
Chapter 14 
Gauging Potentials: Maxwell, Lorenz, 
Lorentz and Others on Linking 
the Electric Scalar and Vector Potentials 

Jed Z. Buchwald 

Abstract The development of tractable relationships for calculating the radiation 
produced by electric oscillators relied on a particular connection between the 
scalar potential, whose gradient is determined by charge density, and the vector 
potential, whose curl determines magnetic induction. Other such connections are 
permissible in electrodynamic field theory, including one used by Maxwell, but 
only one among them leads easily to radiation. Forms of electrodynamics other than 
Maxwell’s, including those by Kirchhoff, Helmholtz, Riemann and others, were not 
free to choose among such relationships, though none among these theories, with 
the limiting exception of Helmholtz’s, led to wavelike equations of propagation 
without assuming propagation a priori. One theory besides Maxwell’s that did 
was developed by the Danish physicist Lorenz. Although Lorenz derived the link 
between potentials later deployed for radiation in classical electrodynamics, his 
theory allowed no other choice. Three decades after Lorenz, the Dutch physicist 
Lorentz produced the first general understanding that the connection between the 
potentials can take various forms. Such a link was subsequently denominated a 
“gauge”, governed by the understanding that a particular choice, called a “gauge 
transformation”, must leave the measurable quantities of the theory unaltered. What 
follows traces the ways in which connections between the potentials were deployed 
in the nineteenth and early twentieth centuries. 

By the end of the twentieth century’s first decade texts on electrodynamics generally 
presented substantially equivalent forms of field theory supplemented by what 
became known as the Lorentz force on moving, charged particles. The measurable 
quantities of the theory comprised the electric and magnetic fields together with 
charge and current. Two auxiliary variables were generally used, both of which had 
roots dating to the early to mid 1800s: the scalar and vector potentials, associated 
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respectively with charge and current. The fundamental equations of the theory 
placed constraints on the relationship between these two variables, but within 
these limitations different expressions for them could be adapted while maintaining 
unaltered the measurable variables of the theory. Later in the twentieth century a 
particular choice of such auxiliaries came to be called a gauge. Two such gauges 
were, and to this day remain, central: one in which the sum of the vector potential’s 
divergence with the time derivative of the scalar potential vanishes, while, in the 
other, the divergence vanishes. Both gauges require an associated scalar function to 
satisfy specific conditions. 

Prior to the early twentieth century, theories for electrodynamics based on 
the interactions between charged particles did deploy a connection between the 
potentials, but we will see that none of them was free to choose any other than a 
particular one because of the model used for the electric current. Maxwell’s theory, 
in which charges are an epiphenomenon of field processes, was free to choose, 
but we will also see that he did not recognize the full scope of that freedom.1 

Compactly to represent the difference between theories that must assume a certain 
relation and other theories that may, but need not, do so, what follows introduces 
the distinction between a condition and a relation. If a given theory cannot avoid 
a specific connection between the potentials, then we will call such a connection a 
condition. If it is not required by theory, we will call it a relation. Only  relations are 
gauges because conditions lock the connection down. 

When, one might ask, did conditions become relations? That recognition was for 
many years attributed to H. A. Lorentz’s (1853–1928) exposition of electrodynamics 
in 1903.2 However, in 2001 J. D. Jackson and L. B. Okun argued that the first proper 
use should instead be attributed to the Danish physicist Ludvig Lorenz (1829–1891) 
since he had employed the equation previously associated with Lorentz in an 1867 
theory based on retarded interactions.3 In the years since, physics articles and texts 
have generally adopted their suggestion. In what follows we’ll explore the ways in 
which several theories deployed such connections in order to tease out which among 
them truly recognized the relational character of the connection. 

14.1 Invariance in “Classical” Electrodynamics 

In order properly to grasp the difference between historical conceptions of the links 
between the scalar and vector potentials, we need to begin with the manner in 
which a gauge transformation – one that leaves unaltered the theory’s measurable

1 On Maxwell’s field understanding of charge see (Buchwald 1985, 23–34). 
2 (Lorentz 1903b, 157). In earlier work Lorentz had instead imposed zero-divergence on the vector 
potential without discussion (Lorentz 1892, 14). 
3 (Jackson and Okun 2001). See (Zangwill 2013) and (Thorne and Blandford 2017) for contempo-
rary presentations of electrodynamics. 
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variables – is construed in what is conventionally referred to as “classical” electro-
dynamics. We begin with the four basic “Maxwell” equations in what is known as 
their “Hertz-Heaviside” form: 

.∇ · εE = 4πρ (14.1) 

.∇ · B = 0 (14.2) 

.∇ × E + 1

c

∂B

∂t
= 0“Faraday" (14.3) 

.∇ × (B/μ) = 4π

c
C + 1

c

∂εE

∂t
“Ampere" (14.4) 

Here E, B are respectively electric and magnetic fields, while ρ is the volume density 
of electric charge and C the current area density. Taking the divergence of 14.4 
and then applying 14.1 produces the “equation of continuity” between charge and 
electric current: 

.∇ · C + ∂ρ

∂t
= 0 Equation of Continuity (14.5) 

These equations accordingly involve four fundamental quantities: the fields E, B 
and the material densities ρ, C, with the continuity equation being an implication 
of the field equations and not a distinct requirement. These four are the only 
observable quantities; any additional variables that may be introduced must leave 
them unaltered. 

The requirement on the divergence of the B field 14.2 permits the latter’s 
expression as the curl of such an auxiliary quantity, namely the vector potential 
A. Introducing that vector yields a link between its time derivative and the electric 
field, leading to a second auxiliary function, the scalar potential ϕ: 

Introduction of the vector potential: B = ∇ ×  A. 

