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I will adopt the following terminology: the donor star is star 2 with mass M. The mass
ratio is ¢ = Ma/M;. Let Gy, = dln R./dIn Ms be the exponent for a secondary star
undergoing mass loss where R, is the radius of the star.

As explained in the class, for stable mass transfer, {5, < ¢ Y where (;, = dIn Ry /dIn M, is
the exponent for the Roche lobe radius. This quantity is displayed in Figure
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Figure 1: The best linear fit to Paczy$nski-high is {;, = 2.136¢ — 1.677. The fit to Paczniski-low is
(L =2q—5/3. See §A]for details.

The value of (y; depends on (1) whether the envelope of the donor star is convective or

radiative and the (2) the ordering of mass transfer timescale, my, = |My| /Mo, relative
to two timescales: Tqyn, the dynamical timescale and 7y, the thermal timescale. The
dynamical timescale, computed using dimensional analysis, is 7qyn = 50(p/ po) /2 minutes
where p is the mean density of the star. This thermal timescale is the Kelvin-Helmholtz
timescale, Tk = GM?/(RL) = 31 x 105(M/M)*(R/Rs) "' (L/Ls)~ ! yr. Notice the large
difference between 74y, and Txy. If L < Tdayn then there is not enough time for heat
to flow and so the process can be regarded as adiabatic and the corresponding exponent



is Caa. If 7y, 2 7ku then star has enough time to respond to mass loss whilst keeping
thermal balance. The appropriate exponent is (.q. These exponents are discussed in the

next section.
1 Adiabatic and Thermal Equilibrium Exponents

1.1 Adiabatic

dinR
Cad = TR R : mass transfer whilst maintaining the star in hydrostatic equilibrium
n

The pressure gradient of a star whose envelope has been abruptly removed will be out
of equilibrium with the gradient in gravitational potential. Hydrostatic equilibrium will
be restored on dynamical timescale (essential the radius of the star divided by the escape

velocity).
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Figure 2: From Chapter 3 of Pringle & Wade (1985). (, in this figure is the same as our (,q. (e

in this figure is the same as our (eq.

Convective stars and stars supported by degeneracy pressure are described by the same
polytropic index. In both these stars, P o p” with v = 5/3. The index is usually written
as 1+ 1/n where n is the “polytropic” indexﬂ So, the polytropic index for convective and
degenerate stars is n = 3/2. The radial temperature of convective stars is very close to the

adiabatic gradient. (,q for convective and degenerate stars is —1/3.

'The Lane-Emden equation has analytical solutions for n = 0, 1, 5.



Heat transport in radiative stars is resisted by opacity of matter. Opacity depends in a
complicated way on density and temperature. For this reason radiative stars do not have
a simple radial temperature profile. The adiabatic index, (,q for radiative stars has to be
determined numerically.

An extensive discussion of (,q for stars from 0.1 Mg, to 100 M, can be found in Ge et al.
(2015). (aq for several stars on the upper main sequence, computed at various points from
ZAMS (top entry) to the base of the red giant phase (bottom entry), are presented in the
table below. Notice that for stars in the upper main sequence (,q is large, over most of the
life of the stars.

Table 1: adiabatic exponent for radiative stars (Ge et al. 2015)

4.126 3.406 2.919
4.498 3.739 3.234
4.879 4.069 3.588
5.227 4.463 3.963
5.659 4.869 4.358
6.097 5.337 4.773
6.594 5.763 5.270
6.817 6.120 5.596
6.880 6.195 5.670
6.993 6.794 6.169
7.823 7.297 6.844
8.189 7.744 7.524
8.486 8.123 8.053
8.582 8.384 8.472
6.838 8.535 8.786
1.515 8.611 9.026
0.722 8.677 9.321
8.747  9.816

2.008 10.140

2.485

1.2 Thermal Equilibrium

dInReq

Cea dlnM ’

Req: removal of mass on timescales whilst star remains is in thermal equilbrium

Webbink (Chapter 3 of Pringle & Wade 1985) provides an illustrative example to under-
stand why radiative stars shrink rapidly and also the concept of thermal timescale. In



Figure [2] Webbink displays the run of entropy with radius for star of mass 2.02 My and
1.53 M. Both have convective cores and radiative envelopes. What happens if we abruptly
removed star from the massive star so that its mass is the same as the less massive star?
Then in the outer region the truncated star has lower entropy than the less massive star
while in the core it is the opposite case. Lower entropy means that the gas is cold and
dense with smaller radius and smaller luminosity. The reduced weight on the core turns off
nuclear fusion which is only restored after the star has reduced its radius. The star evolves
to the entropy configuration of the lower mass star over thermal timescale.

