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I looked up the original paper by George Darwin (1879). The 179-page paper was daunting.
Fortunately, I came across a pedagogical exposition by Mike Lau (2020) and what follows
below is a step-by-step derivation.
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Figure 1: Diagram showing a point mass M2 with a companion of mass M1 with an exag-
gerated tidal bulge. The axis of the bulge is shown by a dotted line, which, in the case of
co-rotation, would pass through M2.

Consider a circular but unsynchronised orbit of a binary with component masses M1 and
M2 and separation a. We denote the moment of inertia of M1 by I1, assumed to be constant,
the spin angular momentum of M1 by J1, and the spin angular velocity of M1 by Ω1. We
consider the simplifying case of the spin of M2 being small, such that its moment of inertia
may be neglected (I1Ω1 ≫ I2Ω2).

Ignoring winds, the total angular momentum of the binary orbit is therefore

J = I1Ω1 + µa2Ωorb, (1)

where 1/µ = 1/M1 + 1/M2 and µ is the reduced mass.
We consider the scenario shown in Figure 1, where Ω1 < Ωorb, such that the bulge of M1

lags behind M2. Tidal torques act to transfer angular momentum from the orbit into the
spin of M1 by tightening the orbit. This increases Ω1 to match Ωorb. But with a tighter
orbit, Ωorb also increases. A natural question that arises is whether the binary ever reaches
synchronisation:

• If Ω̇1 > Ω̇orb, the spin-up of M1 is faster than the spin-up of the shrinking orbit. The
system approaches synchronisation, Ωorb − Ω1 → 0+.

• If Ω̇1 < Ω̇orb, the shrinking orbit causes the orbit to spin up too quickly for M1 to
catch up, and Ωorb −Ω1 increases catastrophically. This implies the separation shrinks
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Consider a planet of mass M1 orbited by a moon of mass M2. Say, that the angular
velocity of the planet, Ω1 is smaller than Ωb, the orbital angular frequency (Figure ). If
so, as shown in the Figure, the bulge of the planet lags behind the moon. Tidal forces will
attempt to increase the rotation of the planet. Increasing the spin of the planet requires
energy. Furthermore, doing so will also lead to some dissipation. Gravitational binding
energy of the orbit is the source of energy for the two sinks.

Let Ω̇1 be the rate of change in spin of the planet while that for the orbit is Ω̇b. The process
is stable if Ω̇1 > Ω̇b. If, Ω̇1 < Ω̇b then the orbit shrinks faster than the planet can be spun
up and the result is the moon crashing into the planet.

By construction, Ω1 < Ωb which means Ω−1
1 > Ω−1

b . The condition for stability is Ω̇1 > Ω̇b.
These two inequalities can be combined to yield

Ω̇1

Ω1
>

Ω̇b

Ωb
⇒ Ω̇1/Ω1

Ω̇b/Ωb

> 1 . (1)
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Physically, the inequality is readily understood: the timescale for significant increase in Ω1

which is ≈ Ω1/Ω̇1 is shorter than Ωb/Ω̇b, the timescale for equally significant increase of
Ωb.

For a first approximation, the angular momentum of the satellite is ignored (I2 = 0), the
orbit is assumed to be circular and the spin of the planet is assumed to be aligned with
the orbital angular momentum vector. The total angular momentum is then

J = I1Ω1 + µa2Ωb

where M = M1 + M2 is the total mass, µ = M1M2/M is the reduced mass, and a is the
orbital separation. Since there is no net loss of angular momentum, have

J̇ = I1Ω̇1 + 2µaȧΩb + µa2Ω̇b = 0 .

Kepler’s third law is a3Ω2
b = GM . Since there is no loss mass from the system, a log

differentiation results in

3
ȧ

a
+ 2

Ω̇b

Ωb
= 0

. These two equations can be combined to yield

I1Ω̇1 −
1

3
µa2Ω̇b = 0 .

Since, J1 = I1Ω and Jb = µa2Ωb we have

J1
Ω̇1

Ω1
=

1

3
Jb

Ω̇b

Ωb
⇒ Ω̇1/Ω1

Ω̇b/Ωb

=
1

3

Jb
J1

.

The condition for stability (Equation1) demands

Jb > 3J1 .

This if the orbital is wide enough,

a ≥ aD =

√
3I1
µ

,

then it is stable.

Hut (1980) included I2 and showed that the condition for stability for arbitrary eccentricity
that the condition for stability is

Jb > 3J1 ⇒ a > aD =

√
3(I1 + I2)

µ
.
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Figure 1: TESS light curve of W UMa.

Contact binaries. W UMa (HD 83950) is a contact binary located some 52 pc away.
The orbital period is 0.33 day and the spectral type is F8Vp. M1 = 1.14M�, R1 = 1.09R�
and M1 = 0.55M� andR2 = 0.79R�. Apparently a 12th mag shares a common proper
motion with W Uma.