The Faraday Law 14.3 then becomes: . ∇ ×
(
E + 1

c
∂A
∂t

)
= 0

which allows 

.E + 1

c

∂A

∂t
= −∇ϕ Faraday Law in terms of A, ϕ (14.6) 

Inserting these results into 14.1 and 14.4 produces two coupled, time-dependent 
equations involving the auxiliary potentials and the measurable quantities repre-
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senting charge and current: 

.∇2ϕ = −4πρ − 1

c

∂ (∇ · A)

∂t
(14.7) 

.∇2A − 1

c2

∂2A

∂t2
= ∇

(
∇ · A + 1

c

∂ϕ

∂t

)
− 4π

c
C (14.8) 

The fact that A is parasitic upon the B field, while ϕ depends on E and A, opens 
a path to uncoupling these equations. In a first step, the freedom entailed by the 
introduction of A allows the addition to the latter of the gradient of an otherwise 
arbitrary scalar function Λ without affecting the value of the magnetic field. To 
maintain the Faraday Law in form 14.6, the scalar ϕ must be correspondingly 
altered: 

Adding the gradient of the scalar function Λ to the vector potential 

.AHH ≡ A + ∇Λ (14.9) 

requires changing the scalar potential to 

.ϕHH ≡ ϕ − 1

c

∂Λ

∂t
(14.10) 

to maintain the Faraday Law 

Such a change depends directly upon the function Λ. Alternatives to field theory 
in which the potentials are specified directly do not have the freedom to effect a 
relation of this kind. Different equations linking the potentials can be obtained, with 
the function Λ then satisfying a specific equation. A given choice came to be called 
a “gauge transformation” with the understanding that the measurable variables of 
the theory (E, B, ρ, C) always remain unaltered 

We will label the relation that came to be most widely chosen for field theory in 
its Hertz-Heaviside form RHH for the moment to avoid a particular attribution. By 
means of it 14.7 can be uncoupled from 14.8 provided that the scalar Λ satisfies 
a restriction, thereby yielding wave equations for the modified potentials with the 
charge and current densities as sources: 

Relation RHH: . ∇ · AHH + 1
c

∂ϕHH

∂t
= 0

the definitions of AHH , ϕHH then require 

.∇2Λ − 1

c2

∂2Λ

∂t2 = −
(

∇ · A + 1

c

∂ϕ

∂t

)
(14.11)
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thereby uncoupling 14.7 and 14.8 to become 

.∇2ϕHH − 1

c2

∂2ϕHH

∂t2
= −4πρ (14.12) 

.∇2AHH − 1

c2

∂2AHH

∂t2
= −4π

c
C (14.13) 

The function Λ correspondingly satisfies an inhomogeneous wave equation whose 
source is .∇ · A + 1

c
∂ϕ
∂t

. If, from the set of untransformed potentials, only those are 
chosen that themselves satisfy an RHH relation, then Λ will satisfy a homogeneous 
wave equation. Given RHH, the propagation Eqs. 14.12, 14.13 taken together 
satisfy the equation of continuity 14.5, as of course must be the case since they 
devolve from the fundamental field equations. The RHH gauge is thereby tied to the 
satisfaction of wave equations by the scalar and vector potentials. Provided that Λ

is chosen to satisfy either the homogeneous or inhomogeneous wave equation, then 
14.14 for the electric field E follows from the Faraday Law in the form 14.6: 

. ∇ · AHH + 1

c

∂ϕHH

∂t
= 0

with 

. E = −1

c

∂AHH

∂t
− ∇ϕHH

eliminates the transformed scalar potential to yield 

.E = −1

c

∂AHH

∂t
+ c∇

(
∇ ·

∫
AHH dt

)
(14.14) 

Note that the E field can now be expressed entirely in terms of the vector potential 
because the RHH relation replaces the term in the scalar potential with a time 
integral over the vector potential’s divergence. Equation 14.14 can be applied 
directly to problems involving radiation since the vector potential satisfies the 
d’Alembertian 14.13 with current C as source, i.e.given RHH, the vector potential is 

.
1

4π

∫ C

(
r ',t−|r−r'|

a

)

|r−r '| d3r '. This provides a direct route for solving the radiation fields 
emitted by an electric oscillator by working directly with a vector potential. 

Relation RHH is not uniquely required given the freedom provided by the 
ability to add any gradient to the vector potential. One alternative sets the latter’s 
divergence to zero. After the early 1900s this alternative was termed the “Coulomb 
gauge” because under it the scalar potential satisfies the time-independent Poisson
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equation, while its time derivative couples to the current to act as sources in a 
d’Alembertian (14.16) for the vector potential: 

The “Coulomb” relation in Hertz-Heaviside 

. Rcoul : ∇ · Acoul = 0

the definitions of A, ϕ then require 

. ∇2Λ − 1

c2

∂2Λ

∂t2 = −1

c

∂ϕcoul

∂t

thereby uncoupling 14.7 from 14.8 to become 

.∇2ϕcoul = −4πρ (14.15) 

.∇2Acoul − 1

c2

∂2Acoul

∂t2 = −4π

c
C + 1

c
∇

(
∂ϕcoul

∂t

)
(14.16) 

In this gauge the d’Alembertian for Λ has only the time derivative of the scalar 
potential as source since the divergence of the vector potential is zero (cf 14.11). To 
understand the physical consequences of 14.16 requires introducing the Helmholtz 
decomposition theorem to uncouple the potentials. According to the latter, which 
Hermann Helmholtz (1821–1894) developed in his path-breaking 1858 paper on 
vortices (not, of course, in vector form),4 a directed function can be fully specified 
by the difference between the gradient of the divergence of its potential throughout 
space and the curl of the curl of the same integral provided that the field vanishes at 
infinity: 

Helmholtz decomposition 

. F (r) ≡ − 1

4π

∫
C

(
r ')

∣∣∣r − r’
∣∣∣
d3r ' so C = ∇ (∇ · F ) − ∇ × (∇ × F )

After simple manipulation it follows that the first term in this expression for the 
current C is canceled by the scalar potential term in 14.16 by means of 14.15 and 
the continuity Eq. 14.5, leaving only the second term, − ∇ × (∇ × F), as source. C 
is then known for obvious reasons as the “transverse current,” while the expression 
for the vector potential now contains −∇ × (∇ ×  F) instead of simply C. In this

4 (Helmholtz 1858). 
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gauge the E field retains the term in the gradient of the scalar potential, whereas 
that potential disappears from E in the RHH alternative. This poses the apparent 
problem for radiation calculations that the scalar potential does not propagate. 
However, neither potential is directly measurable in classical electrodynamics, with 
the electric and magnetic fields depending in the end on retarded expressions for 
charge and current.5 Maxwell and, for a time, such deployers of his theory as George 
Francis FitzGerald (1851–1901) and Joseph John Thomson (1856–1940) presumed 
the form Rcoul. 

