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FREQUENCY DOMAIN CONCEPTS

The Fourier transform operation take time series and transform them to the frequency domain.
Many data processing algorithms can be implemented very well in frequency domain and that is
the reason for the popularity of Fourier transforms. For example, consider a sinusoidal wave of
frequency fp. In the frequency domain it can be represented by two é functions, at +fy. The
description in the frequency domain is more concise than that in the time domain. Apart from
this, there are a number of physical phenonmena in which Fourier transform play an essential role:

1. Antennas. The far-field pattern (i.e. Fraunhoffer diffraction) is the Fourier transform of the
distribution of the currents in the aperture plane i.e. the illumination pattern.

2. Optics. A Fourier transform relation exists between the light amplitude distribution at the
back and the front focal planes of a converging lens. For example, consider a point source at
infinity. At the front focal plane we have a plane wavefront and at the back focal plane the
image is formed i.e. a § function. The argument can be extended for more complicated sources
by considering sources to be made of many point sources each of which give rise to a plane
wavefront (with tilts). Thus a lens can be conceptually thought of a Fourier transforming
device.

3. Physics. The wavefunctions of £ and p are related by a Fourier transform.

4. Interferometry. The basis of astronomical interferometric imaging is the van Cittert-Zernike
theorem which states that the measured visibility function is the Fourier transform of the
object brightness distribution.

5. Probability. We have earlier proved that the probability density function of the sum of two
independent variables is the convolution of the probability density functions of the two vari-
ables. In the frequency domain, the characteristic function of the sum variable is the product
of the characteristic functions of the two variables. Clearly, the relation is much simpler in the
frequency domain rather than the time domain.

Linear Systems

Most of the standard signal processing devices are linear systems eg. filters, spectrometers,
gratings, cameras, interferometers etc. Linear systems satisfy the following general criteria:

Linearity. Let z(1) be an input time varying signal and let y(2) the corresponding output from
a linear system i.e.

y(t) = H[z(1)]

where H is the linear operator symbolizing the action performed by the system on the input
signal. Then linearity demands that

Hlz1(2) + 22(1)] = H[z1(2)] + H[z2(2)]
= y1(t) + y2(2).



Time-Invariant. A system is time-invariant if a delayed input produces a delayed output i.e.

y(t = to) = H[z(t - 10)].

Impulse Response Function. All linear systems can be characterized by an impulse response func-
tion, A(t),
h(t) = H[6(2)]

i.e. h(t) is the response of the linear system to a* 6- function input. Causality demands h(t) = 0
for t < 0. Consider an arbitrary input, z(2).

| x(4)

It is quite easy to see that the output y(1) is

o x(7) h(t-T)
y(t) = ’ ,,.gf_;émdr . = fk['c)x({-?)d?

i.e. the output of a linear system is a convolution of the impulse response function and the input

y(t) = z(1) * h(2).

If you think about this, the above equation is quite amazing. The output for any input can be
predicted, provided you know h(1).
iy
Fourier transforms simply the above equation even one step further. A convolution in the time
domain is equalivalent to a multiplication in the frequency domain (this is the famous convolution



theorem and is the heart of many astronomical instruments) i.e.

F(y(t)) = Flz(t) * h(1)]
= Fotyyertayy. F(z®). F(h(t))

Thus in the frequency domain, all linear systems can be thought as filters!

In the above discussion we have assumed that the input is a time series. However, the input
could well be something else. For example, consider a telescope. The response of a é-function i.e.
a point source, is the so-called Point Spread Function (PSF). The image obtained by a telescope is
the convolution between the PSF and the true image. In the Fourier domain, the telescope can be
thought of as filter which lets in spatial frequencies no higher than its diameter. Thus the images
obtained by a telescope cannot be much sharper than A/D. However, in practice, the atmospher
corrupts the cosmic signals and the pictures obtained are rarely at the diffraction limit of the
telescope. The atmosphere acts as another filter - filtering away most of the spatial frequencies
above 10 cm wavelengths. (i. och aal )

FOURIER TRANSFORM
Recommended Books:

The Fast Fourier Transform by E. O. Brigham (Prentice-Hall). I highly recommend this book. A
must for any serious observer. Clear and informative.

The Fourier Transform and its Application by R. Bracewell (McGraw-Hill). This is a classic.
Particularly good at explaining concepts and peppered with examples. I believe it is now out of
print (it is pre-FFT days!).

