¢ + Bj — 5 T [Bx Bm Bn €jke €mne + Bt Bn Bm €jok €nmi]  (11.93)
_ Y—1
- ? €jke Vk E, + Bj IB ﬂk Bm Bn [KSJm Okn — 5j,7 6km] (11.94)
= % €jke vk Ee + Bj — B [BJ Bi Bx — 3° Bj] (11.95)
Bj Bk
=vBi+(1-7) ’5 Bk+%€jke vi E¢ (11.96)

which we see is a form very similar to the one we obtained for the transformation of

the electric field, Equation 11.87.
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We may write Equations 11.87 and 11.96 in three-vector form:

E:7§+(1—7)B\<E~E)—7§xc§ (11.97)
= - PP . E
B:«{B+(1—7)B(B~B)+'yﬁ><? (11.98)
Let us resolve the fields into pieces parallel and perpendicular to the velocity:
B =57 E E-E-PFE B=(3B B.-5 375
(11.99)
Thus, we have
EH:EH EL :W[EL—B)XCEL] (11100)
- . E
BH_BH B, =~ BJ_+BX7 (11.101)

recovering the results in Griffiths §12.3.2, where the transformation properties of the
fields are derived. (These are the equivalent of Equations 12.109 in Griffiths,
accounting for the fact that those equations give the field in F in terms of the field in
F and thus have a sign flip on the velocity.) We see that these properties have fallen

out of the Lorentz transformation of the F tensor.
Section 11.3.4 Electric and Magnetic Fields
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Notice how the expressions for E and B are analogues of each other, differing only by
a sign flip on the S X term and factors of ¢ to convert units.

We first saw the mixing of electric and magnetic fields via transformation between
inertial frames in the context of Faraday's Law. The field tensor codifies this mixing
(with v's added) and gives it a satisfying rationale by tying it to the general
requirement of Lorentz covariance (i.e., special relativity).

One must of course remember that both Faraday’'s Law and the invariance of the
speed of light that lead to special relativity, and more generally the principle that
physical laws are independent of inertial reference frame, are empirical observations
that we codify via an underlying principle. The principles are profound, which may
seem sufficient justification to assume them, but, ultimately, emprical verification of
predictions is what justifies those principles. This is the difference between modern
empiricism and the ancient Greek approach to science, where the principles were
deemed sufficient and formulation and testing of predictions deemed unnecessary!
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Fields of a Moving Point Charge

Let's now derive the fields of a moving point charge using Lorentz transformation
properties. This is again much (much!) easier than doing it without special relativity,
as is done in Griffiths §10.3.2 from the Lienard-Wiechert potentials. The fields in the
charge's rest frame are

S 1 qg ——
E(F t) = o r—3r B(F,t)=0 (11.102)

We take V = vx. Applying the Lorentz transformation to the fields, we obtain

- - 1
E(r")=E =E =E = 9 5 (11.103)
dmeo 13
Bi(r") =B =B =B.=0 (11.104)
= = — - - 1 N N
Eo(r)=EL =7 [EL—FxcBi] =~ (y7+22) (11.105)
dme, r

5+ E} i

o | me

Bya(r) = BL =~ (11.106)

These fields are still in terms of the F-frame coordinates, so they are not very useful
as is.
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As with the Lienard-Wiechert potential example, we use the Lorentz transformation of

the space-time vector to rewrite r* in terms of ¥+,

ct=rv[ct—BX] x=v[-Bct+X]

and y =y and z = Z. Therefore,

E = 1 74 =

3
4meo {72 ()?_V’E>2+y2+22i|

= 1 -
E,. Y dq

(Yy+22)
. . 3/2
4dme, {72 (X* Vz_')2 +y2 +2’2]
which we may write as
= 1 _
E(P*) = 2 va 7 R(7*)

”6°{%(Z7v32+y2+2ﬂ
1 q

e p [y 4P+ R} - 2 (P + 2]

where R = 7 — V'T.

Section 11.3.5 Fields of a Moving Point Charge

3/2

R(7)
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(11.108)
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(11.110)

(11.111)
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Just as we did for the Lienard-Wiechert potentials, we may generalize this result in
terms of current position:

2 1 R(# 1-p2
E= q R(r l A 7 (11.112)
4meo [R(FH)] [1— B2 sin? 6]
The expression for the magnetic field may be summarized as
= o E TH
By = g« E) (11.113)
c

We see the phenomenology is different from that for potentials (Equations 11.78 and
11.79): along and behind the direction of motion, the field is weakened by a factor

~~2 while, transverse to the direction of motion, the field is enhanced by a factor ~.
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Electromagnetic Field Tensor Invariant

We can construct an invariant quantity by contracting F over both indices, F,, F*".
To see what value this takes on, let’s first calculate F,:

0 —E/c —-E//Jc —E;/c

E./c 0 -B B
nY X z Y
Fv= | e 5. 5 & (11.114)
E./c -By By 0
0 Ei/c E//c E;/c
| —Ex/c 0 -B: B,
= Fu=| gl B o _8 (11.115)
—E;/Jc -By, By 0

Then, F,,, F*¥ consists of multiplying the two matrices not with standard matrix
multiplication but rather element by element and then summing over all elements.
That yields the Lorentz invariant:

my

Fuw FH = —

2
E4+2B-B — —%FWF‘“’:EZ—CZB2
(11.116)

nN‘ N

This implies that the field strengths scale together from frame to frame: if one
increases or decreases, so does the other. Finding this invariant without first having
the Faraday tensor would have been quite difficult!
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The Dual Electromagnetic Field Tensor and a Second Field Tensor Invariant

We may define the dual tensor G using the completely antisymmetric four-index
Levi-Civita symbol e#¥:

1
G = AT Fy (11.117)
which yields
GY =0 GIi =0 (11.118)
- 0 1 1o L1
—GY=6"=> Y P = 5 Y F Gl=>ey, FAe (11.119)
1 Lo pok, i pko
= —5 ciik ike Be :§<50k’: tewf )
1 L.
= 5 ik ceix Be =€y F*
1
75J[B/:BJ :EeijkEk
where eoj/\” = erik on the left side because e#¥? vanishes if any of its indices repeat,

so the j, A, and o indices must all take on space values 1, 2, 3 and thus all three must
be latin indices. Similarly, on the right side, because its first two indices are latin

indices, €’ o is only nonzero if one of A or ¢ is zero, which then requires the other to
become a latin index so it takes on space values.
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We may write G out component by component:

0 —By -B, -B;
B 0 E./c —E,/c
ny X z Y
GHY = B, —E./c 0 E./c (11.120)
B, Ey,/Jc —Ex/c 0

which is obtained from FA¥ by the replacement E/c — B and B — —E/c.

G gives us the opportunity to form another invariant. While G, G*¥ = F,, F*¥
because the resulting contraction of the Levi-Civita symbol with itself yields an
identity operator (or, just make the Eand B replacements in Fy, FFY = E2 — 2B?
and the result is the same up to a sign), a new invariant is obtained by

Fuy GH = —

[N

EB = —%FW G =E B (11.121)

This invariant implies two things: 1) if the fields are perpendicular in one frame (or
one vanishes), then they remain perpendicular (or one vanishes) in any other frame;
2) if the above invariant is nonzero in some frame, then, since the field strengths
increase or decrease together, the magnitude of the cosine of the angle between them
changes in the opposite fashion, so the angle between them changes in the same
fashion as the fields; e.g., if the field strengths increase, they must become more
perpendicular to each other.
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Maxwell's Equations

Finally, we can rewrite Maxwell’'s Equations in a very simple form using the
electromagpnetic field tensor and its dual. The inhomogeneous equations (the ones
with source terms on the right side, Gauss’s Law and Ampere's Law) are:

O FM =0, 0F AV — 9, 0" AH =[P A — 8¥ 9y A = po J* — 0 (11.122)

1129

where the second term vanishes due to the Lorenz gauge condition (Equation 11.71).
The homogenous equations are

1
Ay GH = > Oy VAT (A) Ay — Do Ay) = D VA7 9\ Ay =0 (11.124)

(11.125)

where the second step is possible because ¥ is antisymmetric under exchange of A
and o (doing this exchange in the second term yields a copy of the first term) and the
third step holds because 9,, Oy is symmetric under exchange of these indices. It is
interesting that physics statements — Faraday’s law and the divergencelessness of B
— reduce to a mathematical identity thanks to the definitions of F and G. This is
something we have seen before: V- B =0 can be viewed as a consequence of

B = VXA ltisa sign that we have defined G well!
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It is straightforward to see that these equations yield the standard Maxwell Equations:

6;4 F”OZMOJO a,u Fui:NOJi (11'126)
. 1 ) - .
80 F® 48, F° = popc SO 0 F = o S (11.127)
o E 1 1 9F 9By :
0 E_ _t e L2k 11.128
* or' ¢ ceo r 2 ot TRy ~He ( )
Lo B = OE
v.E=L V x B =0+ €opto —  (11.129)
o ot

Since the structure of G parallels that of F with the replacement E'/c — B’ and
B'" — —E'/c, we may reuse the above arithmetic to see that:

9, GM =0 9, GH =0 (11.130)
.o 1o = OB
V-B=0 ——VXE=ceopto — (11.131)
c ot
- - 0B
VXE=—— 11.132
" ot ( )
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Relativistic Dynamics with Electromagnetic Fields
Lorentz Force and Four-Momentum

We can also rewrite the Lorentz Force in a relativistically covariant way. As with the
definition of the covariant source density, we use the rest-frame relation and the
Lorentz transformation to figure out what the correct form is. In the rest frame of a
particle of charge g, we know the nonrelativistic force is

d dx"\ i i0
prm (m dt) =qE'=qcF (11.133)
where m dx’/dt is the nonrelativistic momentum (we don’t use v/ or p’ to avoid
confusion with what will follow). How do we formulate a relativistically covariant
version? The quantity being differentiated on the left side is m dx’/dt; its natural
generalization is, as you know, the covariant momentum p* = mv#. (This is
analogous to the covariant current density, multiplying a scalar with the
four-momentum.) On the right side, c is the rest-frame time component of v#, so

¢ F'0 looks like the time component of v, F'¥. We are still stuck with a d/dt on the
left side, but that becomes relativistically invariant if we replace it with d/dt where 7
is the proper time of the particle. Thus, we are motivated to write

dpt

o =aF (11.134)
-

This expression is now relativistically covariant because both sides of the equation are
rank 1 tensors (four-vectors).
Section 11.4.1 Lorentz Force and Four-Momentum Page 835



Section 11.4 Relativity and Electrodynamics: Relativistic Dynamics with Electromagnetic Fields
Of course, we need to check that this generalization yields the correct Lorentz Force in
an arbitrary frame, so let’s evaluate it in a frame in which the charged particle is
moving. We have for the space components (recall v, = (y ¢, —y V) (—1 on space

components because of the lowered index), and writing F - 7, V-7, and g F; to avoid
sign ambiguities for space components (note F is force while F*¥ is the field tensor!):

dp’

? —q (F"Ovc _ ,_—ijwy.?j) (11.135)

o do :q(%'yc-‘re,-jk Bkw.rj) (11.136)
7<ﬁ.?,-) :W(E,+ (m é)i) (11.137)
— /—’:q(1§+\7x §) (11.138)

where dt/dT = v (time dilation) and we note the subtlety that, in relativity, the
natural generalization of Newton's Second Law is to replace F - 7 = (d/dt)(5 - 7;) by

-~ dpf d ~
F.-7r= =—(ymv-7; 11.139

i dt dt (v 1) ( )
This generalization ensures the force and momentum can get as large as one wants
without || exceeding c. We note that Griffiths defines K¥# = dp* /dt as the
Minkowski force because it is a four-vector (transforms by the Lorentz transformation
rule); dp*/dt is not.
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Let's look at the time component that comes along for free in the above. It is

d .
—q/mc:q(Foowc—FO"y\??,-) (11.140)
dr
dt d E; S
Jr g me=ad {(0)((_-), (7?'>'yv-r,} (11.141)
d Ei |, _
Yy—amc=vyq—V-r (11.142)
dt c
du =
— =qV-E 11.143
il A ( )

where we have been motivated to define U = v mc? as the relativistic generalization
of the energy of the particle. This is just conservation of energy: the rate of change of
the particle energy is given by the work being done by the electric field (the magnetic
field does no work).

We may now see the full meaning of the four-momentum we defined earlier:

T

U
=mv = pt=mvt =ym(c, V)= (—,'yﬁ) (11.144)
c

which is entirely consistent with what we have derived above. It may seem strange
that the interpretation of the time component of 7; as the particle energy comes as
an afterthought rather than being something we design in, but this makes sense given
our interest in covariant quantities: we could not necessarily know ahead of time what
quantity should be combined with p to make a four-vector. Formulating a
relativistically covariant generalization of the Lorentz Force made the meaning of the

. = .
time component of p self-evident.
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Lagrangian Formulation of Relativistic Electrodynamics (Optional)

We will show how we can recover all of the above by beginning with a Lagrangian
formulation the interaction of the EM field with particles and for the EM field itself.

Lagrangian Formulation for Particle-Field Interaction

In Ph106a, you learned about the appropriate Lagrangian to use for a free particle as
well as for a particle interacting with an electromagnetic field, so we review that here.
Recall that the Lagrangian for a free particle is

2 2
P L 3y S L (11.145)
¥ c?

where \\7|2 is the modulus of the three-velocity. This quantity makes sense because it
gives a Lorentz-invariant action:

t2 t2 t2

S= dtL = dT'yL:—mcz/ dr (11.146)
ty t t

where 7 is the proper time, not the volume element! We can check that this

Lagrangian recovers the nonrelativistic free particle limit:

-2
1 1|v 1 .
LS e 1—7u =-—mc®+ = m|v] (11.147)
2 c? 2
which, aside from an irrelevant constant, is what we expect. Note the importance of
the negative sign in the definition of the full relativistic Lagrangian.
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We need to consider similarly Lorentz-invariant ways to introduce the interaction with
the EM field. In our earlier discussion of the potential form for the Lorentz Force Law,
we showed via the construction of a velocity-dependent potential that the appropriate
nonrelativistic Lagrangian for this interaction is

Line = ,q<v,\7_;> (11.148)

This is already a Lorentz-invariant quantity when written in terms of the covariant
potential and the four-velocity:

VvV -~ -
Ling = —qVvtA, = —q |:c — =V A} =—q (V — V- A) (11.149)
c

We can confirm that it yields a sensible canonical momentum (again using v - 7; for
the components of the three-velocity to avoid confusion with the space components of
the four-velocity):

;oL 51 2(V-7) N o /
W‘W“’"CEV(_T —q(—A)—vm(v~r,)+qA (11.150)

which is what we expect from the nonrelativistic version @ = m v + qﬁ along with the
relativistic replacement mv — ymV.
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The Euler-Lagrange Equations are

d oL oL
0= ————3— 25 11.151
dta(v-7) oxi (11.151)
d o ; ) -
:I(’ym("'r’)"'qA)""q@(V—V‘A) (11.152)
d Lo AT N v 8 /. =
Zm (VR ta | o+ (v : V) Al a5 = a5 (v . A) (11.153)
d Lo oV 9A L /= N1
= Mm@ @) +a| o+ o —q[vx (VxA)] 7 (11.154)

where we used the convective derivative (Equation 10.24) to expand dA’/dt and then
we used the BAC — CAB rule to reconstruct the triple cross-product in the last
equation. Separating the time derivative of the momentum from the other terms, we

find
i('ym(\?-?;))=q{g)\</ié;?’}Jrq[\?X(ﬁXﬁ)]-?; (11.155)
—q [E+ 7 x é] T (11.156)

which is exactly the relativistic version of the Lorentz Force Law we derived earlier
(Equations 11.138 and 11.139).
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It is somewhat unsatisfying that we do not trivially recover the relativistically covariant
version of the Lorentz Force Law, Equation 11.134, but that is because the standard
Euler-Lagrange Equations are inherently non-covariant — they treat time and space
coordinates differently (though the Lagrangian itself can be composed of Lorentz
covariant quantities). We will deal with this in the next section.