14.2 Potentials Before Maxwell, in His Treatise, 
and in Helmholtz’s Alternative 

The first appearance of a link between current and charge potentials arose years 
before Maxwell’s electrodynamics in an 1857 article by Gustav Robert Kirch-
hoff (1824–1887) on conduction, where it occurs as a condition. To capture the 
ponderomotive and electromotive forces due to currents that Wilhelm Weber (1804– 
1891) had developed, Kirchhoff modified the function that Franz Ernst Neumann 
(1798–1895) had introduced in 1845 and 1847 to express both sorts of forces, 
ponderomotive through space and electromotive through time derivatives. To do 
so he, like Weber, presumed a specific hypothesis concerning the electric current 
that had been developed by Gustav Theodor Fechner (1801–1887), namely that it 
consists of equal and oppositely-charged particles flowing with equal but opposite 
velocities through conductors. This entails a continuity equation containing a factor 
of 1/2. A fixed link Rk between the vector and scalar potentials resulted.6 

None of our subjects, excepting Lorentz and (in part) Maxwell, worked with 
vectors. Nevertheless, all were well-versed in the transformations that directed 
quantities may undergo and easily represented their results in component form. In 
what follows we will employ vector notation in order to bring out the central points 
at issue. In one case, however, we will see that a particular expression may have 
been missed in part at least because the complexity of transformations done through 
components can be misleading.

5 For a demonstration that causality holds in the Coulomb gauge see (Heras 2011) and (Jackson 
2002). Both demonstrate that an unretarded term which appears in the Coulomb gauge expression 
for the vector potential exactly cancels the one in the scalar potential. 
6 (Kirchhoff 1882a, 139) and (Kirchhoff 1882b, 159). On Weber see (Archibald 1989b). A modern 
account is (Assis 1994). See (Jackson and Okun 2001, 9–10) on Kirchhoff et al. Note that the 
difference in form between the Neumann and Kirchhoff potential functions vanishes for the 
interaction between closed circuits. The difference also vanishes if the divergence of the potential 
is zero. 
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Kirchhoff’s Potentials and Continuity Equation 

.

Ak (r) = ∫ (r−r ')(J(r ')·(r−r '))
|r−r '|3 d3r '

[
the Neumann f orm is AN (r) = ∫ J(r ')

|r−r '|d
3r '

] (14.17) 

.∇2ϕ = −4πρ (14.18) 

.∇ · J + 1

2

∂ρ

∂t
= 0 [continuity given the Fechner current model] (14.19) 

Kirchhoff’s 14.17, 14.18 and 14.19 Link the Vector and Scalar Potentials 

. Rk : ∇ · Ak = 1

2

∂ϕ

∂t

Rk is clearly a condition since it is entailed jointly by a Poisson Eq. (14.18) and 
continuity (14.19), with the one-half constant reflecting the Fechner model.7 

Kirchhoff then used the potentials as follows to formulate Ohm’s law, in which 
σ stands for conductivity: 

Kirchhoff’s version of Ohm’s Law 

.Ck = −2σ

(
∇ϕk + 4

c2

∂Ak

∂t

)
(14.20) 

Finally, through a series of approximations, he generated a differential equation for 
current i in a thin, straight, cylindrical wire of length l and radius a that may be 
written in the following way:8 

. Ck = 1

2
∇2i − 1

c2

∂2i

∂t2
− 1

4σπa2

∂i

∂t
= 0

In wires of very high conductivity (and small radius, since the latter was assumed in 
the deduction), the current propagates as a wave with speed . c√

2
.9 

7 Rk results either from Kirchhoff’s form Ak of the vector potential or from the Neumann form AN 
given the same continuity equation. These two potentials have the same curl. 
8 (Kirchhoff 1882a, 140–41). 
9 In 1856 Weber and Rudolf Kohlrausch (1809-1858) found the constant c to have the value 
4.39 ∗ 108m/s, which implied that the current propagates in such wires at speed 3.1042 ∗ 108m/s, 
which was close to the extant value for the speed of light.
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Turn next to Maxwell. We begin with the fundamental equations for the theory 
as presented in his 1873 Treatise:10 

Here we see that the vector (A) and scalar (ψ) potentials appear in the Treatise’s 
final set of equations as fundamental elements. Note also that Maxwell’s J includes 
the conduction and displacement currents. Both are to be incorporated in a derived 
expression for A, though Maxwell did not provide one in his basic set. The vector 
potential had appeared from the outset in his ‘dynamical’ theory of the electro-
magnetic field because the theory’s equations were constructed on the basis of 
Lagrange’s (or Hamilton’s) equations, with A functioning dynamically as the field’s 
“electrokinetic momentum.”11 This is why no separate equation directly expresses 
the absence of the divergence of B: that follows from the latter’s expression as the 
curl of the momentum. It remained necessary to deduce a computable expression 
for A. 

Maxwell offered two arguments for abolishing the potential’s divergence in order 
to do so. His first argument introduced auxiliary variables A

'
and χ in the equation 

for A that results from the combination of the Ampere law in terms of the total 
current with his basic expression for B as ∇ ×  A:

10 (Maxwell 1873), vol. 2, chap. 9. 
11 (Maxwell 1873, sectns. 585-591). Maxwell’s electrokinetic momentum per unit area is ∇ ×  A, 
derived from his expression for the circuit’s contribution to the field momentum as

∮
A · dl, 

where A is introduced directly as such. He then asserted that ∇ ×  A represents “what we are 
already acquainted with as the magnetic induction” because the variation of this momentum density 
through the area surrounded by a circuit results in a force, and on “Faraday’s theory, the phenomena 
of electromagnetic force and induction in a circuit depends on the variation of the number of lines 
of magnetic induction which pass through the circuit” (sectn. 592). 
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Maxwell’s J is the total current . C + ∂D
∂t

. 