The Fourier Integral and its Applications by A. Papoulis (McGraw-Hill). A complete compendium.
Thorough and slightly more mathematical than the previous two books.

My notes will follow the notation of Brigham’s book on the FFT.

+ o0 )
H(f)= / h(t)e~?"i/'dt  Forward Transform

-0
+o0 )
g(t) = G(f)et?™i/'df  Inverse Transform

-0

Consider a signal h(t) and let H(f) be its transform. Let h'(Z) be the inverse transform of
H(f). Below we show that h(t) is equal to h'(1).

400
W)= [ H(f)ET !

—00

tm phed ) s p
= / / h(t)e—2:__;f t e+21r_;_f tdfrdtr
-0 J=—00

340>



400 ptoo | : ,
= / / h(t)e?™ i/ (=t gfldy’,
—-00 —-00

Since

+o0
] e21rj_f'[!—t')df.' = 6(! o tl‘)

oo

we have

R'(t) = h(2).

This equality fails if h(t) has discontinuities. However, if h(t) is defined to be [h(tT) + h(17)]/2
then the inversion holds.

Consider the Fourier transform of a cosine signal, h(t) = A cos(27 fot). The Fourier transform
is
A A
H(f) = S6(f = fo) + 56(f + fo)-

A

ﬁh— N A/z_

-5o 0 +fn

Note that the amplitude is split between positive and negative frequencies. You may find it
difficult to think in terms of negative frequencies but negative frequencies are as real as positive
frequencies. This is a simple outcome of the fact that our input signal is real and the Fourier
transform is a complex transform and in order to keep the signal representation real we need both
positive and negative frequencies. It is best to always think of Fourier transforms in terms of both
positive and negative frequencies.

The Fourier transform of a sinusoidal signal, k(1) = Asin(27 fot) is

H() = 2260~ fo)+ 287 + fo)

Note here that the positive and negative frequency components have opposite phases. This be-
haviour can be generalized: when the input signal is symmetric about 0 then the positive and
negative frequency components are real and equal in magnitude and when the input signal is
anti-symmetric about 0 then the positive and negative frequency components are imaginary and
conjugate of each other.
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Time domain

Frequency domain
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Figure 2-11. Fourier transfo;'m pairs.
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Time domain

Frequency domain
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Figure 2-11 (continued).
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CONVOLUTION & CORRELATION
Primary reference is the book The Fast Fourier Transform by E. O. Brigham. However, the
chapters on convolution and correlation are unnecessarily too long in that book. The notes should
be sufficient.
Convolution
Convolution is defined as
+eo +oo
Y1) = / 2(r)h(t = )dr = / 2(t — T)h(r)dr
and is usually represented as
y(t) = z(t) * h(2).
Convolution consists of three steps:
1. Folding, h(7) — h(-T).
2. Displacement, h(—7) — h(t — 7).
3. Multiplication, h(t — 7)z(7).
4. Integration, [ h(t — )z(7)dr.
A
A
hét)
x(t)
T

X&) # ht)




Note that a function convolved with a é-function remains unchanged,

y(t) = 2(1) » (1)
= /z(b&(t - T)dT

= z(1).

Properties of Convolution:

Symmetric z(t) * h(t) = h(t) * z(1)
Associative h(t) = [g(t) * z(1)] = [h(t) * g(1)] * z(?)
Distributive  h(t) * [g(t) + z(t)] = h(t) * g(t) + h(t) * z(1)

The Convolution Theorem.

Fla(t) « h(t)] = Fla(t)|FIh()).

Proof:
/+°° y(i)e—hjﬂdt = /+°° [/+°0 I(T)h(t - ‘r)d‘r] e'zfﬂtdi
) _‘:000 -~ +00
= [ el wa-rietittaar
+00

= [ atrrerirager
= H(f)X(f)

Example.

A&

e
| N /\mf\

T _;./R
L FT
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Parseval’s Theorem. Consider y(t) = h%(t). Then
Flh(t) x h(t)] = FIA(2)] + Fh(2))

or

+ 00 + o0
/ h2(t)e™2"3%dt = H(f)H(o - f)df.

-0 -0

Let o = 0 then we have

[ wwa= [Ciagra. v agnat

-—00

Thus the energy integrated in frequency space is equal to that in the time domain.

Cross- & Auto-Correlation

Cross-correlation of z(t) with h(t) is defined to be

+00
2(t) = / z(7)h(t + 7)dT.