Did we have other options for L;,;? The only quantities we have for the EM field from
which to construct a Lagrangian are the covariant potential A¥, the field strength
tensor F¥, and its dual G*¥, and the only quantity from the particle is the four
velocity v#. Had we tried to construct Lj,; using either of the field strength tensors
instead, we would have obtained a Lagrangian quadratic in v# since these tensors
have two indices to contract over. If one starts to work out the resulting equations of
motion, one finds that they just aren’t sensible and cannot yield the nonrelativistic
limit. So we are left to use only A* and v*, yielding the form we already checked
above.
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Lagrangian Density for the EM Field and Recovery of Maxwell's Equations

We previously introduced the concept of Lagrangian densities in the context of
deriving the Schrodinger Equation by treating the quantum mechanical wavefunction
1 as a classical field and extending the Lagrangian formalism to such fields, treating
the value of the wavefunction at each point in space and an infinite set of degrees of
freedom evolving in time, ¥(F, t). We will do the same here for the covariant potential
and the EM field tensor.

The obvious question is: what do we write down for the Lagrangian density for the
EM field? A good starting principle is that we want the Lagrangian density to be a
Lorentz scalar. We know of two Lorentz scalars we can build with the EM field tensor,
Fuyv F* and F,, GH¥. We did note it before, but the latter version is undesirable
because GH” is a pseudotensor, meaning that it does not change sign under coordinate
inversion. The Lagrangian density itself should be invariant under coordinate
inversion, so the first form is but the latter form is not. So we choose the first form.

In order to get Maxwell's Equations with sources, we clearly need to include an
interaction term. The generalization of the interaction Lagrangian for a single particle
with the EM field, —qv* A, is —JFA,.

With foreknowledge of the appropriate coefficients needed to obtain the correct
Maxwell’s Equations, we therefore propose for the Lagrangian density
1
4 1o

L= Fuu FHY — J, A¥
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Next, we must obtain the Euler-Lagrange equations for this Lagrangian. We have to
choose the degrees of freedom. While it might seem like they should be the
components of F*¥, we know these components are highly redundant. We have the
mathematical constraint that arises via construction that 9,G*” =0

(Equation 11.123). This, along with the presence of A* in the interaction Lagrangian
density, suggests that we should treat A* as our degrees of freedom.

The second question is: what are the relativistically covariant Euler-Lagrange
Equations? It turns out the correspondence is (see, e.g., Goldstein, Poole, and Safko)

S() Ay (e e
dt \ 9q, aq, 9 (O+AY) OAV

Given the above two points, it makes sense to rewrite the Lagragian density in a
manner that makes the dependence on A” explicit and also makes all appearances of
O and AY consistent with the version in the Euler-Lagrange Equations:

1
L= Eapgrs (85A5 - a‘W*) (0°AY — OV A%) — J, AM
Mo
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Let's calculate the required derivatives:

oL 1
d(orAY) ap, PE” [0,06,7Fo7 = 5,76,/ F7 4 6,26, FF7 — 5,25, F7°]
1
= 7M—F;w by symmetry of gy, and antisymmetry of F,,
o

oL
OAv

=—J,
Thus, we have
1 v
M| ——Fu ) +J4u=0 d OuFH = podt
Mo

which recovers Equation 11.123! We will not be able to recover Equation 11.125
because it is not dynamical but rather it is a mathematical identity given the
construction of FF” from AH.

Section 11.5.2 Lagrangian Density for the EM Field and Recovery of Maxwell's Equations

Page 844



Section 11.6 Relativity and Electrodynamics: Relativistic Conservation Laws (Optional)

Relativistic Conservation Laws (Optional)
Maxwell Energy-Momentum Tensor and Conservation of Energy-Momentum

It is natural to generalize the Maxwell Stress Tensor that we defined some time ago.
We define the Maxwell Energy-Momentum Tensor T as

1
Ho

1
THY [in\ FMv 4 Z g Fyo FAU] (11.157)

The components of 7 are (recall, we found the relativistic invariant Fuu FHY before):

1 - 1 2
TOO — = |:F00 FOO +gij FOJ FIO 4 ZgOO <772) (EQ o C2 B2)i| (11.158)
Ho c
1 E? 1 [ E? ) €0 o 2 oo
= [(—1) (—§> —-3 (z -B )} =5 (E* 4 ¢* B?) = ufierg  (11.159)

where ufielq is the EM field energy density.
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The space-space components are

T

o[-

o5 (59

6
goo Fi0 FOj T g (Flk ,_—19) ( Bz)}

o R U E2
i0 £0j ik ki 2
-F F (F F)+—2 (62 B)}

o [_

sV [ E?
EE _elleZEkJmBm"F*(?_B >:|

i

1)
E; Ej + c? €iox By €jmk Bm + > (E* - c282)}

p
o |:_Ei Ej + ¢* (6 Sem — 8im S¢;) Be Bm + % (E* - 6232)]

p
E E; — c*B; Bj + % (E* + c232)] =— (I) ;
—/j

(11.160)
(11.161)
(11.162)
(11.163)
(11.164)
(11.165)

(11.166)

i.e., the negative of the Maxwell Stress Tensor we defined in Equation 8.31. (To be
clear, T is the four-tensor while 7 is the three-tensor.) Note that we allow space-space
(roman) indices to be contracted without requiring one raised and one lowered index.
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The space-time components are

. 1 . 1 . . 1 . . 1 R
70 — = oA o Fol = 7,_—ojgjk Fki — _7,:01(5% Fki — _ = FO Fii (11.167)
Mo Ho Ho Ho

where we used F% = 0 in the first step to reduce A to j, the diagonality of g in the

second step to reduce the sum over o to k, and finally the fact that gjx = —dji in the
third step. Then, we have

; 1 E; 11 1
T =—— (**J> (—€jik Bk) = — ~ €k Ej Bk = = S = C pries,i (11.168)
Mo c Mo C c

where § = E x é/,uo is the Poynting vector. Summarizing,

Thv _ [ Uﬂ;g £ } (11.169)
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With the energy-momentum tensor in hand, it is natural to rewrite our energy and

linear momentum conservation laws using it. If we take the four-divergence of the
energy-momentum tensor, we find

1 1

OuTHY = = | (8uFH) FM + FKO.F + e (FM FA")} (11.170)
Ho

We use the inhomogeneous Maxwell Equation, 9, F*" = poJ", to rewrite the first

term and move it to the left side, and we also rewrite the right side (splitting the first
term into two copies and applying the product rule to the second term):

1
0TI — P = (01PN + v P 07 ] (11.171)
o

We may rewrite the last two terms using the homogeneous Maxwell Equation, which
we rewrite as:

1
0=05G" = 2 05”1 Fyy = ONFH + OMFN £ 9P (11172)
7(9)\FV”' _ 6,LLF>\V + BVFN)\ (11173)
The last step in the first line is obtained by just writing out all the terms and
combining the ones that differ by a single flip of two indices; it may seem strange that
four equations (A =0, 1, 2, 3) became 64 equations (A, p, ¥ =0, 1, 2, 3), but many

of them vanish and the others are redundant (see how convenient the dual tensor is!).
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Using this in the equation for the divergence of the energy-momentum tensor, and
then reordering the indices on the second term on each side (and picking up minus
signs), we have

OuTH = PN =~y [0 P = 0] (11.174)
Ho
1

T + F Uy = = Fyp [0 P + 9P| (11.175)
Mo

The quantity in brackets on the right side is now symmetric in ¢ and X, while Fy is
antisymmetric, so the right side vanishes. Moving the field-current term to the right

side, we obtain
OuTHY = —F" Jy (11.176)

If we write out the time and space components of this four-vector equation, we obtain

dus . N 0
l(;f;e/d +V.S=—J FE=— Lg’;‘%h (11.177)
8§ = = 7o B 8ﬁmech
-2 _ V.- T=—|pE+JxB| = ——"—"=2 11.178
-V T=-[oE+ T 8] = - (11178

which are Equations 8.15 and 8.40 from our discussion of conservation laws.
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Angular Momentum Tensor

The relativistic angular momentum tensor M has coordinate representation
MHVT = — [THYr? — THOY] = THOY — THY 9 (11.179)

which is the natural generalization of the three-dimensional angular momentum
current density tensor we defined earlier, Equation 8.57; we will see its
space-space-space components recover that definition (up to a sign, which is the same
sign difference between the relativistic and nonrelativistic versions as we saw for the
stress tensor). However, in three dimensions, we could write those as a cross-product.
That is not possible in four dimensions. Instead, we use the analogous construction,
the antisymmetrized product of 7 and T. This is called the wedge product and is
written as

M=-TAT (11.180)

where the A indicates the antisymmetric difference over the index of the space-time
position four-vector and the last index of the stress tensor.
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et's work out what the components of this tensor are:

MO0 = o (11.181)
0i0 00i 00 ,.i 0/ 0 i S i P 2pi
—-M7 =M :f[T r'—T r]:furJr—ct:furJrcgct:ch
c
(11.182)
. o o s . si. . p
MO = — [TV — T = == 4 2 = c (FA @) = el (11.183)
c c
M =g (11.184)
. o - o S ij i .
_ Mo — i0j _ _ 0 _ 740, — _ | =, _ — o i
M M [T r—T r] |:Cr <I> ct:| (7:’) ct—cg'r
(11.185)
. . Lo ij ik ijk ijk
Mk — [T’/rk — T’krf] = (’7:')U k- (l)l k= (7:'/\ ?)U = (—M)U
(11.186)

where we have defined the relativistic energy three-moment 2N, the
three-dimensional angular momentum density tensor éﬁeld = FA g, and the
three-dimensional torque tensor M = —7 A r. The latter two are the wedge-product
generalizations of the three-dimensional versions that involved cross products
(Equations 8.67 and 8.57). The interpretation of the space-space-time and
space-time-space components will become clear later. We unfortunately cannot write

the breakdown in a nice matrix form as we did for 7 because M has three indices.
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Let's write down a conservation law for this tensor using 9, T** = —F"*J, and
Our” =46,
OuMHY? = -9, TH r7 + 0, TH r¥ (11.187)

[(Fn) - () ] 7o 4 7o) s

_ [ra,_-uA o ru,_—a/\] Iy + [_Tm/ + Tuo] (11.189)

(?Af)(w Iy = (f?‘/\Jf)wA I (11.190)

where, in the penultimate step, we used the symmetry of the stress tensor and, in the
last step, we used the asymmetry of the wedge product (the vo indices are the
wedge-product indices). Let’s break this down piece-by-piece.

The time-time component (v = 0, ¢ = 0) is trivial because M#% = 0 and the right
hand side is also antisymmetric in these indices.

The space-time components (v = 0, o = i and vice versa) imply a relationship between
center-of-mass motion and the total linear momentum. We will not explore that here.
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Let's consider the space-space components p = i, v = j next. The left-hand side is
" " ; 1 0 . ijk o = u
_ 0 kij __ _
OpMHY = G M™ + O M™ = c ot (Ce?ie/d) + Vi (_g> - (aéﬁe/d - V&)
(11.191)

The right-hand side is

- [r"FfA - rfF"*] Iy = —ri%jpc — ' (—¢jmB™) (—Jk) —(i+))  (11.192)
- (FA pE)ij - [r" (Jx E)j (i <—>j)} (11.193)
= (7noE)" ~[rn (7xB)]" = —%éﬂech (11.194)

where we have written down the differential version of Equation 8.51, replacing the
cross products in that expression with wedge products, and we have also replaced the
mechanical angular momentum density cross product £ ec, With the wedge product
version £ . Thus, we have
=mech 9

0
ot L

’vg:*azmech (11.195)

which is Equation 8.68 showing that the rate of change of the angular momentum
density is given by the divergence of the torque tensor.
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Section 12.1 Radiation: Potentials, Fields, and Power Radiated by an Accelerated Point Charge

Potentials, Fields, and Power Radiated by an Accelerated Point
Charge

Introduction and Study Guide

Our practical goal is to calculate the power radiated by an accelerated point charge.
To get there, we need to calculate the potentials of an accelerated point charge, then
the fields, and from the fields the power.

We proceed in a very different manner than Griffiths. In §10.3.1, Griffiths uses the
retarded potential formulae (Equation 10.71) to do a direct calculation of the
Lienard-Wiechert potential, which is challenging. Then, in §10.3.2, Griffiths brute-force
differentiates the potentials to get the fields. Instead, we have used relativity to obtain
the potentials of a particle moving at fixed velocity — the Lienard-Wiechert potentials
— and its fields in terms of the current position of the particle. We can rewrite the
results in terms of the retarded time. Then, we return to the Lienard-Wiechert
potentials and incorporate the effect of acceleration through possible time-dependence
of the velocity by direct differentiation allowing the velocity to vary, which is much
easier now that we have accounted for all other time dependences via the
relativity-based derivation of the Lienard-Wiechert potentials and corresponding fields.
Finally, from the fields we calculate the radiated power pattern for the general case,
specializing to slowly moving particles at the end to obtain the Larmor Formula.
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We calculate the power radiated by an accelerated charge before moving on to the
general topic of dipole and multipole radiation. Griffiths proceeds in the opposite order
for reasons that are not clear, first doing dipole/multipole radiation in Section 11.1
before doing the radiation of a moving point charge in Section 11.2.1.

Our treatment of the calculation of the fields follows, partially, that of M. Cross’s
Ph106c¢ lecture notes, which do not appear to follow any specific textbook. The

treatment of radiation follows that of Heald and Marion Sections 8.7 and 8.8.

We will not cover the topic of radiation reaction (Griffiths 11.2.2 and 11.2.3) — it's
interesting, but there is not much to add to what Griffiths says.
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Potentials and Fields of a Fixed-Velocity Point Charge in Terms of Current

Position

Let's first rewrite the potentials and fields of a moving point charge that we calculated

using Lorentz Transformations in a form that will be useful going forward. From

Equations 11.78 and 11.79:

Lienard-Wiechert

1

. o 1
scalar potential V(rt) = i’
using current position 4meo R(F1)

1— B2sin%0

Lienard-Wiechert

- c
vector potential A(F,t) = Po qcp

1

using current position 4m R(F,t) \/1—p2sin?0

(12.1)

(12.2)

It is very important for us to note that, even though the above potentials were derived
using Lorentz Transformations — i.e., fixed velocity — they turn out to be the same
as what one would get by working from the general forms for the retarded potentials
(Equation 10.71). That derivation is done in Griffiths §10.3.1.

Section 12.1.2 Potentials and Fields of a Fixed-Velocity Point Charge in Terms of Current Position
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There is an intuitive reason for this matchup, which does not hold for the fields. The
retarded potential expressions involve the position of the point charge. The process of
doing the integral can involve Jacobians, which involves first derivatives and thus
might involve the velocity. But there is no way for second derivatives to appear, and
thus acceleration cannot be relevant. If acceleration does not matter, then the
fixed-velocity derivation using Lorentz Transformations must be valid even in the
accelerating case.

And from Equations 11.112 and 11.113:

Electric field ~ q B 1- 32
of moving point charge E(r,t) = =3 37 (12.3)
using current position 4meo R [1— B2sin? 6]

Magpnetic field
of moving point charge B(F,t)
using current position

7uioqc§><ﬁ 1-p2
4m R3 [1-p2 sin20]3/2

(12.4)

Relation between electric and
magnetic fields of moving point charge B=
using current position

—

BxE (12.5)
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Comments and reminders:

>

Section 12.1.2

The forms suggest that the potential information at the field point (the point at
which one wants to know the potentials and fields) acts as if the particle had
kept moving at the velocity it had when the potential information left the
particle. Effectively, the retarded potential carries information not just about the
position of the particle at the retarded time but also about its velocity (in the
relation A = V \7’/c2 and in the angular dependence)! And, of course, it is not
affected yet by later time events!

The potentials and fields are forward-backward symmetric in magnitude. We
shall see that, when we rewrite using retarded time, they are not!

The potentials are enhanced in the transverse direction by a factor
v =1/4/1— 32 and take on the static values in the forward and backward
directions along the direction of motion.

The fields have enhanced angular and 8 dependence. The field is enhanced by a
factor 1/4/1 — 32 (the Lorentz factor of the particle, v) in the plane transverse
to the direction of motion (at § = m/2) and reduced by a factor 1 — 32 along
the axis of motion (§ =0 or 6 = 7).