{
B = ∇ × A

4πJ = ∇ × H

}
=⇒ 4πμJ = ∇ (∇ · A) − ∇2A

which Maxwell solves as 

. 

A (r) = μ
∫ J(r')

|r−r'|d
3r ' − 1

4π
∇r

∫ ∇r' ·A(r')
|r−r'| d3r '

≡ A' − ∇χ

⇒ ∇2χ = −∇ · A and so

Rmax : ∇ · A' = 0

Since − ∇  ·  A is the source for a Poisson equation inχ , it follows that  ∇ ·  A'

vanishes by taking the divergence of both sides of Maxwell’s vector potential. Note 
that ∇χ is not an arbitrary addition to the vector potential justified solely by the link 
of its curl to the B field. Not at all: Maxwell’s ∇χ is just one of the two terms in his 
solution to the current equation using ∇ × A for the magnetic force H. The other 
term contains the total current J. This is entirely different from the later procedure, 
which allows for any gradient to be added to the vector potential on the grounds that 
the latter is merely an auxiliary quantity that derives ultimately from the B field’s 
absence of divergence. 

The “quantity χ disappears” from the expression for B, Maxwell however noted, 
and “is not related to any physical phenomenon.” Were it a question solely of 
the links between J, A, and B then χ would simply be irrelevant, and Maxwell’s 
statement concerning its absence from “any physical phenomenon” unnecessary. 
He likely had more in mind because his basic expression for the electric field then 
includes the time derivatives of both A

'
and the gradient of χ . The latter might have 

a detectable result were it allowed to stand. Since no evidence for such an addition 
had ever been found, the simplest procedure would be to discard χ altogether. 

Two useful results then follow: first, the divergence of A, like that of A', will “also 
be zero everywhere,” in which case A can be expressed by just the first term – and 
that expression (ignoring magnetic permeability and any constant factor) was well-
known because it is formally similar to those in the works of Weber and Kirchhoff – 
with one critical exception: Maxwell’s inclusion of the displacement current in J. 
Nevertheless, a difficulty plagued this route to zero divergence. As Maxwell pointed 
out in the next section, his solution requires A to vanish at infinity. This could not 
hold for unlimited waves. To treat these, he attempted to deduce the condition in a 
different manner.12 

12 As noted by (Yaghjian 2014, 240).
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Maxwell’s second route to zero-divergence relied upon the propagation that 
results from his basic field equations:13 

Maxwell’s “general equations for electromagnetic disturbances” 

. μ

(
4πC + K

∂

∂t

) (
∂A

∂t
+ ∇ψ

)
− ∇2A + ∇ (∇ · A) = 0

of which Maxwell took the divergence to obtain 

. μ

(
4πC + K

∂

∂t

) (
∂∇ · A

∂t
+ ∇2ψ

)
= 0

Limiting his analysis to a “non-conductor”, Maxwell set C (the conductivity) to 
zero, in which case, he asserted, the Laplacian of ψ must be “independent of t.” 
Why so? Because according to him the Laplacian is proportional to what Maxwell 
termed “the volume-density of free electricity” (his e, which is the divergence of 
the displacement vector D, or what would later be termed conduction charge). 
Consequently, this must vanish in a non-conducting medium such as free ether. In 
that case the divergence of the vector potential “must be a linear function of t, or a 
constant, or zero, and we may therefore leave [its divergence] and ψ out of account 
in considering periodic disturbances.”14 

This second argument is problematic as it stands because Maxwell seems to 
have regarded the zero-divergence of the vector potential as a condition necessitated 
by the absence of any evidence for ∇χ. The difficulty is readily seen. Since his 
fundamental equations have E as .− ∂A

∂t
− ∇ψ with ∇ ·  E proportional to the density 

of “free electricity,” the sum . ∂∇·A
∂t

+ ∇2ψ is also proportional to it. Consequently, 
the presumptive constancy of ρ entails that the time derivative of this sum, and not 
just that of the Laplacian of ψ , must be zero. Although the defect can be remedied, 
doing so requires Maxwell to have thoroughly appreciated the relational character 
of any such modification, which he apparently never did.15 

13 (Maxwell 1873, secs. 783–784). Note that in the Treatise Maxwell’s expression for ∇2 has the 
opposite sign to the modern one “in order to make our expressions consistent with those in which 
Quaternions are employed” (sec. 616). I follow modern conventions. 
14 (Maxwell 1873 sec. 783). 
15 (Yaghjian 2014, 244) points out that since the addition of the gradient of any function of r,t to 

A leaves B unaltered, it’s possible to add to ψ the term .
∂−∫

ψ(r,t ')dt '+t
∫
(ρ/|r−r'|)d3r '

∂t
. The time 

derivative of the redefined function’s Laplacian then vanishes identically, leaving . ∂
2∇·A
∂t2

= 0, and  
so the time derivative of ∇ ·  A must be independent of time. Consequently, either A itself is 
independent of time, or else its divergence vanishes. To see the difference between the result that 
Maxwell drew from zero divergence in comparison to the one later drawn for the Coulomb gauge, 
it suffices to compare their respective expressions for the vector potential. Maxwell’s reduces to 
the first term in J, including the displacement current. The Coulomb gauge expression eschews the
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The propagation equation for the vector potential accordingly becomes just 

.μK ∂2A
∂t2 −∇2A = 0. This implies that the ether’s equations of motion are “similar to 

those of the motion of an incompressible elastic solid” capable of sustaining finitely 
propagating transverse oscillations.16 His ψ thereby became analogous to pressure 
in an incompressible fluid and had to propagate infinitely rapidly. For some of his 
followers the implication may not have been troublesome since it was common 
among British ether theorists including non-Maxwellians like William Thomson, 
Lord Kelvin (1824–1907) to think the ether incompressible. 