-0

3.2.3

“ nead

HL4)= 112

The rules of algebra are the same as for convolution. Cross-correlation is used to extract weak
signals from noise. The basic idea is to correlate the weak signal buried in noise (represented by
say z(t)). It is easy to see that z(t) will peak up when h(t + 7) is similar to the weak signal that

is buried in z(t).

Just like the convolution theorem we have a correlation theorem.

+ 00
;f_ h(T)z(t+ 7)dt = H(f)X*(f).

The quantity on the right side is called as the cross-power spectrum between H( f) and X (f). This
relation plays a central role in radio interferometers. Two common applications of cross-correlation

are in determination of red shift of galaxies and the arrival times of pulsar signals.

1

PROFILE TEMPLATE

¢ — SHIFT —
Cross-torreladiom

PR B . W st




$2-¢G

Auto-correlation '

This is a particular case of cross-correlation,
C(r) = / Il z(t)a(t + 7)dr. © ;\.K
It is easy to demonstrate that ¢ C(r) is symmetrical and that
FlC(n) = IX(HP.
above

The quantity on the right side is referred to as the Power Spectrum. ThB relation is the basis of
astronomical spectroscopy at cm and mm wavelengths.

Note: For the special case where either z(t) or h(t) are symmetrical the cross-correlation and
convolution are the same.
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4.2,

DISCRETE FOURIER TRANSFORM

In real life you will have to take Fourier transform of set of discrete points i.e. a discrete Fourier
transform (DFT). Two popular examples are (1) searching for pulsars and (2) obtaining the power
spectrum of a signal from the measured autocorrelation function (this will be thoroughly covered
in a later lecture). The sampling theorem makes it clear that the data must be sampled regularly
and that is the only case we consider. As before, let At be the sampling interval and let z(k) be
the sample of the signal at the instant kA?. Here we assume that z is a bandlimited signal (of
bandwidth B). Let the total number of samples be N. Then the discrete transform of z is given
by

N-1 &
X() x Z z(k) explmjIA fRAL)
k=0
where j = v/—1 and the Fourier transform, X(f) is evaluated at regularly spaced frequencies, IA f,
[ =0,1,.... Two questions arise:

e What should the value of Af be i.e. what is the spectral resolution of the DFT? Clearly,
smaller the A f the better; otherwise you may be losing some information. On the other hand,
there is the practical issue of having too small a A f that the resulting array, X (/A f) becomes
too unwieldy in size.

e How many steps in frequency should the DFT be calculated? Here we have some guidance
from the sampling theorem (§4.1). There, we were specifically reminded that it is pointless to
construct the Fourier transform for frequencies exceeding the Nyquist folding frequency = f,/2
where f; is the sampling rate. Thus the maximum index of the DFT is M = %fS/Af.

The first question is similar to the issue of the spectral resolution of gratings. (The analogy
is exact; each ruling corresponds to one sample). There we learned that the spectral resolution
of a grating is inversely related to the length or the total number of rulings. Likewise here the
spectral resolution is related to the total length of time over which the signal was sampled, NAt.
The spectral resolution is approximately 1/N At. Let us see why.

How does one define spectral resolution? If you had a spectrograph then you would look at
an arc line i.e. a line with no (essentially) intrinsic width and then measure the full width at
half maximum (FWHM) of this line as mapped by your spectrograph and call that FWHM as
the spectral resolution. Likewise, here we will consider a sinusoidal signal of frequency fo, s(t)
which we know has an intrinsic width that is zero. However, the sinusoid seen by our DFT is of
finite length (duration NAt). It is this truncation which leads to a finite spectral resolution. Our
signal can then be modelled as s(¢) - w(t) where w(t) is the window function which is unity for
0<t<T=(N-1)At and zero otherwise,

z(k) = s(k) - w(k).
By the convolution theorem, we know
X(1) = Fls] * Flw).
Since F[s] = 6(f — fo) and Flw] « sinc(wfT) we have
X(I) x sinc[r(IAf — fo)T).



4.-2.2

i.e. X (1) is centered at f = fp and has a FWHM of 1.2/T and thus our initial assertion is proved.
For an arbitrary input signal, z(1), the measured spectrum is the convolution of the true spectrum
and the Fourier transform of the window function. This convolution defines the resolution of the
measured spectrum.