The relation B « ,5’>< E along with ExR implies that B wraps around E
following the right-hand rule.
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Potentials and Fields of a Fixed-Velocity Point Charge in Terms of Retarded
Position

When we calculate the fields of an accelerating charge, we find that it is more
convenient (or, rather, less inconvenient) to start from expressions for the potentials
and fields in terms of the retarded position, the position of the particle at the retarded
time. We therefore need to relate the current position to the retarded position. We

make use of the following figure, with w(t) being the particle trajecory and B = w'/c
its constant velocity:

The point O is the position 7 at which we want to calculate the potential, the field
point. The points A and B are the position of the particle at the retarded time t, and
the current time t. The vectors AO and BO are given by

AO: R.(t)=7—w(t) BO: R(t) = F— w(t) (12.6)

Griffiths uses a boldface script r for our ﬁ, and a boldface R for our R. These are the
retarded relative position and the current relative position.
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We can relate v to o and 6:

s m

1= (o (3e)) =50 @

=> Cos7y = cos [g — (60— a)] =sin(0 —a) =sinf cosa — cosf sina (12.8)
Then, from the figure,
Rrsina = Rsin6 (12.9)

because the right triangles with R, and R as hypotenuses share the same vertical side,
PO. We also have

|AP| = |AB| + | BP| (12.10)
— Rrcosa = B R, + Rcosf (12.11)

We use the above two relations to substitute for cos a and sin «v in the expression for
cos:

R+ R Rsi
AR+ cosg—cosG sin@ = fsiné (12.12)

cosy =sinf |sin6
R, R,
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Thus, we can rewrite the denominator of Equation 12.1:

R\/1— B2sin20 = R\/1 — cos2 y (12.13)

From the figure, we also see

R /1 —cos?~y = |BO|siny = |CO| = |AO| — |AC| (12.14)
=R —BR R =R (1—,@-!5,) (12.15)

which is obtained as follows. The vector AO is R,, so |AO| = R,. AC is part of a
right triangle whose hypotenuse is AB, the distance between the retarded position and
the current position. |AB| = SRy, the distance the particle moves during the time it
takes light to travel the distance from the retarded position to the field point. The
angle between AC and AB is 0, the angle between the velocity of the particle and the
retarded position vector. So cos = ﬁ Rr Therefore,

|AC| = \AB|c050—BR,,B R,—B R,R, So

R\/1— 82sin?6 = R, (175-/3,) (12.16)
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Inserting this into Equations 12.1 and 12.2, we obtain

Lienard-Wiechert 1 q 1

scalar potential V(rt) = = = =~
using retarded position 4meo Re(Fit) 1—f5(tr) - Re(Ft)

(12.17)
Lienard-Wiechert 3,
- t, 1

vector potential A(F t) = Ho qcﬁj ) = ~— (12.18)

using retarded position 4m Re(Ft) 1-B(t) Re(7 1)

These are versions of the Lienard-Wiechert potentials that use the retarded position of
the particle. It has been assumed that the particle has constant velocity between t,
and t. The 8 — 0 limit is also clear here: the correction term becomes unity.
Comments:

» These potentials are what one might expect based on the retarded time, but
with a correction factor related to the angle between the direction of motion
and the position vector between the moving particle and the observer.

> While E R >0is possible, the correction factor is always nonnegative because
B <1

» The potentials are stronger than the static case in the half-space ahead of the
particle and weaker in the half-space behind it, with the static value obtained on
the boundary. (“Static” is meaningless for A, of course.) This effect can be
understood in terms of a “piling up” effect that is like that of the non-relativistic
Doppler shift. This phenomenon is discussed in more detail in Griffiths §10.3.1.
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» How do we explain the above change from forward-backward-symmetric to
asymmetric?

Section 12.1.3

>

The potential is forward-backward symmetric when we consider the
particle at two points (with O ahead or behind the particle) with the same
value of current distance R.

However, because the particle is moving asymmetrically in the direction E
these two points equidistant from O in R are not equidistant from O in
R:: R > R when O is ahead of the particle and R, < R when O is
behind the particle. This difference confounds our forward-backward
asymmetry expectations (for a reason we will explain in the comment
after the next one).

If we think about two points that are equidistant in Ry, then we recognize
that the one for which O is ahead of the particle will have R < R, and the
one for which O is behind the particle will have R > R,. In addition, 6
will be closer to 7/2 for the former than for the latter. These effects
make the denominator in the “current position” expressions smaller for
the former case, thus giving the forward enhancement and backward
reduction we expect.

Considering again the two points equidistant in R, we noted above that
the point for which O is ahead of the particle has larger R;: the forward
enhancement is canceled by the greater distance R;, rendering the
potential strength equal for the two points.

Potentials and Fields of a Fixed-Velocity Point Charge in Terms of Retarded Position
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We can also use the above form to obtain the fields in terms of the retarded position.
Recall the relation that we used to convert the Lienard-Wiechert potentials from
retarded position to current position:

R\/1— 32 sin20 = R, (1—5.13,) (12.19)

Revisiting the geometry, we also have

R=R —GR =R (ﬁ, - 5) (12.20)
In addition, we note that, because E oc R = R,(ﬁ, — E), then (ﬁ, — /5”) x E =0 and
therefore
I R T TR .14
Bzfﬂszf[,8+<R,—ﬂ>}><Esz,><E (12.21)
c c c
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Inserting the above relations into the equations for the fields in terms of the current

position, we have

Electric field of fixed g <§, .y R,) (1- )
velocity point charge E(F,t) = 3 —— (12.22)
using retarded position 47eo R? [1 —B- Rr]
Magpnetic field of fixed . ho g CE % R;r (1 iy ) (12.23)

velocity point charge B(r, t) = 3
using retarded position 4w R [1 —

iR

Relation between electric and magnetic .
fields of fixed velocity point charge B =
using retarded position

BxE==R xE| (12.24)
[}

ol

These match Griffiths Equations 10.72 and 10.73 with zero acceleration (7= 0). B
wraps around E as for the current position fields.
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Comments:

>

Section 12.1.3

These fields have a reduction factor 1 — 32 in the numerator, but the overall
reduction/enhancement relative to the static case is more complex.

Unlike the current position fields, there is a forward-backward asymmetry with
enhancement (1 — 32)/(1 — )% in the forward direction and reduction
(1 = B2)/(1 + B)? in the backward direction.

These factors are different from those for the potentials, which had only one
power of 1 — 3 - R, in the denominator.

The electric field does not point along R,: the field points along the current
relative position vector, not the retarded relative position vector

Again, information about both the position and velocity seems to be
transmitted in the fields.
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Potentials and Fields of an Accelerated Point Charge

In calculating the fields from the Lienard-Wiechert potentials, we assumed the charge
was moving uniformly — that 8 was constant — by passing it through all derivatives.
Let's now drop this assumption. Since our prior derivations assumed that Ewas the
velocity vector at the retarded time, we will replace 5 with g(t,) in all our prior
expressions.

We will find that it is more convenient (or, rather, less inconvenient) to use the
retarded position expressions for the Lienard-Wiechert potentials.

We assume the particle has a trajectory w(t) and that its instantaneous velocity is
B(t) = w'(t)/c. We will end up evaluating these and derivatives thereof at t..

-

First, let's consider the partial derivatives of 3(t;). Evaluating these is difficult
because of the somewhat circular dependence of w(t,) and t,, so we use an unobvious
but clever technique to do so. We start with the definition of ¢,

tr =t — |F— w(t)|/c, rewriting it as

A (t—t) = (F—w(t)) - (F— w(t)) (12.25)
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Let's take the partial derivatives of both sides. First, with respect to t holding 7 fixed,
and recalling that ¢ (t — t,) = R, and 3 = w'/c,

2¢2(t—ty) (1 - Zi’ ) 2(F—w(tr)) - (—W'(tr) ) 8t’ (12.26)
- [c R — R, - cﬁ(t,)} ot _ _ g, (12.27)
ot |»
otr| _ S (12.28)
ot 7 17B(tr)‘Rr
We repeat the same procedure with 9/9r;, holding t fixed:
—22(t—t,) 8—:' =2 {(r,- —wi(tr)) + (F— w(tr)) - (=W (tr)) g:’ ]
it it
(12.29)
- [c R —R, - cE(t,)} onl _ g, (12.30)
or; .
r Ry i Rr
ot\ _ 1 _Rii/R (12.31)
8ri t ¢ 1_/8(tr)‘Rr
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From these, we can calculate derivatives of 3, defining 3/ = w'’ /c as the first
derivative of 5 or second derivative of w/c with respect to its argument:

6/81 atr ag = ot,
— 81 s - 12.32
5 B() .= ot | . 5()&?,; ( )
2B; at, B . ot
8‘? =g o = P =i o (12.33)
J1t,R, Jlt,R, Jle,R, Jlt,R,

where the partial derivatives of t. are what we just calculated.

Next, we can use these expressions to calculate derivatives of 5 1‘3,, the quantity
involving f that appears in the denominator of the potential expressions. Remember
that the prior process of calculating the fields using Lorentz transformation takes all
the necessary derivatives of all parts of the potentials, including derivatives of Rr,
except derivatives of ,3 Therefore, when evaluating derivatives of ,6’ R,, we do not
heed to take derivatives of R, so we indicate it is held fixed:

0 /= = o R.i R.i Ot (= oty

ot (5 R,) PR 52[:6" R, ZB’ R Ot |-5 (B/'Rr) "R (12.34)

9 0 R i R Iatr ~, =\ Otr

w@R)| - 2y L I
t,Ry Joi t,R t,Ry It

Section 12.1.4 Potentials and Fields of an Accelerated Point Charge Page 871



Section 12.1 Radiation: Potentials, Fields, and Power Radiated by an Accelerated Point Charge

Next, to calculate E, we start from Equations 12.17 and 12.18 but now aIIO\ALE to be
differentiated also. We only show the new terms, understanding that 8 and 3’ are
evaluated at t,:

_%Z - _% B — ; _; a7\ a% R . (12.36)

— V= *V'“V‘B 4:60 %% [1_;. Arr 3R (12.38)
e e Rl

(12.39)

where we used our formulae from the previous two pages.
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We can combine the three terms, recognizing that e, po = 1/c?:

SUBSEE T ol GRUIGEOR UL

(12.41)

Finally, using the BAC — CAB rule and adding powers of R, to turn R, into R,:

Electric field

g 11 R, x [(ﬁ, —BR) x E’] of accelerated

T2 R — point charge

s Teo RP < [1 —-B- R,] using retarded
position

(12.42)

(E and B'/ are evaluated at t,.) We see that the expression is very similar to the
fixed—g term, Equation 12.22, except that (ﬁ, - /;R,) (1 - ,32) is replaced with the

triple cross product. We also see that this term is smaller than the fixed-g term by a
factor (Ry/c) B’, which is sensible: this factor is the ratio of the light travel time to
the characteristic relativistic acceleration timescale (i.e., where the latter is normalized
to ¢, not to ¢ 3, as we discussed in the context of Jefimemko's Equations,

Equations 10.106 and 10.107.)
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Similarly,
8 [ 1o qecBultr) 1
Bi=Bils+S e — (12.43)
B Jzk: Y ar; [4w R(Fit) 1—B(t)- R(F,1t)
[ o8, o (3.5
grj Bk r (B Rr)

t,R,
,u qc t,R J t,R,
= Bj|; > i bR L (12.44)
gt ij S 12
Am R T |18 R [1-5-R]
R,

(k) (B R) (-5R)
= Bilg+ 42 cll?sz,;wk _[1k—ﬁcir]2 ’ {1_[;@]3“’? Ha
. Gog e o | RxF L FxR g (12.46)
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Therefore (multiplying top and bottom by R?),

o g (R'*g'§f>g'X§r+(§r-5’)5x§,

p5a)

(12.47)

(B and 3" are evaluated at t,.) As with E, we see a form similar to the fixed-3 term,

now with replacement of E X ﬁr(l — 82) by the complicated expression in the

numerator. Like for the electric field, this term is smaller than the fixed—,E’ term by a
factor (Rr/c) B’. If we compare this to Equation 12.41, the acceleration electric field

prior to application of the BAC — CAB rule, we can also conclude

= Magnetic field of accelerated point

. 1~ o -
B= c RexE# - BxE charge using retarded position

ol

Only one of the relations between Eand Bis preserved.

Potentials and Fields of an Accelerated Point Charge

(12.48)
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The direction of these acceleration fields is dramatically different from that of the
fixed-velocity fields. The latter were similar in direction to the static field, with E xR,
the current position vector and thus being radial, and B wrapping around ,B in the
usual azimuthal manner. By contrast, the acceleration electric field is perpendicular to
ﬁ,; thus it is transverse to the vector from the retarded position. We will see below
that the remaining direction choice for E is set by the acceleration vector 5/: the
electric field is in the plane formed by R, and 5’ The magnetic field direction is
completely determined by R, and E: it is perpendicular to both, making it also
transverse relative to the retarded position (and thus also determined by R, and ﬁ ).

It is striking how the fixed-velocity fields seem to emanate from the current position of
the particle, and thus they carry information about the particle’s position and velocity
at the retarded time but transfer it forward to the current position, while the
acceleration fields clearly emanate from the particle's retarded position and are
determined by its acceleration at the retarded time. The acceleration fields “make no
assumption” about the acceleration being fixed at times in the future, while the
fixed-velocity fields assume fixed velocity into the future.

We can view this differing behavior of fixed-velocity and acceleration fields as a
consequence of Galilean relativity (which is also the first postulate of special
relativity): for the fixed-velocity field, we are just taking the electrostatic field of a
point charge at rest and transforming frames. That transformation is valid at all space
and time points if the point charge frame has been moving at fixed velocity for all
time, and thus that transformation encodes information about the particle position
assuming fixed velocity. It can only depend on current position. By contrast, the
acceleration fields have to depend on retarded position due to causality.
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Poynting Vector Radiated by an Accelerating Point Charge

With the above detailed formulae for the fields due to an accelerated charge, we can
make our first study of radiation, which consists of the propagating fields created by
accelerated charges. We will of course calculate the power radiated using the Poynting
vector, $ = E x §/uo (no need for complex conjugations or taking real parts because
all fields are real here; also, we don't time average because we are not yet considering
sinusoidal behavior). We can quickly see that only the terms involving the acceleration
a= c/;’ are important at large distances by extracting the dependences of various
terms from the full expressions:

E

E-E

™

=

11 _
15 B
€0 V? R?

1., 1 L
95 = BB
€0 C R,

E

™

181 (12.49)

r

qg 1 =, 1
T (1+p)8 = (12.50)

The IE terms are called the velocity terms and the others are called the acceleration
terms. Only the latter are important at large distances, the so-called far field.
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We note a number of important facts about the fields:

» We again recognize that the acceleration terms differ from the velocity terms by

Section 12.1.5

a factor (R;/c) ', which is the ratio of the light travel time to the relativistic
acceleration timescale 7,. This factor was introduced by the derivatives of 3
that were taken to obtain the fields from the potentials.

Note, too, that this factor causes the replacement of a factor of R, in the
denominator with the length quantity ¢/3’, which is the distance light travels in
an acceleration timescale. This is a key replacement, as it is what makes the
acceleration fields dominant at large distances, yielding the 1/R? law for the
radiated power!

The acceleration electric field is perpendicular to R (because it is the result of a
cross-product including ﬁr), which points along the line-of-sight from the
retarded position of the point charge to the field point. This may be easier to
visualize if you imagine looking at the retarded position from the perspective of
the field point: R, is the vector pointing at you along that line-of-sight.

The acceleration magnetic field is perpendicular to both this line-of-sight and
the acceleration electric field (because the magnetic field is proportional to the
cross product of ﬁr and the electric field).

Poynting Vector Radiated by an Accelerating Point Charge

Page 879



Section 12.1 Radiation: Potentials, Fields, and Power Radiated by an Accelerated Point Charge

Let's now calculate the Poynting vector:

s~ L (E_ E‘a) « (é— B ) . (E— E
Mo B B8 2,U«o

.
S~ "

(12.51)

where the last step used the BAC — CAB rule and R, - (E — E\E) = 0. We see that the
Poynting vector is along the line-of-sight from the retarded position to the field point.