Both J. J. Thomson and FitzGerald for example deployed the zero divergence 
condition in analyzing the electrodynamics of a moving, charged sphere, where 
it raised immediate difficulties. In particular, FitzGerald in 1881 calculated the 
resulting displacement currents in the surrounding field due to charge convection, 
only to discover on requiring the vector potential’s divergence to vanish that the 
displacement currents disappear from the result, paradoxically leaving only the 
product of charge by velocity to constitute the effective current.17 In trying to grasp 
Maxwell’s scheme through a model of the field 4 years later, FitzGerald however 
could find “no instantaneous propagation of anything.”18 

Turn next to the most widely recognized alternative to Maxwell’s system that 
also yielded propagation. In 1870 Helmholtz generalized Kirchhoff’s form of the 
vector potential to include an undetermined constant k and built a novel system 
that implied propagation without adopting Maxwellian fields. To do so Helmholtz 
postulated an ether consisting of electrically and magnetically polarizable elements 
that interacted instantaneously with one another. These elements were not to 
be assimilated to moving electric particles in the Weber-Fechner fashion (which 
Helmholtz regarded as both physically and even morally objectionable):19 they 
stood as unreduced, fundamental physical structures. Propagation arose out of the 
pattern of instantaneous interactions among the distributed polarizable elements that 
constitute the medium. Both longitudinal and transverse waves result by treating 
the electric polarization’s time-derivative as a current to be included in J and by 
incorporating the corresponding polarization charge in the continuity equation. 

Because Helmholtz’s system was based on potentials that do not in themselves 
propagate, his link between them differed from Kirchhoff’s in only one respect, 
namely in allowing a more general form to the vector potential, restricted only by 

displacement current but involves the curl of an integral that depends upon the retarded current, 
itself integrated through the time it takes emission to reach the observation point: see (Jackson 
2002), 3.17.
16 Maxwell demonstrates transversality for the vector potential independently of the value of its 
divergence by combining his equations for E and B in terms of A (Maxwell 1873, vols. 2, sectn. 
790). 
17 See (Buchwald 1985, 269–76). Oliver Heaviside avoided the use of either the scalar or vector 
potentials, but he never analyzed the origin of radiation. 
18 (Hunt 1991, 117–18). 
19 (Buchwald 1993). 
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the requirement that it produce the proper result for closed currents. In the following 
expression, the additive term in 1−k integrates out for closed currents:20 

Helmholtz’s Generalized Vector Potential 

. Ah (r) = A2

(∫
J

(
r')

|r − r '|d3r' + 1

2
(1 − k)∇r

∫
J

(
r') · ∇r'

∣∣r − r '∣∣ d3r'
)

. ∇2ϕ = −4πρ

. ∇ · J + ∂ρ

∂t
= 0

which lead directly to 

. Rh : ∇ · Ah = −k
∂ϕ

∂t

Helmholtz’s Rh is accordingly a condition and not a relation since it can have no 
other form in the original formulation of his theory. Insofar as interactions between 
closed currents are concerned, the constant k can have any non-infinite value. If 
it were to be zero then Helmholtz’s potential would lack divergence, as Maxwell 
had required in his scheme, while setting it to one produces the Neumann form. 
Helmholtz and others thought that if Maxwell’s system held true then k had to vanish 
and the polarizability of the ether had to be effectively infinite. Poincaré later argued 
that only the latter condition was necessary, but this was not understood for some 
time.21 

To summarize, we have seen that both Kirchhoff and Helmholtz have R 
conditions that result ineluctably from the combination of their definitions of the 
vector potential with the Poisson equation for the scalar potential and current-charge 
continuity. Maxwell, working with fields, certainly did recognize that the vector 
potential could have a gradient added to it without affecting his basic equations, 
but he did not follow through to examine the allowable scalar functions and instead 
required the zero divergence of his potential.

20 For a derivation of the Helmholtz condition Rh see (Buchwald 1985, 314). 
21 For a succinct demonstration that the Helmholtz system produces the same equations as 
Maxwell’s if the polarization is infinite see (Darrigol 2000, 417–19). In the limit of infinite 
polarizability the constant k drops out of consideration. 



354 J. Z. Buchwald

14.3 Ludvig Lorenz’s Link Between Potentials 

In 1867, three years before Helmholtz published his system, the Danish physicist 
Lorenz developed a novel theory that argued for the existence of propagating 
“currents” in free space as well as in wires under the assumption that the effect 
of charge and current at a given point is delayed by a time equal to the distance 
to the point divided by a constant a that represents, in effect, the speed at which 
the disturbance travels.22 Lorenz wrote before the publication of Maxwell’s 1873 
Treatise, and though he was likely to have been at least familiar with the mechanical 
model for the field that Maxwell had generated in 1861–2, he disliked such 
hypotheses, aiming instead to work without any physical hypothesis concerning 
the character of the current. Maxwell’s further development of his theory, absent 
a model for the ether, had been published in 1864 but Lorenz did not mention it. 

The expressions for the vector and scalar potentials with which Lorenz began 
were the same as Kirchhoff’s 14.17, 14.18, 14.19, and he also took over Kirchhoff’s 
version of Ohm’s Law (14.20). The factor of ½ in his continuity Eq. (14.19) implies 
that Lorenz tacitly presumed Fechner’s double-flow model for current. In a critical 
step, he assumed that the scalar potential generated at some point by a given charge 
takes time to reach the point. To that end he introduced a “new function” for the 
potential in which retarded replaces unretarded charge:23 

. ϕlnz (t, r) ≡
∫

ρ
(
r', t − ∣∣r − r '∣∣ /a)

|r − r '| d3r '

Here r specifies the point at which the potential is required while r
'

locates the 
originating charge density; a is “a constant”.24 

Lorenz then expanded the retarded charge in a series about the emission time 
|r − r

' |/a, inserted the series into ϕlnz and took the gradient of the result with respect 
to the observation point r, obtaining: 

. ρ
(
r', t − ∣∣r − r '∣∣ /a) = ρ

(
r', t

) −
∣∣r − r '∣∣

a

∂ρ
(
r', t

)

∂t
+

∣∣r − r '∣∣2

2a2

∂2ρ
(
r', t

)

∂t2 − . . .

.∇ϕlnz = ∇ϕk + 1

2a2

∂2

∂t2

∫ (
r − r ') ρ

(
r', t

)

|r − r '| d3r ' − . . .