Unperturbed stars on the main sequence are in thermal equilibrium. (eq ~ 1 is the mass-
radius exponent — well known to neophytes of stellar astronomy courses.

1.3 A global view

Stars on the lower main sequence (< 1 M) become increasingly convective while those on
the upper main sequence become radiative. In the right panel of Figure [2| you can see that
Cad 18 —1/3 for low mass stars but rises rapidly as the star develops a radiative envelope.
Ceq =~ 1 over a wide range of masses. However, it has a complex behavior for stars around
1 M. This is due to the presence of shallow convective outer layer (cf. the outermost layer
of the sun is convective — solar granules!).

2 Various Cases

We are now ready to consider several types of mass transfer. To start with stable mass
transfer requires (. > (1, where (, is the exponent derived for the donor star (which can
have a convective envelope or a radiative envelope) and relevant physical process for mass
transfer (adaibatic versus thermal equillbrium). So, for instance, (5, > (a4, Will clearly be
unstable.

Case: (aq > Cr. Stable Mass Transfer.

Here, we restrict the discussion to stars with convective envelopes. We review adiabatic
mass transfer from radiative donors later in this section. For convective stars, (,q = —1/3.
Stable mass transfer requires (;, < —1/3. From Figure [1| we see that stable mass transfer
requires ¢ < 2/3. This case is applicable for CVs which have past the minimum period.

Case: (eq > (1. Stable mass transfer.

This case is of interest to radiative donors which are transferring matter on timescales
longer than Kelvin-Helmholtz timescale. The run of (¢q with stellar mass is given in the



right panel of Figure Say, (eq ~ 1 in which case (see caption to Figure, q < 1.25.

Consider a young CV in which the secondary (usually, a K dwarf) has started mass trans-
ferring to the white dwarf. At this point, Tyr, > Tki and so the donor remains in thermal
equilibrium. Stable mass transfer (see caption to Figure 1)) requires ¢ < 1.25, readily sat-
isfied by CVs. The Kelvin-Helmholtz timescale scales approximately M ~" where n ~ 2.5
and so eventually, L < 7ku and the secondary reacts adiabatically to mass loss, ¢, = (aq.
In case of CVs, at this point, the whittled down donor is full convective, (,q ~ —1/3 and
then the previous case applies.
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Figure 3: A contour map of the critical mass ratio, gerit (value shown by colored bar), of binary
systems with main-sequence donor stars. From Ge et al. (2013).

Case: Cad > CL > Ceq- (Stable) Mass transfer at or below thermal timescale.

This case is of interest to radiative stars losing matter on timescales shorter than the ther-
mal timescale. Consider an extreme example wherein the star loses matter on timescales
2 Tdayn- The large value of (,q means that the star shrinks significantly (on dynamic
timescale). As a result, the star loses contact with the Roche surface. Over Kelvin-
Helmholtz timescale it expands and at some points starts to transfer matter. If the mass
loss rate is very high then the donor will be sent back to the adiabatic phase. The cycle
repeats. I suspect that, in steady state, the mass loss rate is determined by the size of the
nozzle of the Roche lobe. This transfer rate will be less than the thermal mass loss rate,



Mg/TKH.

By comparing (;, Figure [I] with the table we find that stable mass transfer is possible for
values as large as geit = 3 (see also Figure [3| for a full exploration of geyit)-

Case: (Cad)Ceq) > Cr. Stable mass transfer on timescale determined by loss of angular
momentum or nuclear evolution.

In this case, mass transfer is not changing the radius of the star in any significant way
(relative to the Roche radius). Mass transfer will only take place if the star grows in
size (nuclear evolutionary timescale) or if the orbit is shrunk (due to angular momentum
loss).