We'll consider the cases of the acceleration parallel and perpendicular to the velocity
separately and then add the two to get the fully relativistic result. We can then either
take its non-relativistic limit to get the Larmor Formula, or we can start from a
non-relativistic version of the electric field to get the same result.
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Acceleration Parallel to Velocity: Bremsstrahlung

Let's first do the parallel acceleration case. A standard application of this case is to
calculate bremsstrahlung (“braking radiation”), the radiation an electron gives off as it
is decelerated by interaction with matter (primarily the Coulomb force from the
positive charge of nuclei.) We set /5; X B” = 0. The relevant piece of Equation 12.42 is

B B w13 "
= @ 1 Rx(Rxtd) g 1 B8] (12.52)
BB~ = R R - 13 :
dmeo R [1-5-R] meo R 1 5. R/]
. 3 _ 3 _ B (B .7 projection of acceleration
with B, =5 r (R, s ) perpendicular to line-of-sight from (12.53)
or i =i-R (ﬁr : 5) the retarded position (ﬁ,) (12.54)

where we used the BAC — CAB rule to evaluate the triple cross product. The result
tells us that only the projection of the acceleration perpendicular to the line-of-sight is
responsible for the far-field radiation. (Be sure not to confuse this with the case of
acceleration perpendicular to the velocity! In fact, in this case, the acceleration is
parallel to the velocity.) A bit strange: velocity and acceleration in one direction only
yields radiation at angles away from that direction, and the radiation is strongest in
the direction perpendicular to the acceleration and velocity. If one thinks about the
relationship between the acceleration and the electric field direction, though, it makes
perfect sense: the electric field in a given direction is only affected by acceleration
parallel to that direction.
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Next, if we define 3 to be the z-axis of a spherical coordinate system and 6 the polar
angle of the field point, then we have 3= aZ, |3, | = asin6, and 8- R, = 3 cos#, so

. 2 26n20 -
G Hod i (12.55)
1672 ¢ R? [1 — B cos¥)]

(We rewrote €, in terms of ¢ and po.) The energy radiated into a unit area per unit
field point time interval is d?U/dtdA=R, - S.

However, we will also be interested in knowing the energy lost by the particle per unit
time, so we need to convert the dt in the above to a dt, by dividing by dt,/dt, which
we calculated in Equation 12.28. The distinction between the two is the same
(nonrelativistic!) “piling up” effect that we discussed earlier in the context of
calculating the Lienard-Wiechert potential. Therefore (multiplying by R,2 to convert

from power per unit area to power per unit solid angle):
-1
P d2U  d?U (at, )
B

-1
o — gir _ er ﬁr .S @
dQ dt, dQQ dtdQ \ Ot 3 ot

2 2 G2
togc 1 a“sin“ 6 IR
= — 1-8-R 12.56

1672 ¢ [1 — 3 cos6]® ( g r> ( )

apP 2 2 in20 power per solid angle radiated by a
& _ Ko q2 & sin 5 point charge accelerated (12.57)
dQ  167? ¢ [1 - j cosf] parallel to direction of motion
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The following figure is a polar plot that illustrates the shape of this function for a
particle moving from left to right. When 3 < 1, one obtains a distribution symmetric
between the forward and the reverse direction. As [ increases, the denominator begins
to take effect and the radiation is strongly directed into the forward hemisphere
(though the radiation along the direction of motion continues to vanish), with the
peak intensity found on a cone.

(© 2012 Heald and Marion, Classical Electromagnetic Radiation
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Bremsstrahlung is present in a variety of environments. In astrophysics, it is called
“free-free emission” and arises in hot, ionized plasmas where the electrons experience

acceleration as they Coulomb scatter with ions. It is the dominant emission

mechanism of the hot gas in galaxy clusters (where the bremsstrahlung appears at
X-ray energies) and of hot ionized plasma in our galaxy (where the lower temperature
gas yields bremsstrahlung at radio frequencies, up to 100-200 GHz). Bremsstrahlung
is also a dominant mechanism for energy loss by high-energy electrons passing through
matter, such as electrons produced by radioactive beta decay or by pair-production by

gamma rays.

One can integrate the above over all angles to obtain the total radiated power

p— Ho q2 a?

_ to 42 12

6m c(1-8)°

6w

c

total power radiated by a
point charge accelerated
parallel to direction of motion

(12.58)

where v = (1 — 52)*1/2 is the usual relativistic Lorentz factor. Note the strong

dependence on !
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Acceleration Perpendicular to Velocity: Synchrotron Radiation

Now, let's do the perpendicular acceleration case. Unfortunately, in this case we have
to keep both terms in the accelerated electric field, Equation 12.42, and the expression
is not simple. If we set E = fZ and 3= aXx, then one can work out the vector algebra
(see, e.g., Heald and Marion §8.8) to show

power per solid angle

dP  poq? 2% (1—f cos0)? — (1 —B?)sin?0 cos? ¢ rad.iated by a
ki s — = point charge (12.59)
df} 167 c [L — B cosd] moving along Z and

accelerated along X

0 is the polar angle relative to the particle’s direction of motion (i.e., angle away from
Z in this case), while ¢ is the azimuthal angle around the particle’s direction of
motion, with ¢ = 0 being along the acceleration direction (X in this case).
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The classic example of synchrotron radiation is a charged particle executing circular
motion due to the Lorentz force in a uniform magnetic field, for which the velocity and
acceleration are perpendicular. The resulting radiation pattern (valid for any case of
perpendicular velocity and acceleration, not just circular motion) is shown below. As
B — 1, the radiation becomes "beamed” in the direction of motion. In the 8 — 0
limit, the radiation pattern is a donut whose axis is along &, so the radiation in the
forward and backward directions and in the perpendicular direction along y have the
same intensity.
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(© 2012 Heald and Marion, Classical Electromagnetic Radiation

The numbers at the top give the Lorentz factor, the dashed lines indicate the angle at
which the radiated power vanishes, and the x factors indicate the enhancement of the
“backward” lobe for visualization (which, in fact, moves to the forward hemisphere as
B —1).
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Synchrotron radiation is also present in a variety of environments. Synchrotron light
sources put electrons in a circular ring, producing intense light in the direction tangent
to the circle. Such light sources produce photons in energy from tens of eV (hard UV)
to tens of keV (hard X-ray), mostly for studies of materials. Synchrotron radiation is
used as a beam monitor for high-energy physics electron storage rings (LEP and
BaBar in the 1990s—2000s). Synchrotron radiation is ubiquitous in astrophysical
environments. It is the dominant mechanism for radio emission from our galaxy at
tens of GHz and lower frequencies, arising from electrons spiraling in the magnetic
fields of supernova remnants. It is the dominant source of emission in pulsars and
magnetars, spinning neutron stars with enormous magnetic fields. It is also the
dominant mechanism in the jets of accelerated particles emitted by the supermassive
black holes that power active galactic nuclei: the magnetic field winds up and threads
the jets emitted from the poles of the rotating black hole, and the particles
accelerated in the jet execute circular motion around the field lines, emitting
synchrotron radiation. Synchrotron radiation is generally highly polarized because the
field line geometry creates a preferred direction.

The total radiated power is (weaker but still strong dependence on 7)

total power radiated by a
p_ Mo q° a Mo q° aj 4 point charge accelerated

T 6T ¢ (1 —62)2 Y perpendicular to
direction of motion

2
(12.60)
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Arbitrary Acceleration Direction

By extrapolation from these two cases and returning to Equation 12.42, we can write
the general formula for the power per unit solid angle:

power per solid angle

_ N T2 .
P e ‘Rr % [(Rr _ 5) % a” radllated by a
= - = = point charge (12.61)
d 167 c [1— 8 cosf] with velocity 8 and

acceleration &

Combining the two total power formulae, which only differ by a factor of 42, yields the
total power radiated for an arbitrary angle between velocity and acceleration:

- ‘EX A)z ) total power radiated
_ 3 . 2
p_ Mo & L _Hed T e (1 - ‘5 x 3) ) by an accelerated |1, o))
6r ¢ (1-p2) 67 point charge
Lienard’s Formula
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Non-relativistic Limit

The nonrelativistic or “slowly moving charge” limit is obtained by letting 8 — 0 but
allowing 3’ # 0 in Equation 12.42. The electric field simplifies to

B B « G Electric field
E(7 t) = E(7, 1) .+ q rx { rx ] of accelerated
’ "Vl 4mes cR3 point charge in
non-relativistic limit

(12.63)

where the first, fixed-velocity term still falls off more quickly than the second,
acceleration term in this limit.

We will calculate the radiated power from Equation 12.51. If we again define 3 to be
the z-axis of a spherical coordinate system and 6 the polar angle of the field point so
that ¥=aZz, R, =7 (= R because 8 — 0), then we have

2 2 . 2
R, x [R, x 5’] =2k rxz= -2 xdsing=2"Fsino  (12.64)
c c c
Therefore, canceling out factors of r2 = Rr2,
2 2 2.2
S o q a®sin“ 0
E—E|_| = —_— 12.65
B (4#50) ctr? ( )

Section 12.1.9 Non-relativistic Limit Page 889



Section 12.1 Radiation: Potentials, Fields, and Power Radiated by an Accelerated Point Charge

Therefore,
~ 1 ~
S= ",
Clio

_ Mo q? a2 sin2 0

E-E| | =
1672  cr

(12.66)

g

(We rewrote €, in terms of ¢ and po and used R=7and Rr = r.) The energy
radiated into a unit area per unit time interval is d? U/dtdA =T7-S, so the radiated

power per unit solid angle and total power radiated then become (the observer-emitter
time correction 8t/8t,\§ =1 in this limit):

power per solid angle and total
dP o q° 2 sin2 6 p_ ko q*> a®>  power radiated by a slowly moving
dQ ~ 1672 c T 6nr ¢ point charge with acceleration &
Larmor’s Formula

(12.67)

The angular dependence is simply sin? 6.

We could have obtained this limit from the fully relativistic Equation 12.61 by letting
B — 0 and 3’ # 0 as we did here. We would also see that the angular radiation
pattern of the parallel and perpendicular acceleration cases (bremsstrahlung and
synchrotron) both converge to the above simple, symmetric sin? 0 dependence because
the direction of motion no longer breaks the symmetry.

Section 12.1.9 Non-relativistic Limit Page 890



Section 12.2 Radiation: General Theory of Radiation

General Theory of Radiation
Introduction and Study Guide

As usual, we don't follow Griffiths closely. We immediately go to the full radiation
calculation via the technique of Fourier Transforms, skipping his example of electric
dipole radiation. This makes it easier to interpret the radiation field in terms of
spherical outgoing waves.

We note three length scales that will be important in the discussion and on whose
relative sizes we will base various approximations:

» d: the length scale of the source distribution

» r: the distance from the source distribution to the field point, the point where
we want to know the potentials, fields, and radiated power

P> X: the wavelength of the emitted radiation
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Fourier Transforms

We are going to use Fourier techniques to simplify the derivations in the case of
radiation from an arbitrary source distribution, so we need to define the formalism.

We use the concept of orthonormal functions that we developed in connection to
separation of variables. We state without proof (see ACM 95/100) that any function
of time can be written in the form (with w =27 f):

g(t) :/ df g(f) eTiwt g(f) :/ dt g(t) elwt (12.68)
— o —oo
For the special case of the delta function,
5(t) :/ dfe i@t 5(f) :/ dte'“t =27 5(w) (12.69)

The function g(f) is the Fourier Transform of the function g(t). It has the units of g
divided by frequency. For g(t) to which no boundary conditions have been applied
(typical BC would be to assume periodicity with a particular frequency fy or to assume
Dirichlet or Neumann BC at two times t, and tp), there is no restriction on the values
of f — any value must be allowed. (In real life, the rate at which you can sample g(t)
sets an upper limit on the values of f for which information is available — the
so-called Nyquist criterion — but we won't worry about real life here...).
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Note that our Fourier Transform sign convention for the argument of the exponential
is the opposite of that used in electrical engineering (which gives the impedance of
inductors and capacitors as iw L and 1/iw C). As long as one is self-consistent, one
can choose whichever convention one likes. But be careful when comparing to other
texts.

The value of the Fourier Transform lies in the linearity of electrodynamics.
Specifically, define

(7 t) = po(M et J(Ft) = Jo(F)e (12.70)
and suppose the resulting fields are
E(F,t) = Elpo, Jol(F, f) e "t B(F t) = Blpo, Jo](F, f) e '« * (12.71)

where £[ |(F, f) and B[ |(7, f) indicate functional dependence: put in the spatial
functions po(F), Jo(7) and the frequency f and what you get out are the spatial
functions £(F, f), B(F, f). The linearity of Maxwell's Equations assures us that the
harmonic time dependence is carried through from the sources to the fields. More
importantly, linearity assures us that, if we have a source distribution with arbitrary
time dependence that can be broken down in terms of components with harmonic
time dependence like that shown above, then we can calculate the fields for each
component using ] |(7, f) and B[ |(F, f) and then sum them up to get the total field.
The Fourier Transform is the tool for doing all this.
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Let's be more specific about the procedure. In all generality, define

ﬁ(F,f):/ dt p(F, t) 't 3(F,f)=/ dt J(7,t) e’ (12.72)
— 00

— 00

The motivation for these expressions is that multiplication by the e'“t factor followed
by the integration would pick out the po(7) and Jo(7) with the e/t time
dependence shown on the previous page. Then, from the above solution that
determines fields from sources, we know

(7. ) = E(F, ), J(F ] B(FF) = BI(7. £), I(F, F)] (12.73)

mue

and then, by linearity,

oo ~ . oo ~ .
E(F,t):/ df E(F f)e it B(F,t):/ dFB(F e vt (12.74)

Therefore, we only need determine the functions £[ |(F, f) and B[ |(F, f) by
determining the fields for a harmonic time dependence e~/“ of the sources and then
we can use Fourier Transforms to calculate the fields for arbitrary source time
dependence.
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Linearity also holds, surprisingly, for quadratic quantities like energy and radiation if
one time averages. Specifically, let’s calculate the time-averaged Poynting vector

(s0)= 5 - (R (7.0 x B(7.0)))

(12.75)

2uo< (/ dfl/ dfy eflr )t (7, fy) é(r?fz))> (12.76)
2Mo (/OO dﬁ/ df‘2<ei(wrw2)t>é*(ﬁﬁ)Xé(?,fz)) (12.77)

Now,

T/2 iwt
) T2 T2 gt eiw
<e'°“>: lim 1/ dtel“t = fim — 2 _ o) (12.78)
T—ooo T —T)2 T—o0 fT/z 6(f:0)
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So,
(87 0) = 2“0 (/ dﬁ/ 5(2:5))5*(””%*(%)) (12.79)

1 ) .
ZMMOR(/W)‘ME(' f) x B*(7, ﬂ)) (12.80)

There is a funny normalizing factor that corrects for the fact that the Fourier
Transforms of the fields have the units of field divided by frequency; since there is only
one integral over frequency left, the §(f = 0) provides another unit of frequency in the
numerator as needed. Recall, §(f = 0) = limy_,o T is present because of the
time-averaging. It will always be canceled by a similar factor in the numerator,
eliminating what appears to be division by co. (We will not actually be calculating
power from the Fourier Transforms directly, so this will turn out not to be an issue
below.) More importantly, the above tells us that the time-averaged Poynting vector is
obtained by summing up the contributions from each frequency in a linear way: the
power at different frequencies just adds up, so we can calculate the power for a given
frequency and then do sums to get total power. The cross-terms drop away in the
time average.

A final point to make is that time derivatives become powers of w for Fourier
transforms. This is seen by differentiating the expression for g(t):

d d [>® ; © o d =~ 5 i
E S amnee= [ arEn S = [ driwEn e
dt  dt J_o —oo dt —oo

(12.81)

So, in what we do below, a factor of w will be rewritten as a time derivative.
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Radiation from an Arbitrary Source Distribution

Let's now consider the radiation from an arbitrary configuration of time-varying
charges and currents. It will be no surprise that we need to apply techniques similar to
those used for calculating the potentials and fields of electric and magnetic multipole
configurations. As motivated by our discussion of Fourier Transforms, we start with
source distributions having simple harmonic time dependence

p(Ft) = po(Ae ¥t (7 t) = Jo(F)e ™t (12.82)

We assume that pg and JB are zero outside some volume V near the origin. The
retarded scalar and vector potentials are (Equations 10.71; recall, t- = t — |F— 7| /c)

V(P ) = — /\}df’p(at') K(F,t):ﬁ/vdT’L’t’)‘ (12.83)

=7
When e~ ¥t is evaluated at t = t,, we get
efiwt,:efiwteik\ffr'q with k =

(12.84)
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Let's rewrite the retarded potentials using this information. With the assumption of
harmonic time dependence and no sources outside V (p = 0, J = 0 outside V),
Ampere's Law tells us that, outside V,

9E - = . P~
oto— =V xB = E=1VxB (12.85)
ot w
Therefore, we only need to calculate A. It becomes
. . . ik |F—F"|
Aty = Ho e—'w/ dr' T(7) S (12.86)
47 v |F— 7|

Now, for large distances, |F] > |F’| for 7’ inside V, so we can Taylor expand |F— 7.
(In our electric and magnetic multipole expansions, we used Equation 3.149 to expand
|F— F’|~1, but here we want to expand |F— 7’| in the argument of the exponential
too.). This expansion is:

2 7\ 2
PPl =\[r2 =27 7+ (r')2 = r\/l —or Ty ('—) (12.87)
r r

d2
r—?-?'r'+(’)<—) (12.88)
r

where d is the characteristic size of the source distribution.
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Putting these two together, we have

ik |F—7"| 1 / d? d2
¢~ [1+?~?’L e (7)} exp {ik (r—?-?'r’—i—O (7))} (12.89)
|F— 7] r r r2 r

ikr ’ 2 2
€ {14_;\;"';4_(9(%)} exp(—ikr'?~?'+ik0(i))
r r r r

(12.90)

Now that the dependences are clear, let's figure out what we need to keep. The first
factor is independent of r’ and multiplies the whole expression, so no issue there. In
the second factor, there are power law dependences on r’ and r, and there are no
direct power-law dependences elsewhere, so we may look at this factor alone. In the
limit d < r, we may keep the first term and discard the second and remaining terms
because they falls off as higher powers of r.