22 On Lorenz see (Kragh 2018). 
23 (Lorenz 1867b), translated as (Lorenz 1867a). On Lorenz see (Kragh 2018). 
24 Lorenz used just r to denote |r − r' | while integrating over dx

'
dy

'
dz

'
. 
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Note that the charge density on the right-hand in the expansion for ∇ϕlnz is to be 
evaluated at time t and not at the retarded time t-|r − r' |/a. 

Lorenz’s next step was crucial. He used Kirchhoff’s (unretarded) continuity Eq. 
(14.19) to replace ∂ρ/∂t in his expansion for ∇ϕlnz with −2 ∇ ·  C and performed a 
partial integration to obtain: 

. ∇ϕlnz = ∇ϕk − 1

a2

∂

∂t

∫
C

(
r', t

)

|r − r '| d
3r ' + 1

a2

∂Ak (r, t)
∂t

. . .

Here all terms on the right-hand side are functions of present, not retarded, time 
because the charge and current densities obtain at time t. Nevertheless, Lorenz 
simply moved the term in C to the left-hand side and without comment replaced 
what should be C(r

'
, t) with C(r

'
, t − |r − r

' |/a), the current at the retarded time to 
write: 

. ∇ϕlnz + 1

a2

∂

∂t

∫
C

(
r', t − ∣∣r − r '∣∣ /a)

|r − r '| d3r ' = ∇ϕk + 1

a2

∂Ak (r, t)
∂t

. . .

This had the noteworthy advantage of setting the sum of two retarded functions on 
the left equal to an infinite series in unretarded ones on the right. That allowed the 
introduction of a new, retarded function, Alnz, for the vector potential such that: 

.Alnz (t, r) ≡
∫ C

(
r ', t − |r−r '|

a

)

|r − r '| d3r ' (14.21) 

.∇ϕlnz + 1

a2

∂Alnz

∂t
= ∇ϕk + 1

a2

∂Ak

∂t
− . . . (14.22) 

If the constant a is very large then the terms in the time derivatives of Ak in 
the unretarded right-hand series would be negligible, in which case contemporary 
experiments allowed replacing Kirchhoff’s potentials in Ohm’s law with Lorenz’s 
retarded functions: 

Lorenz’s Retarded Version of Ohm’s Law 

.C (r, t) = −2σ

(
∇ϕlnz + 4

c2

∂Alnz

∂t

)
(14.23) 

Lorenz’s route to 14.23 is hardly unproblematic because it depends on the recon-
figuration that produced 14.22 in which an unretarded integral in the current C is 
unjustifiably reinterpreted as a retarded one.
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Through his earlier work on the theory of light Lorenz knew that the integral over 
distance of a retarded function satisfies 14.24: 

Lorenz’s Equation for an Arbitrary Retarded Function 

.

(
∇2 − 1

a2

∂2

∂t2

) ∫
Fret

|r − r '|d
3r ' = −4πFunret (r, t) (14.24) 

Expression 14.24 can be applied directly to both ϕlnz and Alnz. Lorenz thereby 
transformed 14.23 into 14.25 on dropping the integrals over d3r

'
: 

. 

(
∇2 − 1

a2

∂2

∂t2

) ∫
C

(
r ', t − ∣∣r − r '∣∣ /a)

|r − r '| d3r ' = −4πC (r, t)

= 8πσ

(
∇ϕlnz + 4

c2

∂Alnz

∂t

)

.

(
∇2 − 1

a2

∂2

∂t2

)
C = 8πσ

(
∇ρ + 4

c2

∂C

∂t

)
(14.25) 

With 14.25 Lorenz had an apparent transverse wave equation for current, albeit 
one with a source in the gradient of the charge density and a term that produces 
absorption. In his words, “periodical electrical currents are possible, . . .  such ones 
travel like a wave-motion . . .  and like light, make vibrations which are at right 
angles to the direction of propagation.”25 Longitudinal waves have been avoided, 
which presumably means that the divergence of the current must be zero, in which 
case the charge density and so its gradient are independent of time given continuity. 
That perhaps suggested a way to eliminate the source term in ∇ρ in order to reach 
equations with the same form as the ones he had previously generated for light. 

To reach his goal, Lorenz first created a linking function Rlnz by interpreting 
charge and current in the continuity Eq. 14.19 as retarded quantities. For simplicity 
we use square brackets to denote retardation: 

. ∇r ' · [J ] + 1

2

∂ [ρ]

∂t
= 0 [retarded continuity]

from which he obtained “by partial integration” 

.Rlnz : ∂ϕlnz

∂t
+ 2 (∇r · Alnz) = 0

25 (Lorenz 1867a, 293). Lorenz did not complicate matters by allowing the charge or current 
sources to move, so that the distances r − r

'
are not themselves dependent on time. 
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Lorenz properly noted that the divergence in the continuity equation should be 
taken at the current loci, r'. However, we shall see that in performing the “partial 
integration” he in the end used the observation point r in calculating the divergence 
of Alnz.26 Next apply the general formula (14.24) for retarded functions to the 
definition (14.21) of  Alnz to generate 14.26. Combine that result with Rlnz and 
Lorenz’s retarded Ohm law (14.23) to produce the requisite propagation Eq. 14.27 
for waves of electric “current” without charge appearing as a source: 

.
1

a2

∂2Alnz

∂t2 = ∇2Alnz + 4πC (14.26) 

Lorenz’s Propagation Equation for Currents 

.∇ × (∇ × C) = 1

a2

∂2C

∂t2 + 16πσ

a2

∂C

∂t
(14.27) 

If the conductivity is at least very small, as it would have to be in otherwise empty 
space, then setting a to .c/

√
2 transforms the equations formally into the very ones 

that Lorenz had “already found for the components of light.”27 For transversality to 
hold, the current must again lack divergence. 