As with optical spectrographs, it is wise to sample the impulse response function (i.e. in this
case the response to a sinusoidal signal) at least as fine as two frequency samples per FWHM of the
impulse response function. This criterion then suggests that Af = 0.6/7 and thus AfAt = 0.6/N
Since At = f;! we note the maximum number of amplitudes that need to be estimated is

1 N
M=3f/Af= .
The Fast Fourier Transform

FFT is a particular implementation of the DFT. A brute force XFT requires N X M complex
multiplications and additions. Since M ~ N this becomes @(N?). In contrast, an FFT algorithms
takes O[Nln(N)].

The FFT algorithm, as normally implemented on most machines choose Af = 1/T, cruder
than one might ideally want. Higher resolution can be achieved by artificially increasing the time
series (by padding the time series with zeros) and given the speed of an FFT, you are usually still
better off using an FFT as opposed to a brute force DFT.

There are many FFT packages that are available on almost any computer system. The usual
FFT package accepts a N element complex array z(k) + jy(k) and does the equivalent summation
and spew out X (1) + jY (1),

N-=1
X(0)+5Y(1) = Y le(k) + jy(k)] exp 2mjkl /N,
k=0

for 1 =0,1,2,...,N/2. Note that with the choice of A f made by the FFT algorithm A fAt = 1/N
and that is why the exponential term looks particularly simple. (Some FFTs may normalize the
above result by N but most packages evaluate the above sum, as shown above.)

For most of the cases, the input time series is real i.e. y(k) = 0. In that case, the term [ = 0
corresponds to determining the d.c. or the sum of the signal. Thus it is purely real. The amplitude
at the Nyquist folding frequency ( f5/2) is

N-1

X(N/2)= ) a(k)(-1)¥

k=0

is also purely real. Thus the ouput array consists of 2 reals, (N — ']/2 complex numbers equalling
a total of NV separate components — equal to the number of samples put in.

Applying the DFT using an FFT algorithm

See Chapter 9 in the book on FFT by Brigham.



Leakage and Window Functions

The DFT of a sinusoid whose frequency fo is harmonically related to the sampling frequency
is a 0 function centered at the appropriate center frequency (see Figure). However, this is deceptive
since we know the response of a DFT (as evaluated using an FFT algorithm) to a finite time series
is a sinc[w(f — fo)T'] and not a é-function. What has happened is that the FFT evaluates the
sinc-function at f = [/T,1 = 0,1,...,N/2, the locations of the nulls of the sinc-function (apart from
f = fo). This results in the illusion that the response function is a é-function.

In the more typical case where fy is not harmonically related to the sampling frequency the
response of the FFT looks like a sinc function (see Figure). For example, assume that fo =
(L+1/2)Af in which case, significant power is seen at [ = L £+ 1,+2,+3... For example, the first
side-lobe is about 21.7% of the peak value — not a particularly inspiring spectral response function.

This phenomenon is called as “leakage” since power from the frequency bin of interest is leaking
into other bins. Leakage is a consequence of the finite length of the sample and the discontinuities
introduced in the data due to this finite length (i.e. the Gibbs phenomenon). The latter aspect
results in converting a band-limited signal into a band-unlimited data (a discontinuity generates
frequencies all the way to infinity).

It is important to note that in either case, the power integrated over the response is exactly
the same. For example, in the first case let us assume the input signal is A cos(27fp?) in which
case we know the power integrated over the frequency domain is 2 x A?/4N where the factor of
2 comes from equal contributions from positive and negative frequencies. In the second case, the
integral power can be shown to be the same as in the previous case.

As in optical spectroscopy, leakage can be reduced by “apodizing” or “tapering”. Tapering
functions minimize leakage by suppressing the discontinuity in the data introduced by finite data
length. There are quite a few choice of tapering functions (see below) but remember 8 the
basic trade-off: leakage reduction can be achieved only at the ezpense of broadening of the spectral
response.

Hanning. Hanning tapering consists of multiplying the input time series by the tapering function

w(t) =

B =

% cos 2wt /T.

At the two end-points t = 0 and t = T we note that w(t) vanishes. The corresponding Fourier
transform of the Hanning window is

W)= 3@+ 1[QU + AN +Q(f - B)

where Q(f) = sinc(xT f). The FWHM of W(f) is le instead of 1.2/T as in the uniform window
case. Thus the expected spectral broadening has happened. However, the level of the first side-lobe
is now only 2.6% of the peak, an order of magniutude smaller than that of the uniform case.

Examples of other tapering functions are given in the attached table.
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