Now, looking at the exponential, it has a completely imaginary argument, which
causes the phase of the exponent to vary. The ratio of the second term to the first
term of this phase factor is (kd?/r)/(kd) = d/r, so it varies much less quickly than
the first term in the limit d < r, so the first one will dominate the phase variation of
the argument of the exponential in this limit. However, we also want to require that
the second term in the argument is not large in an absolute sense: if it is of order
unity, then it causes fast enough variations in the phase of the argument of the
exponential that it will result in cancellations and make that term vanish. We thus
require k d?/r < 27, or d?/\ < r: this is the so-called “far-field” approximation,
with d?/)\ being the “far-field distance.”
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Making these approximations and inserting into our expression for the vector potential:

radiation from arbitrary )
source distribution A7, t) = Ho € (kr—wt)
vector potential T 4 r

/vdT’JB(F')e—"k"?'?/ (12.91)
d<r, &/ A<r

It may seem strange that we dropped the 7- 7/ r’ term from the expansion of

|F— F’|~1, the one that yielded the electric dipole and magnetic dipole potentials.
The reason we don't need it here is because of the exponential: its variation over the
scale of the source distribution (note that we did not make the approximation
kd=2md/X < 1!) prevents the cancellation that occurred for the monopole terms
in the static case and necessitated keeping the 7- 7/ r’ term.

This expression makes very explicit the physical picture that the harmonic dependence
of the source current drives a spherical outgoing wave: the e/(kr—« t)/r factor.

From the above, we can calculate the fields, time-averaged Poynting vector, radiation
pattern, and total power radiated (for harmonic time dependence!):

B=VxA E=c-VxB

X

(S)=5,.7(E~8)  (Gg)=rr(s) w=[mig
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If we make the further approximation d < ), then the exponential can be
Taylor-expanded to obtain

radiation from

arbitrary kr—wt) o

- o ei(

4 r

—ik)m -
source distribution  A(F, t) = Z (= I) / dr’' Jo(F') (r' 7-7)"
— m: v
m=0

vector potential
d<r,d< A\

(12.92)

We have dropped the d2/)\ < r requirement because it is implied by the other two
requirements. This is now the multipole expansion for radiation: successive terms
probe finer and finer structure of the source distribution. We see next how these
various terms give electric dipole, magnetic dipole, and electric quadrupole radiation.

The different multipole terms are not an analogue of the multipole terms we
calculated for the electric scalar and magnetic vector potentials (Equations 3.226 and
5.105): in those cases, we had [(r’)™/r™T1] Pp(7- 7') in the integrand, here we have
[(kr")™/r] (F-7')™ in the integrand: same units, different formula. In the radiation
case, all the multipole terms fall off as 1/r, but they depend on different moments of
the current distribution. In contrast, for the static potential multipoles, the higher
terms fell off with increasing powers of r (and depended on higher moments of the
charge and current distributions, but calculated in a different manner).
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Electric Dipole Radiation

We take the m = 0 term, which is

. el (kr—wt) .
A7 t) = &7/ dr’ Jo(7) (12.93)
47 r \

We saw this expression in our study of magnetic multipoles, Equations 5.103
and 5.104, where it vanished because of continuity and the steady-state assumption
V -J=—-0p/dt =0. Here, we do not make that assumption, so

Joyfe_i“’t =V (r;.E)e_th> - V- (J_(; e_i“’t) =V (r,- Jo e_"“’t) + r; % (po e_"“’t)

=V (rdbe ) —iwrpet (12.94)

When we do the integral, the first term vanishes: it can be turned into a surface
integral of r; J at the boundary of V and, since the sources are contained in V), there
can be no current flowing through the boundary of V. That leaves the second term, so
the vector potential becomes

N i(kr—wt) A
A7 1) = &67/ dr' (—iw) po(F') F! = —i He WP gitkr—wn) (15 g5)
47 r Vv 4t r

Qhere we have used the definition of the diEole moment, Equation 3.229. We see that
A is in the direction of the current (recall, J, = dP/dt), and, in the static limit

(w — 0), the expression vanishes, both as we expect.
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To calculate the magnetic field, we need to take the curl. The curl will act on both
the 1/r and the phase factor in the exponent. But the action of the curl on 1/r will
yield 1/r2, which we can drop if we also assume kr > 1 or A < r. So we calculate

v x (ﬁoe"k') = P x Ve k= —pyx ek V(ikr)y=—pox & " ikF (12.96)

Therefore

B(r 1) = Mo CTXP itkr—w

d<<ALr (12.97)
47 cr

where the factor of w/c came from k. We obtain the electric field from
E=c2(i/w)V x B =c?(—k/w)Fx B =—c7x B, where we used Equation 12.85
and a similar technique for the calculation of the curl (involving more terms, but again
one drops all terms of order 1/r2). This yields (using uo = 1/(c? €5))

= 1 w?Fx(Fx po) w
E(RD=-7 = =, efkr—wt g n<r (12.98)

The geometry of the fields is as follows. The magnetic field is normal to both the
line-of-sight to the dipole at the origin (7) and to the dipole’s direction py. So, for a
dipole along Z, B oscillates in the qb direction. The electric field is normal to the
I|ne—0f-5|ght and to B, so it _oscillates in the 0 direction. Both 8 and ¢) are in the plane
normal to 7. As expected, E is in the direction of the dipole, i.e., of the acceleration
of the charges involved.
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Let's now generalize these using our discussion of Fourier Transforms. Let's assume an
arbitrary time dependence of the charge density p(F, t) and the dipole moment p(t).
The former has a Fourier decomposition (Equation 12.72), which we can use to
Fourier decompose the latter:

oo . oo .
e = [ deprne = g = [ df e

—oo

=] .
— A7 t):/ dT'p(?’,t)F’:/ dr’ F’/ df B, F)e=i“t  (12.99)
Vv v — 00

:/ df B(F)e~ ¥t with ﬁ(f):/df’ﬁ(?’,f)?’ (12.100)
—oo \%

Now, the quantity f)'(f) e @t s just like fp e'“t since both py and ;:J'(f) have no
spatial dependence. Therefore, our expressions for /T é and E for harmonic
dependence apply to it. Since Maxwell's Equations are linear, we can just sum up the
contribution to the fields from each frequency f using Fourier Transforms.

Section 12.2.4 Electric Dipole Radiation

Page 905



Section 12.2 Radiation: General Theory of Radiation

That is, we may write

(F f)e vt = 42‘—" W) gitkr—wt) (12.101)
™ r

p L

where we have factored the e~/ dependence out of the vector potential and added

the f argument to indicate that each B(f) generates its own A(F, f). Now, sum up
over frequency components using the Fourier Transform:

o oo 47 r

- o A . o B f) . .

A(F‘,t):/ de(F',f)e_’“’t:/ df [—i“"”p( )e'k':| e ¥t (12.102)
Next, recall how time derivatives are related to factors of —iw in Fourier Transforms,
Eguation 12.81, ‘and also recall Equation 12.84, which tells us that
el (kr—wt) — e=iwtr (recall, r > r’ is assumed!). These let us rewrite the above as

A7 1) = Ko 1/ of [—iwp(f)] el = 2‘7 ”(:’) (12.103)
—oo

where ﬁ indicates the derivative of p with respect to its argument. Note that we were
able to trivially convert from —iw to d/dt even though the time is evaluated at t,
because the approximation r >> r’ simplifies the t-dependence in the argument of the
complex exponential (i.e., k|F— F'| = k).
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One can do similar Fourier analyses for B and E. One could instead take the curl and
time derivative of the above expression, using again the r >> r’ approximation to
make these derivatives easy to take. The Fourier analysis path seems more physical
because it makes a bit clearer how the Fx factors below arise.

The result is the full generalization of our harmonic time dependence expressions:

electric dipole radiation
vector potential
d< AL

electric dipole radiation
magnetic field
d<AKLr

47

(Fo) Mo T p(tr)

cr

electric dipole radiation
electric field
d<ALr

)_

1 Px (?x B(t,))

47eo

c2r

(12.104)

(12.105)

(12.106)

Note that the dipole moment derivatives are evaluated at t,! These equations match
Equations 11.54, 11.56, and 11.57 of Griffiths.

Section 12.2.4 Electric Dipole Radiation
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Let's define a coordinate system with /3 o Z and 6 the spherical coordinate polar

angle, so then

FxZ=—¢sind

Px (Fx2)=7x (—$sin6) =0sin0

(12.107)

Thus, for an arbitrary time dependence, we obtain (using dP/dQ = r?7- S, no
complex conjugations or real parts necessary because these formulae do not assume
harmonic time dependence, and S x E X B x 0 X —¢ =F):

electric dipole
radiation pattern
d< AL r

dP po p?sin®0
dQ 1672 ¢

(12.108)

Notice the similarity to the Larmor formula! Had we calculated the Larmor formula for
two point charges forming a dipole, going through the fields to see how the factors of
q d add coherently, we would have obtained the above result. (The dipole
approximation automatically incorporates 8 — 0.) If we assume harmonic time

dependence and time-average (also now taking the necessary complex conjugations
and real parts if we use complex notation), we obtain:

electric dipole
radiation pattern
for harmonic
time dependence
d<ALr

<

ar
dQ

)

o p§w4sin20
~ 32n2 c

(P)=

T 127

Ho P(%W

c

4
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(12.109)
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Magnetic Dipole and Electric Quadrupole Radiation

Next, let's look at the m =1 term:

. i(kr—wt) .
A )=t 807 —ik)/ dr' Jo(F)F-F e (12.110)
\Z

47 r

This term is a factor of order kd = 27 d/X smaller than the electric dipole term. We
also calculated this term in the process of deriving the vector potential due to a
magnetic dipole, starting at Equation 5.106. Again, we now have to allow

V. J'=—8p/dt # 0. This yields (many steps left out!)

Jo(F)F-7 = % [(7 % &) x ] FE Ry b (FR) ] (1211

The second two terms involve quantities similar to those we dealt with for the electric
dipole term. We can integrate these terms by parts to obtain expressions involving
v-J (and therefore bringing in one more power of r’ to cancel the dimensions of V)
which can be evaluated using continuity,

V- Jpemiwt=—_9 (poe=wt) jot = /wpoe —iwt They therefore result in terms
containing i w p and two powers of r’. These are electric quadrupole terms. They are
of the same order of magnitude as the terms we will keep, but they are complicated
and so we will drop them for this study.
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The first term recalls the definition of the magnetic dipole moment (Equation 5.119)
1 -
i = / dr' 27 x B(7) (12.112)
v

Using this definition, we may rewrite the vector potential as

- X my -
AFt) =i e DEX0 itkr—w) gy (12.113)
47 cr

This expression is smaller than the analogous expression for electric dipole radiation
(Equation 12.95) by a factor (mg/c)/p, which we can see is k d as expected:

3
m _ 1 dJd_ 1 wdped (12.114)
c d3pd pd ¢

1

p
where J o w d p follows from our evaluation of J'in the electric dipole radiation case.
The fields are easily derived using the same procedure as for the electric dipole term to
evaluate the curls, yielding

2A ra A .
B(F, t):ff—; Wd(k’*‘”) d< A< r (12.115)
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For the electric field, we can use the harmonic relation E=_cFxB (from
Equation 12.85, £ = c2(i/w) V x B) to find

1 w27 x (Fx (Fx mp)) i (kr—wt)

(12.116)

47e, c3r
In the electric dipole case, we had B o (1/c)7 x E o« 7 x (F x (F x B)), but we also
derived B o< 7 x p. We thus suspect that the quadruple vector product in E for

magnetic dipole radiation reduces to ¥ X mg. Let's prove that explicitly using the
BAC — CAB rule for an arbitrary vector 3

rx[Fx(rxa)=r[r-(rxa]—-(Fxa)(F - rN=-rxa (12.117)
Thus, we may rewrite E in the magnetic dipole case as

1 wr><m0 (kr—wt)

E(Ft)=— d<a<r (12.118)

47e, c3r

Griffiths derives the magnetic dipole fields for the speC|aI case g o< z. We saw for the
ideal electric dipole that 7 x (¥ x z) =0sinfand Fx (Fx (Fx 2)) = ¢ sin6.

Applying that here yields B —0sinfand E « (;S sin 6, thus matching Griffiths
Equations 11.36 and 11.37.
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As we did with the electric dipole radiation field, we can generalize these expressions

using Fourier Transforms, yielding

magnetic dipole radiation

d<<ALr

AX =, t
vector potential A(F, t) = _j bo Tx m(t)
d<  N<r 47 cr
magnetic dipole radiation . o T X (?>< r:ﬁ(tr)>
magnetic field B(F,t) = =2
47 c2r
d< AL r
magnetic dipole radiation 1 « 5
= t
electric field )= ! '3"( )
T €o c3r

(12.119)

(12.120)

(12.121)

where again all the dipole moments and derivatives thereof are evaluated at the
retarded time. The vector potential is perpendicular to both the vector rate of change
of the dipole and the position vector, the electric field is perpendicular to the second

derivative of the dipole and the position vector, and the magnetic field is

perpendicular to the second derivative of the dipole and the electric field. There is no
analogue of these generic results in Griffiths, who only considers the special case of
m oc Z and harmonic time dependence, as we derived above. For the special case of a
dipole i o< Z that also has M oc Z and m  Z, the vector potential and electric field
are along ¢ and the magnetic field is along 6. Note how A and E have the same
direction as the infinitesimal current and the acceleration of the charges, respectively.

Section 12.2.5 Magnetic Dipole and Electric Quadrupole Radiation
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To determine the power pattern, we can use the calculations we did for the electric
dipole case because the dependences are similar: up to signs and normalization, B for
the electric case matches E for the magnetic case and E for the electric case matches
B for the magnetic case. In both cases, Ex Box+4Fasis necessary for outgoing
radiation, so we can dispense with the signs. The normalization is set by the
replacement p — m/c. So, we have (again, dP/dQ = r>7- S, all fields real)

magnetic dipole dP 22 in2 9 .o
radiation pattern — = M°2 % p=Fte m—3 (12.122)
d< A< r dQ 16w c 61 c

Again, we see an analogue to the Larmor formula. If we assume harmonic time
dependence and time-average (taking complex conjugations and real parts as
necessary for complex notation), we obtain:

magnetic dipole
radiation pattern 5 4 .0 ) 4
dP [4
for harmonic <7> - “02 M (P)= Ho mO:J
time dependence dQ 327 c 127 ¢
d< AL

(12.123)

Given the replacement p — m/c, the magnetic dipole radiation power is down by a
factor of [(m/c)/p]?> = (kd)? = (27 d/\)? relative to electric dipole radiation.
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Postscript

Griffiths is unfortunately lacking in examples on the topic of radiation. The reason for
this is that, with the above formalism in hand, the basic examples consist largely of
calculating electric and magnetic dipole moments and then plugging into the above
formulae. Rather than do a lot of this plug-and-chug, it makes sense to move on to
classical scattering theory and antennas, which provide more meaty and meaningful
applications of the above.

If it seems like the above discussion was a bit tortured — the term-by-term
manipulation of Equation 12.92, the by-hand splitting of the m = 1 term into
magnetic dipole and electric quadrupole radiation, the reappearance of the same
electric and magnetic field dependences — that impression is correct. There is a more
unified way of treating the multipole expansion, which is given in Jackson Chapter 16,
but which we do not have time to present.
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Section 13.1 Applications of Radiation: Classical Scattering Theory

Classical Scattering Theory
What is Scattering?