Lorenz’s Rlnz is clearly not a relation because it follows directly from the 
application of continuity to retarded charge and current. It is a condition. In principle 
this is hardly surprising. We saw above that the typical modern route proceeds by 
using the permissible constraint RHH to uncouple a pair of equations generated by 
the basic ones for the classical fields, yielding d’Alembertians for the potentials with 
charge and current as sources. If we start with these potentials and continuity in the 
unretarded form 14.19 then RHH certainly does follow. Lorenz however reached Rlnz 

without directly employing the associated d’Alembertians. 
Lorenz did not provide full details, remarking only that he obtained Rlnz by 

applying “partial integration” to the retarded continuity equation. Working in that 
manner poses a problem due to what seems to have been an incorrect transformation 
of divergence under retardation. A correct application is as follows:

26 Lorenz’s coordinates for the observation point are x,y,z and for the current locus x’,y’,z’, while  
his expression for the divergence in Rlnz is taken with respect to x,y,z. 
27 The speed of propagation would then be 3.1 ∗ 108m/s given Weber’s and Kohlrausch’s value 
for c. Lorenz remained uncommitted about just what occupied space in order to have “currents”, 
remarking that “there is scarcely any reason for adhering to the hypothesis of an aether; for it 
may well be assumed that in the so-called vacuum there is sufficient matter to form an adequate 
substratum for motion” (Lorenz 1867a, 301). 
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Retarded continuity equation for sources at r
'

. [∇r' · C] + 1

2

[
∂ρ

∂t

]
= [∇r' · C] + 1

2

∂ [ρ]

∂t
= 0

Then deploy the correctly-retarded divergence expression28 

. [∇r' · C] = ∇r' · [C] + ∇r · [C] ⇒ ∇r ' · [C] + ∇r · [C] = −1

2

∂ [ρ]

∂t

Next take the retarded time derivative of the scalar potential 

. 

[
∂ϕ

∂t

]
= ∂ [ϕ]

∂t
=

∫ [
∂ρ
∂t

]

|r − r '|d
3r ' =

∫ ∂[ρ]
∂t

|r − r '|d
3r '

and so 

. Rcorrect
lnz = ∂ [ϕ]

∂t
+ 2

∫ ∇r' · [C] + ∇r · [C]
|r − r '| d3r ' = 0

To obtain Rlnz requires discarding ∇r’ · [C]. Doing so breaks the character of his 
system and, as a result, the possibility of establishing a formal, if retrospective, con-
nection between his scheme and classical electrodynamics.29 That Lorenz missed 
the form .Rcorrect

lnz is hardly surprising. The question of how to take retardation into 
account, for example, prompted an exchange between Carl Neumann (1832–1925) 
and Rudolf Clausius (1822–1888) in 1868, for Neumann had essayed retardation 
that year, albeit without going further in Lorenz’s fashion.30 In the end, Lorenz’s 
propagation Eq. (14.27) for current depends on two problematic steps: first, the

28 (Heras 2007, 656) provides the correct expression for the divergence under retardation. He notes 
that operating on functions of r

'
, t

'
can be misleading because they depend explicitly on source 

coordinates through r
'

and implicitly through t
' = t − |r − r' |/a. 

29 (Heras 2007) demonstrates that starting from a continuity equation (absent the factor ½) between 
otherwise-unspecified functions ρfml,Cfml, it is possible to define retarded scalar and vector fields 
that satisfy equations formally similar to the Maxwell four of classical electrodynamics provided 
that the requisite care is taken in developing identities with retarded functions. 
30 Neumann followed Bernhard Riemann (1826-1866), who had “[in a posthumous publication] 
presented a (faulty) derivation of the Weber law by assuming a conservative electrodynamics force, 
and by positing that the potential associated with this force was propagated with constant velocity” 
(Archibald 1989a, 787). Neumann’s calculation took the distance to be used in computing the 
potential when it is received at a given point as the distance at that time between the point and 
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feasibility of replacing Ak with Alnz in Ohm’s law, which follows from his refiguring 
of a term as a retarded variable in order to obtain Eq. 14.22, and second, an 
apparently incorrect deployment of the continuity equation under retardation. 

Lorenz’s paper was known shortly after its publication, not least by Maxwell, 
whose developed account of the electromagnetic field had appeared 4 years earlier.31 

In an addendum to a paper on electric units, he briefly argued that Lorenz’s (or 
any other) theory based on the retarded propagation of potentials would necessarily 
violate action and reaction.32 Lack of familiarity with the conditions that obtain 
under retardation vitiates Maxwell’s argument – as, for different reasons, it had 
Lorenz’s own derivations. Years later Heinrich Hertz (1857–1894) also referred to 
theories that presuppose the propagation of potentials.33 

14.4 The Emergence of Gauge 

In 1900 Emil Wiechert (1861–1928) published an article on the elementary laws 
of electrodynamics that broached the gauge freedom permitted in field theory.34 

He began with a set of initially uninterpreted equations designed to capture the 
propagation of transverse waves in free space. Only later in the article did Wiechert 
draw a connection to electrodynamics. Nevertheless, for clarity the following 
express his equations using electric and magnetic field vectors. 

.
∂2E

∂t2
= c2∇2E (14.28) 

.∇ · E = 0 (14.29) 

.
∂H

∂t
= −c ∇ × E (14.30) 

.∇ · H = 0 (14.31) 

a moving emitter, rather than the distance traveled between the two from emission to reception, 
which was the essence of Clausius’ critique (ibid., 789).
31 (Maxwell 1890a). 
32 (Maxwell 1890b, 137–38). 
33 (Hertz 1884). 
34 (Wiechert 1900). 
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Wiechert remarked that his 14.28 and 14.29 allow the introduction of 14.32 as an 
“analog” to 14.30, and thence 14.33 (given 14.30 and 14.31): 

.
∂E

∂t
= c ∇ × H (14.32) 

.
∂2H

∂t2
= c2∇2H (14.33) 

He then introduced the vector potential A (as usual given 14.31): 

.H = ∇ × A (14.34) 

Equation 14.30 then links A to E via 14.35: 

.c∇ × E = −∂∇ × A/∂t (14.35) 

At this point Wiechert asserted (presumably on the basis of 14.35) that “the entire 
system shows that cE can only differ from the vector −∂A/∂t by a vector part that 
has a scalar potential,” in which case E satisfies 14.36, the Faraday Law in the form 
14.6 used today: 

.E = −∇ϕ − ∂A/∂t (14.36) 

Putting all of this together, he obtained the following propagation equation for the 
vector potential: 

.
∂2A

∂t2
= c2∇2A − c∇

(
∂ϕ

∂t
+ c ∇ · A

)
(14.37) 

Finally, Wiechert claimed that the “indeterminacy” in A permits dropping the sec-
ond term on the right in 14.37, thereby yielding homogeneous propagation equations 
for both A and ϕ. Later in the paper he extended the result to include charge and 
current, whereby the d’Alembertians for the potentials become inhomogeneous (viz 
14.12 and 14.13).35 

Wiechert had certainly shown that propagating potentials follow on the basis of 
equations that encompass electrodynamics provided that the expression . 