The master equation now is given by Equation For conservative mass transfer, this
equation becomes

SIS

- 2:];; —2%2(1—(1))

= 2 [(1 — )Ty — T/II\I/IL}

where Ty = —dIn(Jp)/dt and 7! = —dIn My/dt.

2

Note that J, < 0. So, Ty, > 0.
For g > 1 the orbit will always shrink.

For ¢ < 1, the orbit will expand if the second term on the RHS does not overwhelm the
first term. In this case, for mass transfer to take place the secondary has to increase in size.
This is indeed the case with long period LMXBs, the progenitors to long orbital period
millisecond pulsars.

So far we have blithely assumed that the donor can arbitrarily lose any amount of matter.
The rate at which matter can be transferred is determined by the “nozzle” at L1 and the
degree to which the star is overfilling its Roche lobe. However, that is a separate topic and
will be discussed in the class today.

3 An example

See Figure [4
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Figure 4: The evolution of a 9 My & 5 Mg, star with initial period of 1.2 day (Figure 9.8 of T. Tauri
& vdH) . Mass transfer from the primary to the secondary begins at “a”. Over thermal timescale it
transfers 5.27 Mg to the secondary. At point “b” mass transfer stops and the 3.73 Mg now evolves
as a sub-giant. It transfers matter to the secondary on nuclear timescale. The mass is reduced to
3.02 Mg by the time the calculations were terminated. Notice that the secondary, at the end of
this mass transfer phase, appears as an ordinary main sequence star of about 11 Mg (and noted in
the figure). [“Hauptreihe” is main sequence in German].
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A Roche lobe exponent

Consider a binary system with stars, masses M; and My. The mass ratio is ¢ = Ma/M;.
The orbital angular momentum of star ¢ is J; = Mjajv; for 1 = 1,2. Since Myjvy = Mav
we have J My = JoMs = uJy, where

M?2M?
Jbz 7G ]\14 20,

The log derivative of the above Equation yields
Jy, My M, M a
2— =2— 42— — — 4+ — 1
Jb Ml * M2 M + a ( )

Jp is the sum of loss of angular momenta via all channels (mass transfer, radiation of
gravitational waves, stellar winds).

Let star 2 be the donor star and Rj, be its Roche lobe. The Roche lobe is proportional to
a and so we have f(q) = Rp/a. Paczynski (1971), in his Annual Reviews article, gives the
following these two fitting for f(q),

flg) = 0.38+0.20log(q) for 0.523 < ¢ < 20 (2)
g \1/3
— 04 2(—) f 52
0.46 1+ q or 0 < ¢q < 0.523 (3)
(see also T. Tauri & vdH, §4.1). Matlab and Python users: beware. Note that, in the above

Equation, as is common in astronomy, log is logarithm to base 10 (and “In” is logarithm to
base ). When differentiating you need In. Replace log(x) — logio(e)ln(x) = 0.4343In(x).



We calculate the Roche lobe exponent, (;, = (Rp/Ryz)/(Mz/Ms). We have
Ry flq a

R, flg) " a’

Eliminating a/a from Equations (1| and |4 we obtain
R : Jy M My M
I AC)) b_ M My M (5)

AN VA M2
Ry f(q) Jy M, My, M

This is our master equation.
For conservative mass transfer, M1 = —Ms, M = 0. If angular momentum is conserved

then, J,=0. So, Equation [5| simplifies to
Ry _ f(a) Mz(q_1>
Ry flag) M

For the choice of Equation [3{ we find f/f = 1/3(My/Ms) which then leads to

5
CL=2q— 3
as the best fit formula for low mass stars. Choosing Equation (3| instead leads to

0.2287(1 + q)

2 1+0.526310g(q) (g—=1)

for high mass stars. The best fit linear model for the above equation between ¢ = 0.5 and

q = 10 was found to be
(r, =2.14qg — 1.68 . (7)

See, also, discussion following Eq. 32 of Tout et al. (1997).



	Adiabatic and Thermal Equilibrium Exponents
	Adiabatic
	Thermal Equilibrium
	A global view

	Various Cases
	An example
	Roche lobe exponent