When we considered wave propagation in a medium having a permittivity and a
permeability, we assumed the medium was completely uniform, with polarization and
magnetization volume density that reflect none of the atomic nature of the material or
any variation in polarization or magnetization density with position. This also meant
the medium was infinite in extent, with no boundaries except planar boundaries
infinite in transverse extent. When we calculated the polarization density using the
simple dispersion model, we again assumed that this model gave us a smooth
polarization volume density.

Scattering is, by contrast, an effect that happens when an EM wave propagates
through a nonuniform medium. Now the polarization and magnetization volume
density can be slightly or even substantially position dependent. At one extreme, we
have a single polarizable particle in vacuum. At the other extreme, we have a gas or a
dense medium with a fluctuating density. In all cases, we treat each nonuniformity as
its own dipole that radiates in response to an EM wave. When more than one
scatterer is present, we assume they are randomly positioned relative to one another
so there is no coherence between the radiated fields of individual scatterers.
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Section 13.1 Applications of Radiation: Classical Scattering Theory
Scattering to Large Distances of Polarized Light by a Small Object, d K A < r

Consider a linearly polarized EM wave
E(7 t) = Eyel(F7=+1) (13.1)

incident on a single particle of size d < X\ (kd < 27) and of frequency-dependent
polarizability a(w). Then the dipole moment of the particle is (in complex notation)

F=a(w)E=aw)Ee vt (13.2)

(Recall we derived models for a(w) in Section 5.) This is an oscillating, accelerating
electric dipole with p, p, and P in the same direction as the incoming polarization
vector. We can calculate its radiated power pattern using Equation 12.109, which
adds the assumption d < \ < r (scatterer much smaller than wavelength, which is
smaller than the distance to field point):

2524
(P>:HOO¢|O|W

= 13.3
3272 c 127 c ( )

dP\  po o?|Ewsin?6
dQ

where 6 is the polar angle relative to the polarization vector of the incoming wave.
Note that the emitted power pattern has no dependence on ¢, the azimuthal angle
around the polarization vector, implying the scattered light does not care about the
incoming wave direction, only its polarization.
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We define the particle’s differential and total scattering cross section as

do _ < > J it A— (13.4)

dQ incident power flux incident power flux

With the incident power flux I = <|§\> = ceo |Ey|?/2, we obtain

linearly polarized d 2 4 8 2 4
cross section Tpol _ e 2 sin20 o ol = il - < (13.5)

dQ 4 4 P 3 \4 4

d < A <r T €o C T €o C

Because /4 ¢, carries units of volume, o carries units of area and do/dQ units of
area/solid angle. The reason for this is that we assume an incoming plane wave of
infinite transverse extent, so we cannot calculate the fraction of its total power
scattered: that would vanish because the power is infinite. Rather, we calculate the
power scattered given an incoming power per unit area, so we have to multiply by an
area to get the right output units.
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Scattering to Large Distances of Unpolarized Light by a Small Object,
dg<ALr

It is in general useful to calculate the corresponding results for unpolarized incoming
light: light with equal amounts of the two complementary linear polarizations and no
specific phase relationship between those two polarizations. (A specific phase
relationship would just result in a different polarization.) This excites oscillating dipole
moments simultaneously in the two directions corresponding to these two
polarizations. Since the two polarization vectors are orthogonal, we need to write their
scattering cross-sections in the same coordinate system in order to sum their
contributions. So far, we have written the scattering cross-section in terms of angles
relative to the polarization vector (the oscillating dipole moment). Instead, let's write
it in terms of angles relative to the incoming wave's propagation vector k and the
viewing direction (the outgoing scattered wave direction) 7.

Consider a coordinate system whose z-axis is the incident Eo,
wave direction k and whose xz plane (the scattering plane)
is defined by k and the scattered direction (viewing direc-
tion) Fsc. Let fsc be the polar angle of 7ic relative to E in
the scattering plane. The incoming light has components
polarized parallel to and perpendicular to the scattering
plane. Since we will consider unpolarized light, we know
that the result will have no dependence on the azimuthal
angle around k, which is why we can choose 75 in the xz
plane.
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For the polarization component perpendicular to the scattering plane, the scattering
plane makes an angle w/2 with the polarization vector. The angle 05 is the ¢ angle in
a coordinate system whose z-axis is this polarization vector. Thus, for any 6s, the
angle 6 in the differential cross section formula is 6 = 7/2 in the diagram. Assuming
the incoming light is unpolarized implies half of the incoming power is in this
polarization component, yielding

do, 1 do

dQ 2 dQ

1 « 2 W4
= - — 13.6
0=m/2 2 (471—60) ct ( )

For the polarization component parallel to the scattering plane, the scattering plane
lies in the xz-plane of the coordinate system whose z-axis is this polarization vector
and whose £x-axis is the incident direction k. Thus, the polar angle in the scattering
coordinate system and the polar angle in the incident polarization coordinate system

are complementary, so sin OH = cos fsc and therefore
doy _1do L Vot e (13.7)
dQ 2 dQlg_pn g, 2 \47e) o *

We want to combine these cross sections to get the total cross section. Do we need to
worry about constructive or destructive addition of the scattered waves in the two
polarizations? No, a fact we can see both conceptually and mechanically.
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We can see this conceptually as follows. We first recognize that the two incoming
polarizations excite dipoles parallel to the incoming field directions and therefore
perpendicular to each other:

BH x Ein,u PLoc Bt Ein,H LEn, = BH 1pL (13.8)

Then, we recall that the electric field of the radiated wave is in the direction of the
projection of p transverse to the line-of-sight direction (7sc). Therefore, the radiated
electric fields for the two incoming polarizations must be perpendicular to each other
(and to the line of sight). We know that fields in orthogonal polarizations do not
interfere with each other and their powers just add, hence we just add the cross
sections, accounting for the fact that half the power is in each polarization.
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We can see this mechanically by calculating the Poynting vector of the summed wave:
fio Stot = (Erad,H + Erad,L>* X (érad,H + grad,L>* (13.9)

The fields of the scattered (radiated) wave satisfy (Equations 12.105 and 12.106)
E.y o Fx <?>< B) x ?(?- E) —E, Bugx-—FxpxTxE,  (13.10)

Therefore, the cross terms in the Poynting vector are (applying the BAC — CAB rule
many times):

Egs % Braay o [F(7- Eny)) — m,H] [7x En L] (13.11)
= (7 Bn) [P (7 Ens) | = B x (P Bns) - (1312)

- (?- E,-n,H) [?(?- E,,,J_> Ein, ] (13.13)

- [?(Em\ 'Ein,L) — Epn1 (?' Em,u)] (13.14)

The third term vanishes because the polarizations are perpendicular to one another.
The second term cancels the fourth term. The first term vanishes because, given the
geometry, 7' is in the plane perpendicular to Ej, | . So the whole cross term vanishes.

The other cross term is obtained by exchanging || and L and so it also vanishes.
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Since the power radiated in the two polarizations just sum, we may add the two cross
sections together (incoherent sum). We also integrate over all angles to get the total

scattering cross section:

unpolarized
cross doynpol a \2w* 1+ cos?fs 87 a 2w
i = vy Ounpol = —5— — (13.15)
section dQ 4Teo ct 2 3 \47meo ct
d< AL r

The total scattering cross section is the same as the polarized case because the
polarized cross section has no dependence on polarization angle.
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Application: Rayleigh Scattering, or Why the Sky is Blue

Recall our discussion of the permittivity and index of refraction of dispersive materials
and how it depends on frequency. In particular, it is fairly independent of frequency in
regions well away from any known bound states. For the atmosphere, the relevant
states are either vibrational and rotational states of molecules or electronic states of
the constituent atoms. The atmosphere is dominated by Nz and O2, which are
symmetric molecules with no net dipole moment; hence, in our approximation, there is
no coupling of light to their rotational and vibrational states. The electronic states of
N, O, and the third major component, Ar, are above optical frequencies. Therefore,
the permittivity becomes constant over the optical part of the spectrum. We may infer
from this that the polarizability o becomes constant. (Given the above, it actually
vanishes for N2 and O; and the scattering is entirely by the individual atoms, not
molecules.)

Thus, the frequency dependence of the scattering cross section comes entirely from
the w* term. This strong dependence on frequency implies that the blue portion of the
solar spectrum scatters much more than the red portion: seven times comparing

400 nm to 650 nm.
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The above strong dependence leads to a number of interesting phenomena:

» When we look away from the sun, the light we are seeing is primarily scattered

Section 13.1.4

light, which is dominantly blue.

When we look at the sun at sunrise or sunset, when the path length through the
atmosphere is large, the blue light has been scattered out of the line-of-sight
and we see a red sunrise or sunset.

Because of the angular dependence in in Equation 13.15, when we look in a
direction normal to the sun’s rays (e.g., straight up when the sun is low in the
sky, but not so low that all the blue light has been lost), we can only see
scattered light in the polarization perpendicular to the scattering plane. (The
polarization of sunlight parallel to the scattering plane has its polarization vector
pointed in the same direction as our line-of-sight 7, so we get no scattered
light in that polarization.) So, if we look in this direction with a polarizer, we
can make the sky appear bluer by selecting the scattered polarization or less
blue by selecting the unscattered polarization: the light in the unscattered
polarization consists only of light reflected from our surroundings (which is not
preferentially blue).

Application: Ravyleigh Scattering, or Why the Sky is Blue
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Application: Thomson Scattering

A simple situation in which to apply our theory of scattering quantitatively is the case
of Thomson scattering, which is scattering of an electromagnetic wave off of a free
electron. Recall that we calculated the relation between a bound, damped electron’s
dipole moment and the incident electric field to be (Equation 9.191)

q*/m

770 Epe vt (13.16)

B(t) = eX(t) = —
0

If we take the limit w > wp and w > /7w (the plasma limit we defined in Section 5),
we obtain

= 2
_Prree(t) - 7672 (13.17)

Ofree = = -
EO eflwt m w

In this limit, the polarizability is determined entirely by the electron’s inertia.
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Plugging in to our total scattering cross section equation, Equation 13.15, and

rearranging (canceling powers of w, moving c? around), we obtain the differential and
total scattering cross section of a free electron:

free-electron

2 2
do Thomson e? 1+ cos? Osc 87 2
(Tho Son) dQ “\a 2 2 O Thomson = 73 ﬁ
cross section T €o Me C T €0 Me C

(13.18)

The total cross section is called the Thomson cross section and is ubiquitous because
it sets the scale of scattering of EM waves off of electrons, even when quantum
mechanical effects are taken into account. Notice that it is independent of frequency
because the w2 dependence of o cancels the w* dependence of dipole radiation.
Though, recall we have assumed (p/e) ~ d < A < r. This assumption fails at high
enough frequency.

The quantity in parentheses is called the classical electron radius

e2

(13.19)

Fclassical = 47 e me c2
because it is the radius one obtains by equating the rest mass energy of the electron,
me 2, to the Coulomb energy required to assemble of sphere of uniform charge
density of total charge e and radius r¢jssicas- On the one hand, it is remarkable that
this radius gives o Thomson UP to a factor of 8/3; on the other hand, it is the only
length scale available, so perhaps we should not be surprised.
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Section 13.1 Applications of Radiation: Classical Scattering Theory
Application: Small (d < \) Dielectric Sphere Scattering
Another simple application is to consider scattering off of a dielectric sphere of radius

d < A and permittivity €. The polarization of such a sphere was calculated in Griffiths
Example 4.7, which we quoted in Equation 4.71, with:

f=d4med® ——2F (13.20)

« is easily read off the above expression, yielding

dielectric sphere scattering cross section

d< AL r
dodiel. sph. ( €—¢o )2 4 o 1+ cos? s
= kd) d® —— 13.21
dQ €+ 2¢o (kd) 2 ( )
87 €— €0 2
Odiel. sph. = ? (m) (k d)4 (’Tl' d2) (1322)

where (k d)* comes from (w/c)* d*. This is also termed “Rayleigh scattering”
because of the similar frequency dependence. (“Mie scattering,” important for dust,
pollen, smoke, and water droplets in the atmosphere, is the case d <« X and is not
treated here because our multipole expansion fails.)
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Application: Scattering in a Gas

For a gas, because the atoms are in random positions, we may apply our scattering
theory to the medium as a whole. Let's determine the rate at which incoming power is
attenuated due to scattering to off-axis angles. The decay rate of the transmitted
power per unit area F is given by

F(z) = F(0)e™7* y=no (13.23)
where n is the density of atoms or molecules and o is the scattering cross section per

atom or molecule. To find o, we need the polarizability, a. Recalling the definition of
the dielectric constant ¢,, we have

P=np=naE and P=xec, E=(c—€)E = a="% (13.24)
Inserting this into our expression for o ,np0/, Equation 13.15, we obtain
87 [ €e—¢o 2 Wt 873 [e— e 21
jwte =no=n—/_[ ——— | — = — —_— 13.25
dilute 3 (47reo n) ct 3 € n* ( )

This attenuation constant is applicable to the scattering of sunlight because « is
frequency-independent, again explaining why the sun becomes redder as it sets: the
redder wavelengths have a substantially smaller attenuation constant (larger
attenuation length) than the bluer wavelengths.
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Application: Scattering in a Dense Medium

In a dense medium (e.g., a liquid), individual scatterers can no longer be treated as
totally independent. Instead, we treat the medium as consisting of cells of size d such
that d < X\ while also d > £ where £ is the correlation length of fluctuations in the
medium’s density. The number of scatterers per unit volume is 1/d3 because that is
the number of cells per unit volume. The “polarizability per scatterer”, which is « in
the case of a single scatterer, is given by a 6Ny where Ny is the rms fluctuation in
the number of scatterers in cells of size d. Thus, the attenuation length becomes
(using o = (€ — €5)/n from the previous page)

Ydense = (F# of cells per unit volume) x (cross section per cell) (13.26)
_ L8 (adNg\ uwt g 6760)2 o (13.27)
d3 3 47 e, c 3 €o nA\* nd3

In an ideal gas (not what we are dealing with), we should make the cell size match the
volume per atom because the correlation length vanishes for an ideal gas. Thus, the
cell volume d3 is 1/n and the rms fluctuation per cell is 1 because that is the rms for
a Poisson distribution with mean value of 1. With these values, we recover the prior
dilute expression.
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More generally, one can derive from thermodynamics that

(6NZ) . 1 <8P)
=nkgT th =—— (= 13.28
g ke Br  wi BT vi\av), ( )

where 81 is the isothermal compressibility (basically, how hard it is stuff more atoms
or molecules into a given volume). With this, we have

873 [e—eo 21
= — —— kg T 13.29
Y 3 ( o ) T\ B BT ( )

This kind of Rayleigh scattering is quite important for light propagation in liquids;
scattering, rather than absorption, is the primary reason for light attenuation in liquids.

One perhaps surprising overlap of particle physics and thermodynamics is the fact
that, in almost any detector that involves the propagation of Cerenkov or scintillation
light in a liquid — e.g., water Cerenkov and liquid scintillator detectors of neutrinos
such as in the SuperKamiokande, Sudbury Neutrino Observatory, MiniBooNE,
MicroBoone, Daya Bay, LZ, XENONnT, and DUNE experiments (among many
others), and liquid noble detectors based on scintillation light used for these purposes
as well as dark matter searches and coherent neutrino-nucleus scattering
measurements — Rayleigh scattering is the dominant mechanism for attenuation and
must be modeled well to accurately simulate the detector behavior.

Also, interestingly, 51 can diverge at the liquid-gas critical point, giving rise to
extremely large scattering called critical opalescence, which provides a useful way of
measuring the critical point of a particular material.
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Antennas

Introduction and Study Guide
Antennas are our second major application of the theory of radiation we have

developed. This material is not covered in Griffiths, it is largely from Heald and
Marion §9.4, §9.5, and §9.7.
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A d < X Electric Dipole Antenna

Let us consider an electric dipole given by a line current along the z-axis

I(t) = Ige~** that has length d. This is the current that flows in the case of an
oscillating perfect electric dipole, with I(t) d = p = qo d. Plugging this into the
electric dipole radiation power formulae, 12.108, and assuming harmonic time
dependence and p o Z, we obtain

- (Py= Heo Wl
3272 c 127 ¢

P 212 42 5in2 @ k d)?
<i> Ho W ipd”sin” 0 - (kd)* (1?YZy  (13.30)
dQ 61

with the free-space impedance Zy = /po/€0 and <12>: 18/2 the mean-square current.