The OGLE project has an excellent atlas for tyros of variable stars. W UMa variables are
designated as “EW” stars: “Eclipsing variables of the W Ursae Majoris (W UMa) type are
contact binaries, where both stars fill their Roche lobes and therefore are in physical contact
with each other. Consequently, the components of the system share a common envelope,
leading to the same surface temperature despite their different masses. W UMa stars are
characterized by continuous light variations with nearly equal depths of the primary and
secondary eclipses. Due to the tidal deformation of the stars, it is impossible to determine
the onset and end of the eclipses from the light curve.”

Apparently one in 500 stars in the Galaxy are contact binaries of the W Uma type. Consider
a contact binary with mass ratio q = M2/M1, specifically q � 1. As before, with this
approximation, I2 = 0. We assume that the rotation of the two stars is synchronized. The
spin angular momentum of the primary is J1 = M1k

2
1R12Ωb where, k1 is the dimensional-

less quantity is the ”radius of gyration”. The condition Jb > 3J1 translates to

a

R1
>

[
3(1 + q)

q

]1/2
k1

while the Roche lobe radius of star 1 is given by the famed Eggleton approximation:

RL1

a
=

0.49

0.6 + q2/3 ln(1 + q−1/3)
.

In a contact binary, the stars are filling their Roche lobe, whence, RL1 = R1. Combining
the above two equations leads to Figure 2. The stable region is clearly marked. qmin ≈ k21
is a good fit to the solid line shown in the left panel Figure 2. Thus, if the primary were
n = 3 polytrope (approximately a radiative star) then qmin = 0.09 (Rasio 1995).
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rotation (i.e. ωs =ωo) and the ratios of the gyration radii to the stellar

radii for both components are equal (i.e. k2
1 = k2

2 = k2); the ratio of

the spin angular momentum to the orbital angular momentum can

be written as

R =
Jspin

Jorb

=
k2

(
M1 R2

1 + M2 R2
2

)

A2 M1 M2/(M1 + M2)

= k2 1 + q

q

(
R1

A

)2
[

1 + q

(
R2

R1

)2
]
, (3)

where q (= M 2/M 1 < 1) is the mass ratio of the binary system. If a

contact binary system is a marginal contact one in which two com-

ponents have just filled the inner Roche lobes, following Eggleton

(1983), the relative radii of both components of the contact binary

read

R2

A
=

0.49q2/3

0.6q2/3 + ln(1 + q1/3)
, (4)

R1

A
=

0.49q−2/3

0.6q−2/3 + ln(1 + q−1/3)
. (5)

If the two components of a contact binary system have filled the outer

Roche lobes, the relative radii of the components can be expressed

by the following equations (Yakut & Eggleton 2005):

R2

A
=

0.49q2/3 + 0.27q − 0.12q4/3

0.6q2/3 + ln(1 + q1/3)
, (6)

R1

A
=

0.49q−2/3 + 0.15

0.6q−2/3 + ln(1 + q−1/3)
. (7)

Using equations (3), (4) and (5) and taking k2 to be the values

of main-sequence stars (from 0.05 for no-convection stars to 0.21

for fully-convective stars), we can obtain a relationship between the

angular momentum ratio Ri and the mass ratio q for marginal contact

systems:

Ri = k2 1 + q

q

[
0.49q−2/3

0.6q−2/3 + ln(1 + q−1/3)

]2

×

{
1 + q

[
0.6q2/3 + q4/3ln(1 + q−1/3)

0.6q2/3 + ln(1 + q1/3)

]2
}

. (8)

Setting equation R i = 1/3, and solving (numerically) for q, we ob-

tain the minimum mass ratio qmin,in for stability of marginal contact

binaries with the different values of k2 of main-sequence stars and

the relation between the minimum mass ratio qmin,in and k2 is shown

in Fig. 1. Using equations (3), (6) and (7), we obtain a relation-

ship between the angular momentum ratio Ro and the mass ratio q
for contact systems in which both components have filled the outer

Roche lobes:

Ro = k2 1 + q

q

[
0.49 + 0.15q2/3

0.6 + q2/3ln(1 + q−1/3)

]2
{

1 + q

×

{
(0.49 + 0.27q1/3 − 0.12q2/3)[0.6 + q2/3ln(1 + q−1/3)]

(0.49q−2/3 + 0.15)[0.6q2/3 + ln(1 + q1/3)]

}2
}

.

(9)

Setting equation Ro = 1/3, and solving (numerically) for q, we

obtain the minimum mass ratio, qmin,out, for stability of W UMa

systems in which two components have filled the outer Roche lobes

with the different values of k2 and the relation between qmin,out and

k2 is also shown in Fig. 1. As seen from Fig. 1, the value of qmin,in

Figure 1. The minimum mass ratio for stability qmin in the Roche approxi-

mation. The parameter k2 is the dimensionless gyration radius of the stars.

is smaller than that of qmin,out at any value of k2. This suggests that

the stability of a contact binary with given masses indeed depends

on the degree of contact f , or filling factor, 0 < F = 1 − f < 1.