∂ϕ
∂t

+ c∇ ·A
vanishes. However, to do so he merely asserted that “indeterminacy” permits that 
sum to vanish. Which would be permissible provided that Eq. 14.36 for E had itself

35 (Wiechert 1900, 557–59). 



14 Gauging Potentials: Maxwell, Lorenz, Lorentz and Others on Linking. . . 361

been justified by appropriate modifications of the two potentials. But Wiechert had 
not done so and had therefore not developed a scheme that fully deploys the system’s 
inherent gauge freedom. What’s missing is the introduction of a scalar function 
equivalent to Λ in the modern expressions 14.9 and 14.10 which generalizes the 
potentials in a manner that retains the form 36 of the Faraday law. Absent such an 
addition, the system’s gauge freedom remains obscure since it has not been shown 
that 14.36 remains tenable under the requirement that . ∂ϕ

∂t
+c∇·A vanishes. Wiechert 

had instead assumed 14.36 as reasonably justified by 14.35 without investigating 
what that generally requires of the potentials and had then moved directly from it to 
14.37. A crucial step is missing. 

Three years later, Lorentz published a detailed pair of articles developing 
electrodynamic field theory. The first of the two presented the essentials of the 
theory, while the second extended it to the case of moving, charged particles 
governed by what came to be known as the Lorentz force.36 Lorentz had read 
Wiechert’s 1900 piece, which he referred to, and in the second article he developed 
in full the general condition that gauge freedom permits through the introduction 
of a function (his χ ) equivalent to Λ. Here we find for the first time a complete 
recognition that the scalar and vector potentials are both purely auxiliary quantities 
that can be introduced on the bases of the zero divergence of the magnetic field and 
the proportionality of its time derivative to the curl of the electric field. Imposing the 
RHH relation then produces a d’Alembertian for χ , maintaining thereby the Faraday 
Law in the form 14.36 and generating propagation equations for the modified 
potentials (Fig. 14.1). Both articles appeared in the widely-read Encyclopädie der 
Mathematischen Wissenschaften. 

We remarked above that for many years the RHH relation was (correctly) 
attributed to Lorentz. Jackson and Okun surveyed prior appearances of similar 
equations and concluded that what is “universally called the “Lorentz condition,” 
is seen to originate with Lorenz more than 25 years before Lorentz.”37 Yet two 
aspects of Lorenz’s work militate against such an attribution. First, Lorenz’s route 
to a central element of his theory, namely Ohm’s law in terms of retarded functions, 
was itself problematic. But second, Lorenz derived his version Rlnz as a condition 
that arises directly out of the continuity equation under the assumption that charge 
and current are retarded functions. In doing so complexities that arise in taking 
divergences under retardation raised issues. That result was critical for his theory, 
because with it he was able to obtain equations of the same form that he had 
previously generated for light. 

Although a non-retarded equation of continuity combined with d’Alembertians 
for the scalar and vector potentials does entail RHH , Lorenz’s route to an equation 
(Rlnz) formally similar to the latter is problematic. Even were it not, the resulting 
expression is not a gauge transformation because it cannot be otherwise since the 
theory is grounded on retarded potentials. Lorenz had therefore neither introduced

36 (Lorentz 1903a, b). 
37 (Jackson and Okun 2001). 
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Fig. 14.1 Lorentz’s introduction of gauge freedom. (Lorentz 1903b, 157) 

gauge as a relation nor was his analysis free from internal difficulties. The virtue 
of his condition, setting aside the problematic route to it, consists in Lorenz having 
connected it to a system that could yield the same form of wave equation that he 
had earlier produced for light. Wiechert reached further relying on electrodynamics, 
but his introduction of a gauge relation remained incomplete since it lacked the 
necessary scalar and its resulting d’Alembertian. Only H. A. Lorentz achieved full 
generality, with propagation for the scalar and vector potentials emerging naturally 
and easily. As questions concerning radiation became technologically significant 
following Guglielmo Marconi’s (1874–1937) and John Ambrose Fleming’s (1849– 
1945) efforts, engineer-physicists adopted what was widely known as the relation 
developed by Lorentz in order to generate malleable equations for the field generated
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by arrays of antennas.38 Lorentz’s is the first theory to have recognized the full 
generality allowed by the link between scalar and vector potentials, and so it seems 
appropriate that RHH ought to return to its previous characterization as RLNTZ , 
the “Lorentz gauge.” The development of gauge as a general property of physical 
theories evolved into a profound mathematical property connected to conservation 
principles in the hands of Emmy Noether (1882–1935).39 

Nevertheless, if we separate Lorenz’s system altogether from electrodynamic 
field theory, there is a reasonable sense in which he was the first to attempt 
development of a scheme based directly on presumptive retarded interactions 
between charged particles, though his was flawed in several significant ways. Field 
theory can be developed on such a basis – with a major caveat: namely, that the 
introduction of a measure for what is otherwise field energy enters as a separate 
structure for purposes of practical application. A pure theory dispenses altogether 
with field ontology and presumes only point charges and both retarded and advanced 
interactions along the lines argued for by John Wheeler (1911–2008) and Richard 
Feynman (1918–1988).40 

Acknowledgments I thank, Karine Chemla, Anne Kox, Andrew Zangwill, and two anonymous 
reviewers for their suggestions on drafts of this piece. 
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