We see the first hint of a concept of an antenna’s radiation resistance, which gives the
relation between mean-square current and the radiated power. We will see that, for an
antenna radiating into free space, the maximal efficiency for radiated power is
obtained when (P)/(12) = Z;. This short line antenna does not do a good job of
radiating into free space because of the prefactor (kd)?/6m < 1. We immediately see
that, to match free-space well, an antenna must have a size of order the wavelength it
is radiating. The approximations made for the multipole expansion and electric and
magnetic dipole radiation fail and we must go back to the more general expressions.
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General Setup for d & A\ Antennas

Given the above, let us recall a number of results from our general discussion of
radiating systems. The form for the vector potential under the assumption d < r and
d?/\ < r, but not assuming d < A, Equation 12.91, is

i(kr—wt

AF )=t — 7 ( : / dr! Jj(7'ye~ikr P
4T r v

We did not derive expressions for the fields in this general case, so we do so here. We
recall that, with the above assumed harmonic time dependence, the application of the
curl to get the magnetic and electric fields yields i k 7 x factors from the argument of
the exponential (neglecting the terms of higher order in r that come from
differentiating the 1/r dependence). Therefore,

antenna . w e"(k’_“’ t) . o,

magnetic  B(rt)=ile @ Ty / dr' Jo(F) ek 77 | (13.31)
field dmc r v

antenna . ic2 . R .

electric E(F,t)= —V xXxB=—-crxB (13.32)
field w

We will consider antennas that can be treated as line currents, so d7/ Jo(7’) — 1 d".
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Antenna Gain

An antenna is fundamentally a device for either radiating power or receiving power
with a desired pattern. Antennas are frequently intended to radiate to or receive from
a particular direction. This can be quantified using the idea of antenna gain:

(%)

antenna gain G(r) = (P/am)
™

(13.33)

which is just the ratio of the power per unit solid angle into a particular direction
divided by the total power per unit solid angle into all directions. The antenna
radiates more power in directions for which this number is large. If an antenna is fully
omnidirectional, then G(¥) = 1 in all directions. We shall see that this same number
also quantifies how directional an antenna is in reception mode.

Gain is frequently quoted in decibels (dB), with
G(F) [dB] = 10 logyq G(7) (13.34)
Thus, an omnidirectional antenna has 0 dB gain in all directions while other antennas

have positive dB gain in some directions (the directions they are good at transmitting
to) and negative dB gain in other directions.
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Antenna Impedance

Since the antenna may not be small compared to A, the mean-square current <12> may
not be the same everywhere in the antenna. For specificity, we choose to evaluate <Iz>
at the point where the antenna is fed by wires or a waveguide, the so-called “gap”
drive point. We then define the antenna impedance and radiation resistance:

antenna Vg radiation (P)

impedance Zant = g resistance Rrad = @ (13.35)

~

For an ideal antenna, meaning one that radiates all the power it receives from a
transmission line, Zant = Ryaq (we use R instead of Z for the radiation component
because it is always real by definition). For non-ideal antennas, there may be
additional resistive or reactive components.

Of particular importance is that Z,,+ determines the relation between power flowing in
on a transmission line and power received by the antenna (which can then be
radiated). If Zsnt = Zjjne, then the antenna receives all power from the transmission
line and reflects none. If this is not true, as may be the case because transmission
lines have a set of standard impedances, then a transformer can be used to impedance
match such a transmission line to an antenna. We discussed earlier how appropriate
lengths of transmission line could be used as transformers. These can work quite well
for antennas intended for single-frequency use. Broadband impedance matching —
matching over a large fractional bandwidth Av /v — is more difficult.
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Center-Driven Line Antennas

A line antenna is an antenna with a line current in the z-direction,

Jo(F") dr’ = I(7’) d£Z. In general, solving for the current and vector potential even
approximately is nontrivial. Jackson §9.4.B demonstrates that, for a thin-wire antenna
that is perfectly conducting and with wire radius a < A, d and that has azimuthal
symmetry about the antenna’s long direction d, the vector potential is exactly
sinusoidally dependent on the distance along the antenna. From this, he concludes the
current is approximately sinusoidal. We will assume this behavior in the following.

We assume a configuration as illustrated below, where the antenna consists of a long
wire of length d in the z-direction, symmetrically placed about the origin, with a gap
of negligible extent at z = 0. The two pieces of the antenna are connected to the two
electrodes of a transmission line or two portions of a waveguide that have a potential
difference.

z

d
§———

Coaxial U ‘
feed
-*h|__ y

© 1999 Jackson, Classical Electrodynamics
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The current in the wire is assumed to follow
. d
I(z) =1 sin |k 5= |z] (13.36)

This form is sinusoidal as desired and also satisfies the boundary condition that the
current vanish at the end. The derivative is not continuous at z = 0 except for certain
values of d. The current at the gap drive point is I o = Ip sin %. Given the current

distribution, we may calculate the magnetic field, noting that ¥ x d¢Zz = 7$ sin 6:
~ . (kr—wt) d/2 o, d
B(F’,t):—iqb&ﬂl 7sm9/ e ikz cost gip {k(f—|z'|>}
47 ¢ r d/2 2
(13.37)

Let us rewrite this as the product of a function of A and a function of d/X and 6:

center-driven i(k r—

R R 2\ eilkr—wt) d

line antenna B(r,t) =—i¢ Ho f 28 (7,9> (13.38)
magpnetic field am °2 r A

center-driven

X . Td/X\
line antenna £ (g 0) _ sinf / d¢ e i¢eost gjn (7 — \§|) (13.39)

magpnetic field T Jomd/x
pattern
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Comparing with our calculation of the radiation field due to a line current electric
dipole, we see that if we make the correspondence,

IodHIOg sinf <> f(%e) (13.40)

and note that the relation between E and B is the same as for the line current electric
dipole, then the expressions calculated for the line current electric dipole can be
translated to this case, giving

2
dP w2122 d \|*_ Z d \|?
<— — Mo 04 |f <7,9 220f 7,9> (13.41)
dQ 32 72 c A 32 A
The gain and radiation resistance are
2
antenna ‘f (%,9))
gain  G(0) =12 2L with |f| > /dQ ) ( ) (13.42)
attern |f|2
p
antenna I 47 |f|
P
radiation  Ryog = % _3 - 2< ) = d<|f| )2 (13.43)
resistance <Ig> I 4s 7
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For the sinusoidal current we have assumed, we can evaluate the field pattern for
arbitrary d. This is done by using the trigonometric product identities

cos Asin B = % [sin (A+ B) —sin (A — B)] (13.44)

sin Asin B = % [cos (A — B) — cos (A + B)] (13.45)

. H ’ . .
and also using the Euler formula for e=kZ <59 Thjs yields

center-driven d ) oy
line antenna d 2 cos (7 cos ) — cos %

radiation (Xv") == 7 (13.46)
field pattern
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We can calculate these quantities for some specific antenna lengths. A plot comparing
the radiation patterns of our idealized electric dipole and half-wave and full-wave
antennas is given at the end.

> half-wave antenna, d = \/2

The quantity kd/2 = 7/2, so the current, field pattern, <|f|2> and radiation
resistance are

I(z) = I sin <g — k|z/\> = Ip cos kz (13.47)
2 z 0
A M <|f|2>: 0.247 (13.48)
A2 7 sin 6
_ _ 2 2
Gmax = fld/A=1/2,0 ==/2)" _ (2/m)° _ 1.64=215dB  (13.49)
<‘f‘2> 0.247
Ig70 = Io Rrad ~73Q (1350)

This type of antenna is therefore well-matched to 752 coaxial cable. The
antenna radiates an azimuthally uniform pattern but has highest gain in the
0 = /2 plane. It is not a great match to free space because R,.q is quite
different from Zy = 377 Q.
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» full-wave antenna, d = \

The current is
I(z) = Ipsin (m — k|Z|) = Iosin k|2'| = Io [sin kz'| (13.51)

The current at the drive point formally vanishes and the antenna’s radiation
resistance is formally infinite: basically, no matter what voltage the transmission
line has on it, it cannot drive a current at the antenna drive point. Clearly, not a
very good antenna to drive with a transmission line! The corrections we ignored
in making the assumption of perfectly sinusoidal current will enable I, # 0.
However, we can still calculate the radiation pattern using our formula for f
with k d/2 =, giving

_ 2 (T cosh
f (f - 1,9) _ 2 cos(mcost) —cosm _ 4 cos® (F cosf) (13.52)
A sin6 s sin 6
<|f|2>: 0.672 (13.53)
— _ 2 2
fld/X=1,0 =m/2)F _ (4/m)° _ 41 _ 380 a8 (13.54)

Gmax = <m2> ~0.672

The full-wave antenna has a more peaked radiation pattern than the half-wave
antenna, though it is harder to drive.
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» folded half~-wave antenna

Section 13.2.6

The idea here is to fold a full-wave antenna at z = +\/4 and connect the two
ends together back at the center. This joining changes the boundary condition
so that the joined point should be a point of peak current and the fold points
are now current zeros. If s is the distance along the antenna from the drive
point, so that s = £\ /2 sits at z = 0, the current becomes I(s) = Iy cos ks
instead of I(s) = Ip|sin ks|. The current is negative at s = £\/2 = d/2, but,
because the antenna has been folded so this piece of the antenna is pointed in
the opposite direction as the unfolded piece, this current that is negative relative
to s is positive relative to z. The antenna now looks like two half-wave antennas
right next to each other. The radiation pattern is the same as a half-wave
antenna, but the effective current Ig for a given gap drive current Iz g is
enhanced by a factor of two relative to the half-wave antenna, so the radiation
resistance increases by a factor of (Ip/I,0)? = 4:

Io=2Ig0 Rag=4x73Q=202Q (13.55)

This higher radiation resistance is a better match to free space, which has
Zy = 377 Q as noted before. Flat-pair or twisted-pair transmission line, which
have impedances of about 300 (2, are best for feeding this antenna.
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» Arbitrary Length

Section 13.2.6

Given on the following slide is a plot of the antenna impedance (Equation 13.35)
as a function of length in units of A (a “Smith chart”). The length is marked
with tickmarks on the trajectory. The impedance is a complex number whose
resistive (real) part is the horizontal axis and whose reactive (imaginary) part is
the vertical axis. The real part is dominated by the radiation resistance
(Equation 13.35), which is always real by definition. The reactive component
simply indicates that the current and voltage at the drive point (which are
supplied by the feeding transmission line) are out of phase, with the sign of the
phase defining whether the antenna has a capacitive or inductive reactance.

The right side of the trajectory, at d/A = 1, would go off to infinity for an ideal
full-wave antenna; nonidealities keep it finite. At d/\ = 3/2, the antenna looks
similar to a half-wave antenna but with a somewhat higher impedance.

One can use a plot like this to pick the transmission line that best impedance
matches the antenna one wants to use, the choice of which is usually driven by
the radiation pattern or the available space. If there is an impedance mismatch,
one might use a transmission line transformer to transform the impedance or
lumped element capacitors or inductors to “tune out” (cancel) the reactive part
of the antenna impedance.

Center-Driven Line Antennas
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Antennas

Polar plot of gain patterns (power units) of ideal electric dipole (black), half-wave
antenna (red), and full-wave antenna (blue). The greater gain of the full-wave

antenna is due to its cos* dependence (vs. cos® for the half-wave antenna). Figure
courtesy of M. Cross.
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Section 13.2.6

3
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Antenna impedance as a function of
antenna length in units of A\. Tickmarks
indicate d/\. The axes are in Q and
give the complex Z,nt, which is real for
integer multiples of \/2, implying

Zant = R,aq at these lengths.

NOTE: This plot follows the engineering
sign convention. Our sign convention is
the opposite, so the curve should be
mirrored about the horizontal axis.

d < A\/2 will still be the capacitive
portion and A\/2 < d < X the inductive
section (and so on for d > ).

http://www.astrosurf.com/luxorion/gsl-swr.htm
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Section 13.2 Applications of Radiation: Antennas

Antenna Reciprocity Theorem

One can prove a theorem that the power received by an antenna from a plane wave
(due to the current excited in it by the incoming wave's electric field) in direction k is

o~ A2 -~
P (k) = s G(—k) x incident flux (13.56)

The quantity (\2/4 ) G(—E) is the effective area of the antenna in the direction k
(sort of like the cross section for scattering we discussed earlier.) By its definition,

J dQ G(F) = 4, so the above also tells us that the total effective area of the antenna
integrated over all possible incoming angles is A2. This is an important theorem in
antenna theory because it provides a normalizing factor for measuring antenna
efficiency: if you surround an antenna with a blackbody radiator, you know the
incident flux. The antenna should receive a power A2 times the flux incident from the
blackbody. You can then measure the power exiting the antenna onto a transmission
line and take the ratio of observed to expected power to determine the antenna’s
overall efficiency. This could also be used, for example, to determine the antenna’s
radiation resistance.

The proof of this theorem is interesting because it involves the Lorentz Reciprocity
Theorem and can be found in Drabowich et al., Modern Antennas, §4.1.
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Driven Arrays of Line Antennas

Suppose one has an array of N antennas, each displaced from the origin by A, j=1
to N, all fed identically with current, in phase. Let Eo be the radiation field pattern of
an individual antenna situated at the origin. Then the radiation pattern of the array is
easily calculated by recognizing that each antenna’s contribution to the total electric
field is the same up to the phase offsets due to the e~ kr' PP factor arising from the
displacement in 7/ between antennas:

N

N .
— icc = . —
E=S"1=V (7, .
>V [v < Ai(F, t)] (13.57)
Jj=1
N .2 | . i(kr—wt) . o
=359« {v x Lo 87/ di’ 1(7') e—'k""] (13.58)
¢ w 4T r c:
Jj=1 J
N . > . R i(kr—wt) . P,
=35 ¥ x {v e & [ ar i) e—’k"(Aﬁ’/)] (13.59)
‘ w 4 r C
Jj=1 0
N
=E Y e kT4 (13.60)
=1

where we factored e~ K74/ out of the integral and recognized I::() in what remains.
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You hopefully recognize the sum over phase factors of this type as the same kind of
sum present in the calculation of the interference pattern due to an array of slits in a
screen. Let us consider an analogue of that, an array of N center-fed antennas
oriented with their currents flowing along the z-axis and displaced from the origin with
uniform spacing A. Let the first antenna be at the origin, and let NA, the extent of
the array, satisfy NA < r. The radiation field pattern is

N N
E— Eoze—fk?-Aj _ E'Oze—ik?»U—l)A —E Zeffk?-A(jfl) (13.61)
Jj=1 j=1 j=1
L 1_ e—ikNFA
=5 . (13.62)
1 — e fkrA

where we have used the standard result ZJN:1 =1 = (1= r")/(1 — r) for geometric
series. Thus, if fy(d/\,0) is the radiation pattern corresponding to Eg, we have

e R (2
d 2 d 2|1 _ g—ikNFA
A A 1— e—lkr~A
driven-array d 2 d 2 gin2 Nkzr.g
antenna fl=,0) =|fh|=,0 = (13.64)
A A s 2 kPR
radiation pattern sin® =5
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The factor at the end is the same factor one finds in the calculation of the interference
pattern from an array of slits. It has the following properties:

peak position at kF-A=2nm (13.65)

peak height N2 (13.66)

peak width |k7-A—2nw| ~2V6/N (13.67)
secondary peaks at k7 -A=mn/N (m#2nNm) (13.68)
secondary peak height o(1) (13.69)

These results for the peak height and width are obtained by Taylor expanding the sines
near k7- A = 2nm to first and third order, while the secondary maxima are found by
requiring k7- A =mn/N # 2nm.

This structure is easier to understand if we set A = Ay, which yields

k7-A = kAsin0 sin ¢. If we additionally assume A < A, this ensures there are at
most two primary peaks at ¢ = 0, m because k Asinf sin¢ < 2 for all (0,¢). The
figure below shows the gain in the xy-plane (0 = 7/2) for A = X/2, N = 5. Off this
plane, there are no primary peaks, only secondary peaks. Figure courtesy of M. Cross.

-10 -5 5 10
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Driven arrays of antennas are pervasive. Here are some examples:

» The radar in the nose cone of most airplanes is a driven array antenna. The

Section 13.2.8

phase of the current driving the individual elements is varied, which is the
equivalent of changing the orientation of A so that the emitted (and received)
radiation beam can be pointed away from the direction of motion of the plane
without steering a physical antenna.