Meanwhile, the more is the value of k2, the larger are the minimum

mass ratios (qmin,in and qmin,out) and the difference between qmin,in

and qmin,out.

Taking k2 = 0.06 as Rasio (1995), the ratio of the spin angular mo-

mentum to the orbital angular momentum against the mass ratio is

plotted in Fig. 2. Meanwhile, we obtain q min,in = 0.071 and q min,out =

0.078 for k2 = 0.06. In general, the dynamical instability of W UMa

contact binary systems should occur at an overcontact stage with a

higher degree of contact rather than at a marginal contact one. The

numerical study of the equilibrium and stability of close binary sys-

tems (Rasio & Shaprio 1995) had identified the dynamical stability

limit at a contact degree of about 70 per cent, corresponding to a

minimum mass ratio of about 0.076. This suggests that the W UMa

systems with mass ratios in a region of 0.076–0.078 would suffer

Darwin’s instability and then coalesce into the fast-rotating single

stars (including FK Com stars and blue stragglers), implying that the

W UMa systems with mass ratios q ! 0.076 cannot be observed.

We collect the absolute parameters of some of W UMa systems

(listed in Table 1) reported recently, together with those compiled

by Maceroni & van’t Veer (1996), Gazeas et al. (2005), and by Yakut

Figure 2. The angular momentum ratio R against the mass ratio, q. The

solid lines represent theoretical results corresponding to the systems filling

the inner Roche lobe and the outer Roche lobe, respectively. The solid dots

represent the observed W UMa systems.

C⃝ 2006 The Authors. Journal compilation C⃝ 2006 RAS, MNRAS 369, 2001–2004

Figure 2: [Right]: The minimum mass ratio for stability qmin for primary in the Roche lobe
approximation (solid line). The parameter k21 is the dimensionless gyration radius of the primary.
The vertical lines indicate k21 for polytropes of n = 1.5 (convective stars, white dwarfs) and n = 3
(approximately corresponding to the sun). From Rasio (1995). [Left]: qmin versus k2 computed by
Li & Zhang (2006). The top curve corresponds to the outer Roche lobes and the bottom to the
inner Roche lobe.

For the sun, at the present time, k21 = 0.07 and so k1 = 0.27. This is in good agreement
with the calculations shown in Figure 3.

Li & Zhang (2006) include moment of inertia from the secondary and also account for the
“fill” factor (whether the two stars fill the inner Roche lobe – just reaching to L1 or the outer
Roche lobe – just reaching to L2). Their stability plot is shown in right panel of Figure 2.
Li et al. (2024) report the contact binary TYC 3801-1529-1 has the following properties:
M1 = 2.096± 0.282M�, M2 = 0.075± 0.030M�. The mass ratio is 0.0356± 0.0035. This
poses a problem to the standard model for contact binaries.

Application to neutron star systems. Cen X-3 was discovered in 1967 in a sound-
ing rocket flight. The source became prominent when Uhuru (1971) discovered pulsations
with period of 4.8 s and an orbital period of 2.1 day. The secondary is a neutron star and
the primary (Krzemiński’s star) is 20.5-M� slightly evolved (O6-7 II-III) star with a radius
of 12R�. The extended atmosphere of the primary flows through the L1 point and forms
an accretion disk which feeds a magnetized neutron star. Thus, q ≈ 1.5/20.5 = 0.07. The
orbit appears to be decaying, Ṗb/Pb = 1.8× 10−6 yr−1 (Kelley et al. 1983).

According to Zhao & Fuller (2020) “A well-known yet under appreciated aspect of massive
stars is that their maximum angular momentum content Jc (assuming rigid rotation) de-
creases strongly as they evolve off the MS. The reason is that massive stars have very large
cores and very tenuous envelopes compared to lower mass stars. As massive stars evolve
off the MS, the contraction of the core can outweigh the expansion of the envelope, such
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Figure 3: Radius of gyration of main sequence stars as a function of mass (from Wadhwa et al.
2024).

that the radius of gyration can decrease by multiple orders of magnitude.” In this case, let
us set k2 = 0.1. If so, the rapid orbital decay can be attributed to the Darwin effect.

Regardless of the real cause for the orbital decay the fact remains that if the measured Ṗ
is secular (and not due to red noise) the end result of Cen X-3 will be a merger between
an O star and a neutron star (a Thorne-Żytkow object).
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Planets in the solar system. The radiation of gyration for a homogeneous sphere is√
2/5 ≈ 0.632. The radius of gyration for planets in the solar system is as follows: Mercury

(0.588), Venus (0.580), Earth (0.575), Mars (0.605), Jupiter (0.514), Saturn (0.469), Uranus
(0.480) and Neptune (0.480). From the the Gravity Recovery and Interior Laboratory
(GRAIL mission, k2 = 0.392728 ± 0.00001 (Williams et al. 2014) which corresponds to
k = 0.627.
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