Much of radio astronomy is done with driven antenna arrays operated in
reception mode. The signals from the individual antennas are routed to a
central “correlator.” In principle, one should sum the signals from all the
antennas. But the interesting behavior comes from the cross-terms in the sum,
so, instead, all independent pairs of voltage signals (proportional to electric
field) are multiplied, which gives the cross-terms. The advantage of the array
approach is the very narrowly peaked gain function thus obtained: the width is
roughly the same as that of a single radio telescope whose diameter is the
extent of the array. These are called “radio interferometers.” The Jansky Very
Large Array in New Mexico and the Atacama Large Millimeter Array in Chile are
examples for which the individual antennas are themselves radio telescopes. At
longer wavelengths, a number of projects use arrays of simple antennas to
obtain very large collecting areas (appreciable fractions of a square kilometer,
including the Long Wavelength Array in the Owens Valley operated by Caltech)
that view a large fraction of the sky at one time and for which different
resolution functions can be obtained by digitizing and then doing the
multiplications in a computer. There is also the Event Horizon Telescope, which
combines telescopes spread over the entire planet and has imaged the event
horizon of the black holes at the centers of M87 and our galaxy.
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Passive Arrays of Line Antennas

Many television or radio antennas are arrays of linear antennas with one driven
element and many passive elements. These passive elements are driven by radiation
received from the driven element, and then they radiate with a definite phase relative
to the driven antenna. The combined radiation pattern of the driven and passive
antennas can be designed to be peaked in a particular direction. As we will see below,
this forward peaking of the emitted radiation pattern also ensures that the antenna is
a good receiver in that direction.

Here, we consider a Yagi-Uda antenna, shown below.

Reflector Drive Directors
(inductive) (capacitive)

Forward
direction
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The important features of this design are as follows:

>

>

Section 13.2.9

There is one driven antenna, which is a folded half-wave antenna (for reasons
discussed earlier).

There is one antenna placed behind the the drive antenna that is intended as a
back-reflector: it is spaced A\/4 behind the driven antenna so that the wave that
reflects from it is in phase in the forward direction (remember the extra m phase
shift due to a reflection from a conductor). This is the equivalent of saying that
the wave that is radiated by the back-reflector, which is excited by the driven
antenna, is in-phase with the driven antenna’s wave in the forward direction and
out of phase in the backward direction.

There are multiple “director” antennas placed ahead of the driven antenna.
They are intended to constructively interfere with the driven antenna in the
forward direction and destructively in the backward direction. If there were just
one, it would be placed A\/2 in front of the driven antenna (so the reflected
wave in the reverse direction is out of phase). With multiple directors, the
optimal spacing turns out to be about A\/3.
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» A more sophisticated discussion implies that the lengths of the passive antennas

Section 13.2.9

are also important. The spacing argument is an oversimplification because it
assumes the back-reflector acts like an infinite conducting plane. Really, we
should think about the antenna impedance and ask what needs to be done to
cancel the —i k7 - A phase factor that arises from the spacing between the
driven antenna and the back-reflector or directors. This issue did not arise for
the phased array because, using identical antennas, there are no path length
differences for the direction of maximum constructive interference, the direction
perpendicular to the spacing A between elements. But here we want
constructive interference in the direction in which there are path length
differences, and so we need to cancel out the corresponding phase factors using
the antenna impedances.

Recall the figure showing the antenna impedance as a function of size: antennas
that have d < \/2 are capacitive and those with A\/2 < d < X are inductive. In
the forward direction, the phase factor —i k7 - Ais negative imaginary. With our
—iwt time dependence, a capacitive element has a positive imaginary
component to its impedance (positive phase factor), so the directors should be
capacitive to cancel this negative imaginary phase and yield constructive
interference in the forward direction (and, conversely, destructive interference in
the reverse direction). So, the directors should have dy < \/2. Conversely, the
back-reflector should be inductive and thus have A\/2 < d, < d. Usually, dy and
dr are not much different from d.
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Diffraction
Introduction and Study Guide

Diffraction is the third major application of the theory of radiation we have developed.
This material is not covered in Griffiths; it is largely from Heald and Marion Chapter
12 and from Jackson Section 10.5. We will study scalar diffraction theory only (vector
diffraction theory gets rather complicated; it is covered in Jackson Section 10.6) and
focus on the Fraunhofer limit (d < A < r).

We may use a scalar rather than vector approach because we will focus primarily on
using the wave equation for EM waves, in which Eand B decouple and in which each
component of E and B individually satisfies the wave equation, and also because we
will not be calculating radiated fields from currents but rather directly from received
fields. This point will become clearer as we proceed.

We will therefore assume a scalar field with harmonic time dependence v(F) e /«?
that satisfies the wave equation.

2 1 & —iwt
(v -3 ﬁ) () e =0 (13.70)

Because of the harmonic time dependence, the time derivative part simplifies and the
wave equation becomes the Helmholtz equation

(V2+ KA =0  with k=uw/c (13.71)
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The Helmholtz-Kirchoff Integral

The first step we must take is to figure out, given the EM fields on some bounding
surface of a region due to sources external to the region, how to calculate the fields
that propagate to points inside that region. See the picture below at left, where the
sources are marked with X symbols, the bounding surface is shown in gray, and the
point at which we want to calculate the field is P.

Sources x

Souieas Gy

(@© 2012 Heald and Marion, Classical Electro- (@© 1999 Jackson, Classical Electrodynamics
magnetic Radiation

If one wants to think instead about the classical diffraction geometry, think of the
boundary as an opaque screen with a hole in it with fields incident on the hole from
sources on one side of the hole. We want to calculate the fields at points P on the
other side of the screen. The figures above at the right could describe these
geometries, with the sources in region I and the point P in region II.

Section 13.3.2 The Helmholtz-Kirchoff Integral Page 956



Section 13.3 Applications of Radiation: Diffraction
Let us suppose that, along with having the scalar wave function 1 that satisfies the
Helmholtz equation, we also have the Green Function for the equation, i.e., the
function G(F, F’) that satisfies the Helmholtz equation with a unit point source:

(V24 K2) G(7, 7') = —8(F — 7") (13.72)
The sign on the right side for the source comes from the inhomogeneous wave
equation in Lorenz gauge, Equation 10.21, where it is due to the choice of sign

convention for the d'Alembertian (negative sign in front of the spatial derivatives).

Next, applying Green's Theorem (Equation 3.13) with ¢(7”) and G(7,7’), we have

~ § d [B) A TG T ~ GE A - V()]
S

/ dr' [$(F)V2 G(7,7") — G(7, 7' ) V2, ()]
V(S)

—(F) for €V, 0 otherwise (13.73)

where the left side has acquired a negative sign because we define n to the be inward
rather than outward normal on the surface S. We have used the Helmholtz equation

to evaluate the V%, terms on the right-hand side, and we have also assumed G(F, ")

is symmetric in its arguments as usual. The delta function in the Helmholtz Equation

for G gives the one nonzero term on that side. When evaluating V%,w(F’), there is no
source term because the sources are outside V. We have thus obtained what we want,
an equation for ¥(F € V) in terms of ¢ and its normal gradient on the boundary. We

need the Green Function for the specific geometry, of course.
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We then make two approximating assumptions:

» For any geometry of interest, it is acceptable to use the Green function for the
Helmholtz equation for a free-space geometry, G(F, ') = exp(i k R)/R with
R = 7— 7', independent of the specific geometry. We first need to evaluate the
action on G of V7,

ik R ik R
- N e e 7& 5 e
Ve G(RF) = Vo = = (:k R)( R) - (13.74)

where we have —R instead of R because the gradient is with respect to 7/, not
F. Inserting this into the equation for v(F):

1 eikR

W(F) = da’ —— A(7") {ﬁ,«,w(?’) + (ik - %) /3¢(F’)] (13.75)

Can s

» We may break the surface S into surfaces S; and Sy where S; consists of a
screen with apertures for which we wish to calculate the diffractive effects of a
wave incident from outside of S and where S, consists of the remainder of S,
taken off to infinity. At such large distances,

eikr

Y — (0, ¢)

VY — (ik - %) P (13.76)

r
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At these distances, r’ > r, so R — —7/, R — r’, and i — —7' and the
integrand becomes

e

S () [(ik 7 %) w7+ (ik . %) (—7) 1/;(7')] —0 (1377

That is, the Sy integral vanishes.

We thus arrive at the Helmholtz-Kirchoff Integral,

1 /
dﬂ(f_):*ﬂ/slda

where S is now just the diffracting screen. (The utility of this for scalar fields is
reflected by the fact that it was first derived by Helmholtz in 1859 for acoustic waves.
Kirchoff extended it to EM waves in 1882.)

el

;R A(F’) - [ﬁww(?’) + <ik - %) ﬁw(r’)} (13.78)

To do this integral, we need to know both 1(7) and 7 - Vi(F) on the screen Sy, which
already hints at a problem: by analogy to Laplace's equation in electrostatics, we
should not need to know both. Nevertheless, soldiering on, the Kirchoff approximation
consists of assuming these functions vanish everywhere but in the apertures in the
screen and that their values there are given by the values they would have in the
absence of the screen. This is not an unreasonable approximation if we assume the
screen is a perfect absorber.
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The problem with this approximation is that one can show that, if both ¢ and its
normal gradient vanish on any finite surface, then ¢ vanishes everywhere. (This is not
obvious.) This is both inconsistent with the second assumption and it does not
recover the values in the opening (i.e., one cannot use the formula for a point 7 in the
apertures in S1). We will see below, nevertheless, that the approximation is useful.
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The formally correct method would have been to not make the first approximation
about the Green function being the free-space Green function. One should specify
either Dirichlet or Neumann boundary conditions (knowing 1) or its normal gradient on
S1) and find the appropriate Green function as we did in electrostatics, requiring it
satisfy the appropriate condition:

Dirichlet: Gp(Fe S,V,F' € S)=0 (13.79)
Neumann: 7-V#Gy(Fe S, V, 7 €8)=0 (13.80)

One then gets the appropriate Generalized Helmholtz-Kirchoff Integral from
Equation 13.73

Dirichlet: (7 = [ da’ (F)A(F') -V G(F,7) (13.81)
S1
Neumann: »(r) = */ da’ G(7, 7 )A(F") - Varip(F') (13.82)
S1

It turns out (again, not obvious) these expressions are consistent with the input
approximation: in the Dirichlet case, that 1) vanishes on S; except in the apertures,
where it equals the incident wave; and in the Neumann case, that the normal gradient
of 1) vanishes on 87 except in the apertures, where it equals the normal gradient of
the incident wave.

So, to do the calculation fully correctly, one needs to know the Green Function for the
Helmholtz equation in the particular geometry. In simple cases, it is easy to find.
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Plane Screen Case

Let us consider a specific, common case, where S; is a plane with an aperture or
apertures in it. If we place the plane at z = 0, one can show using the Method of
Images that the Green Functions are

, 1 el kR gikR'
Dirichlet: Gp(r,r') = — — 13.83
iri p(F, F") pp B B ( )

1 el kR gikR
N : Gn(F P = — _— 13.84
eumann (7 F) ppe < B + I ( )
with r=xXx+yy+7z F'=x'x+y'y—-27 (13.85)
and R=rF—-F R =rF—F" (13.86)

The resulting Generalized Helmholtz-Kirchoff Integrals are then

o kR
Dirichlet: P(F) = _ d ! & B n(F’) - (I k — 7> P(F') (13.87)

27
1 , eikR S R .,

Neumann: ()= —=—— [ da’ —— A(F’) - Vip(F') (13.88)
27 Js, R

which are two times the first or second terms of the Helmholtz-Kirchoff integral.
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These forms look quite different from each other. Let’'s consider a simple case,
though, to see how they correspond. We assume the incident wave is sourced by a
point source many wavelengths from the screen so the incident wave is a spherically
symmetric expanding wave, (7 € S1) = g exp(i k |F — Fsrc|)/|F — Forc|. We assume
the observation point 7€ V is also many wavelengths from the screen so that

kR =27 R/XA> 1 and we can ignore the additional 1/R terms in the integrands.
Under these assumptions, all three expressions (Helmholz-Kirchoff, Equation 13.78,
and the two generalized forms, Equations 13.87 and 13.88) can be written in the
common form (taking the origin of 7’ to be the center of the apertures in the screen)

P TVR. PP
Ik|r/7r5,c‘ elk‘rfr |

i k
W(F) = — 5 o da S S O(Brc, Oobs) (13.89)
2 apertures |r - rsrcl |r —r ‘
coslOupps =2+ T Dirichlet
where  O(Osrc, Oops) = {  €OSOsc = —Z - Farc Neumann
% (cos Opps + coslsrc) = % (Z- 7/ —Z-Tse)  Kirchoff

is the obliquity factor. The Z comes from n(F’): we get z- 7’ from n(7")- R and we get
—Z -7l from A(F’) - V1p(F'). The “Kirchoff” version is termed the Fresnel-Kirchoff
diffraction integral. The other two versions do not have defined names.
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By way of explanation: The first factor in the integrand simply calculates the value of
the field in the aperture. The denominator allows for variation of the intensity over the
aperture, while the numerator allows for the variation of the phase over the aperture.
The second factor then propagates the field from the aperture to the observation
point in similar fashion, accounting for both intensity and phase variation as the
variable of integration varies over the aperture.

In the limit of a source very far away from the screen, so that d < r (a further
approximation in addition to our assumption rsc 3> X, r > ), the angles 05 and
Oops do not vary much over the integral. The three cases thus just have different
normalizations, so we see they tie together somewhat. We do not have time here to
address the issue of the differing normalizations.
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Incoming Plane Wave Limit

Given that similar expressions are present as for our discussion of radiation, one can
imagine taking similar limits. Let's first do this for the source field. The first step
would be to assume that the source is in the far-field, where, if d is the size scale of
the aperture, we assume d < rsc and d2/)\ < rsre, as we did in deriving

Equation 12.91. This would yield

k el krse ST
P(F) = fke TZJO/ da’ el kr' Tore'? eﬁi_,, O(Osrc, Oobs) (13.90)
277 Isrc apertures |r -r I

If we further assume d < A, we can Taylor expand the exponential in the same way as
we did to obtain the multipole expansion for radiation, Equation 3.226, yielding

Pk eikre 0 (—ik)m o m kI
1[;(?) = Z % o da’ (r’ Tsrc - r/)m T O(asrmeobs)
277 LC N —, m: apertures |I’ =r ‘

(13.91)
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The most extreme approximation would be to assume the source is along z axis and so
far away that the phase variation over the aperture is negligible — i.e., the incoming
wave looks like a plane wave with k = Z, in which case one keeps only the m = 0 term:

ik el krsc /eik\rtf’|
U =S [l e OO = 0,60) (13.92)
apertures

27T rsrc |F—F|

This is equivalent to assuming the incoming wave is a plane wave with k=7 and
hence we can term this the incoming plane wave limit.
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Fraunhofer, Fresnel, and the Fraunhofer Limit

We will work with the Fresnel-Kirchoff diffraction integral in the incoming plane wave
limit. This is not general, but will illustrate the important aspects of diffraction.

We may consider a similar set of approximations when evaluating the terms that
involve the observation point 7. We first make the same approximation as earlier,

d < r (note that we have already assumed A < r in deriving the Fresnel-Kirchoff
diffraction integral). We will not yet make the far-field approximation, d?/\ < r. We
will make the paraxial approximation, which is that 6, is close to zero so

cosOpps 1 and 7- 7/ =~ 0 (i.e., 7 is almost perpendicular to the plane in which 7’
lives, the aperture plane). This yields (similar to the case of radiation but keeping one
more term in the exponential for now)

ik eikrs,c eikr

W=

27 s r

It

wO/ dale—ikr'TT eik(r')z/r (1393)
apertures

The paraxial approximation was used to ignore the term of order kd?/r that includes
7 -7’ (which comes from the expansion of 7 — 7’ to that order) and also to reduce the
obliquity factor to unity.
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The Fraunhofer limit consists of ignoring the factor of order d?/r in the argument of
the exponential; this is equivalent to taking the far-field limit, r > d2//\. When we do
not take that limit, the analysis is called Fresnel diffraction and the analysis gets very
involved. If we do indeed make the far-field approximation, the expression reduces to

ikeikrs,c eikr , . , ,
Y(r) = o da’ exp [_’ k (X 6'obs,x +vy Gobs,y)} (13.94)
apertures

27T rsrc r

where we have used the fact that the component of 7 along Z is orthogonal to 7/, so
we only retain the components of 7 in the transverse plane. In the paraxial limit, those
components are x/r and y/r, involving the transverse coordinates of 7. These
quantities are the sines of the x and y projections of 0,5, which, in the paraxial limit,
can be taken to simply be the angles themselves. The above is thus the Fraunhofer
diffraction integral that you have seen in prior courses.
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